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NONLINEAR  WAVES 

Final  Technical  Report  of  ONR  Contract  #N00014-76-C-0867 


Investigators:  M.  J.  Ablowitz 
0.  J.  Kaup 
A.  C.  Newell 


M.J.  Ablowitz 

During  the  period  of  this  grant  the  grant  funds  have  partially  supported 
myself  and  the  following  individuals:  Assistant  Professor  A.S.  Fokas,  Post¬ 
doctoral  Associate  Y.  Kodama,  A.  Nakamura,  J.  Satsuma;  Research  Assistant  T.  Taha. 

The  areas  of  study  include: 

a)  A  class  of  physically  significant  singular  nonlinear  integro-d’ 'ferential 
equations.  Applications  include  the  propagation  of  long  internal  waves  in  stratified 
fluids  (with  and  without  shear). 

b)  The  Riemann -Hilbert  boundary  value  problem  and  the  Inverse  Scattering 
Transform  method.  Applications  include  the  Intermediate  Long  Wave  Equation  and 
the  Benjamin-Ono  Equation. 

c)  Direct  linearizing  methods  for  certain  nonlinear  wave  equations  and 
associated  nonlinear  ordinary  differential  equations. 

d)  Focussing  instabilities  and  the  propagation  of  water  waves. 

e)  Ordinary  differential  equations  of  Painleve  type. 

f)  Numerical  schemes  for  nonlinear  wave  equations  solvable  by  the  Inverse 
Scattering  Transform  method. 

Publications  during  this  period  were  as  follows: 

1.  Nonlinear  Wave  Propagation,  M.J.  Ab^witz,  published  in  Encyclopedia  of 
Physics,  pp.  663-664,  1981. 

2.  Remarks  on  Nonlinear  Evolution  Equations  and  Ordinary  Differential  Equations 
of  Painleve  Type,  by  M.J.  Ablowitz,  Proceedings  of  Conference  on  Solitons  held  in 
Kiev,  U.S.S.R.,  September,  1979,  as  part  of  a  Joint  U.S.  -  D.S.S.R.  Academy  of  Sciences 
agreement,  Physica  3D,  1  &  2,  pp.  129-141,  1981. 

3.  Finite  Perturbations  and  Solutions  of  the  Korteweg-deVries  Equation, 

H.  Airault  and  M.J.  Ablowitz,  C.R.  Academy  of  Science,  Paris,  6292,  pp.  279-281,  1981. 
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4.  The  Nonlinear  Intermediate  Long  Wave  Equation:  Analysis  and  Method  of 
Solution,  Y.  Kodama,  J.  Satsuma  and  M.J.  Ablowitz,  Phys.  Rev.  Lett.,  Vol.  46,  11, 
pp.  687-690,  1981. 

5.  Linearization  of  the  Kdv  and  Painleve  II  equations,  A.S.  Fokas  and 

M.J.  Ablowitz,  Phys.  Rev.  Lett.,  Vol.  47,  No.  16,  pp.  1096-1100,  October,  1981. 

6.  Perturbations  of  Solitons  and  Solitary  Waves,  Y.  Kodama  and  M.J.  Ablowitz, 

Stud,  in  Appl.  Math.,  64,  pp.  225-245,  1981. 

7.  The  Periodic  Cubic  Schrodinger  Equation,  Y.C.  Ma  and  M.J.  Ablowitz, 

Stud,  in  Appl.  Math.,  65,  pp.  113-158,  1981. 

•  8.  Remarks  on  Nonlinear  Evolution  Equations  and  the  Inverse  Scattering  Transform, 

'  M.J.  Ablowitz,  Nonlinear  Phenomena  in  Physics  and  Biology,  pp.  83-94  (Edited  by 

R.H.  Enns,  B.L.  Jones,  R.M.  Miura  and  S.S.  Rangnekar,  Plenum  Publishing  Corporation  1981). 

9.  Direct  Linearization  of  the  Korteweg-deVries  Equation,  A.S.  Fokas  and 
M.J.  Ablowitz,  American  Institute  of  Physics  Conference  Proceedings,  No.  86, 

Mathematical  Methods  in  Hydrodynamics  and  Integrability  in  Dynamical  Systems,  (La  Jolla 
Institute  1981)  pp.  237-241  (Edited  by  M.  Tabor  and  Y.M.  Treve). 

10.  A  Direct  Linearization  Associated  with  the  Benjamin-Ono  Equation,  M.J.  Ablowitz 
and  A.S.  Fokas,  American  Institute  of  Physics  Conference  Proceedings,  No.  88, 

Mathematical  Methods  in  Hydrodynamics  and  Integrability  in  Related  Dynamical  Systems, 

(La  Jolla  Institute  1981)  pp.  229-236  (Edited  by  M.  Tabor  and  Y.M.  Treve). 

11.  Note  on  Asymptotic  Solutions  of  the  Korteweg-deVries  Equation  with  Solitons, 

M.J.  Ablowitz  and  Yuji  Kodama,  Studies  in  Applied  Mathematics,  66,  pp.  159-170  (1982). 

12.  Direct  and  Inverse  Scattering  Problems  of  Nonlinear  Intermediate  Long  Wave 
Equations,  Y.  Kodama,  M.J.  Ablowitz  and  J.  Satsuma,  J.  Math.  Phys.,  Vol.  23,  No.  4, 
pp.  564-576,  1982. 

13.  On  the  Periodic  Intermediate  Long  Wave  Equation,  M.J.  Ablowitz,  A.S.  Fokas, 

J.  Satsuma  and  H.  Segur,  J.  Phys.  A:  Math.  Gen.  15,  pp.  781-786,  1982. 

14.  On  a  Unified  Approach  to  Transformation  and  Elementary  Solutions  of  Painleve 
Equations,  A.S.  Fokas  and  M.J.  Ablowitz,  to  be  published  in  J.  Math.  Phys.,  1982. 
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15.  On  the  Inverse  Scattering  and  Direct  Linearizing  Transforms  for  the 
Kadomtsev-Petviashvili  Equation,  A.S.  Fokas  and  M.J.  Ablowitz,  I.F.N.S.  #9,  submitted 
for  publication,  1982. 

16.  The  Direct  Linearizing  Transform  and  the  Benjamin-Ono  Equation,  M.J.  Ablowitz, 
A.S.  Fokas  and  R.L.  Anderson,  I.F.N.S.  #10,  submitted  for  publication,  1982. 

17.  The  Inverse  Scattering  Transform  for  the  Benjamin-Ono  Equation  -  A  Pivot 
to  Multidimensional  Problems,  A.S.  Fokas  and  M.J.  Ablowitz,  I.F.N.S.  #11,  accepted 
for  publication  in  Stud.  Appl.  Math.,  1982. 

18.  On  a  Backlund  Transformation  and  Scattering  Problem  for  the  Modified 
Intermediate  Long  Wave  Equation,  J.  Satsuma,  T.Taha  and  M.J.  Ablowitz,  I.F.N.S.  #12, 
submitted  for  publication,  1982. 

19.  On  Analytical  &  Numerical  Aspects  of  Certain  Nonlinear  Evolution  Equations, 

Part  I:  Analytical,  I.F.N.S.  #14,  submitted  for  publication,  1982. 

20.  On  Analytical  and  Numerical  Aspects  of  Certain  Nonlinear  Evolution  Equations, 
Part  II:  Numerical,  Nonlinear  Schrodinger  Equations,  T.  Taha  and  M.J.  Ablowitz, 

I.F.N.S.  #15,  submitted  for  publication,  1982. 

21.  On  Analytical  &  Numerical  Aspects  of  Certain  Nonlinear  Evolution  Equations, 

Part  III:  Numerical,  Korteweg-deVries  Equation,  T.  Taha  and  M.J.  Ablowitz,  I.F.N.S.  #16, 
submitted  for  publication,  1982. 


During  the  past  year,  I  have  carried  out  research  and  investigations  into  the 
following  nonlinear  systems  and  areas. 

i)  Stimulated  Raman  Scattering  and  two-photon  absorption 
(with  H.  Steudel), 

ii)  Nonlinear  resonances  and  spherical  soli  tons, 

iii)  Nonlinear  interactions  of  Whistler  Waves  (with  S.  Antani), 

iv)  Exact  three-dimensional  solutions  of  the  three-wave  resonant  interaction, 

v)  Discrete  versions  of  the  nonlinear  Schrddinger  Equation  (with  S.  Trullinger, 
USC),  and 

vi)  Thermal  effects  on  soliton  propagation. 

Publications  during  the  last  year  consisted  of: 

1.  Nonlinear  P-jsonance  and  Colliding  Spherical  Ion-Acoustic  Solitons 
(Physica  2D,  389-394  (1931). 

2.  Multi-Shock  Solutions  of  Random  Phase  Three-Wave  Interactions,  A.  Reiman 
and  D.J.  Kaup,  Phys.  Fluids  24,  228-32  (1981). 

3.  The  Solutions  of  the  General  Initial  Value  Problem  for  the  Full  Three 
Dimensional  Three-Wave  Resonant  Interaction,  D.J.  Kaup,  Physica  30,  374-95  (1981). 

4.  The  Lump  Solutions  and  the  BScklund  Transformation  for  the  Three-Dimensional 
Three-Wave  Resonant  Interaction,  J.  Math.  Phys.  22,  1176-1181  (1981). 

5.  Whistler  Wave  Self-Modulation  in  a  Tokamak  Plasma,  D.J.  Kaup  and  S.N.  Antani, 
Phys.  Fluids  24,  pp.  1391-3  July  (1981). 

6.  The  Linearity  of  Nonlinear  Soliton  Equations  and  the  Three-Wave  Resonance 
Interaction,  article  in  Nonlinear  Phenomena  in  Physics  and  Biology,  pp.  95-123, 

Ed.  by  Enns,  Jones,  Miura,  and  Rangnekar  (Plenum,  1981). 

7.  The  Method  of  Estabrook  and  Wahlqulst,  article  in  Mathematical  Methods  in 
Hydrodynamics  and  Inteqrability  in  Dynamical  Systems,  pp.  193-210,  edited  by 

M.  Tabor  and  Y.M.  Treve  (Am.  Inst.  Physics,  New  York,  1982). 


A.C,  Newell 

In  the  past  two  years  this  investigator  has  been  involved  in  a  number  of  studies 
falling  under  the  general  heading  of  Nonlinear  Processes. 

1.  Soliton  Mathematics:  (With  H.  Flaschka) 

In  these  studies  our  goal  has  been  to  understand  the  interconnections 
between  soliton  mathematics  and  solvable  models  in  statistical  mechanics  and  quantum 
field  theory.  Out  of  this  study  has  come  a  number  of  papers,  reprints  of  which  are 
enclosed  or  listed. 

1.1  Monodromy  -  and  Spectrum-Preserving  Deformations  I,  H.  Flaschka  and 
A.C.  Newell,  Commun.math.Phys.  76,65-116  (1980). 

1.2  The  Inverse  Monodromy  Transform  Is  A  Canonical  Transformation,  H.  Flaschka 
and  A.C.  Newell . 

1.3  Multiphase  Similarity  Solutions  of  Integrable  Evolution  Equations, 

H.  Flaschka  and  A.C.  Newell,  Physica  3D  1  &  2,  pp.  203-221  (1981). 

1.4  A  series  of  6  papers  -  Kac  Moody  algebras  and  soliton  equations. 

2.  Propagation  of  solitary  surface  and  internal  waves  in  slowly  varying  depths: 

(With  C.J.  Knickerbocker) 

This  turned  out  to  be  an  exciting  study  in  which  we  answered  many  open 

questions. 

2.1  Shelves  and  the  Korteweg-deVries  Equation,  C.J.  Knickerbocker  and  A.C.  Newell, 
J.  Fluid  Mech.  Vol .  98,  pp.  803-818  (1980). 

22  Internal  Solitary  Waves  Near  A  Turning  Point,  C.J.  Knickerbocker  and 
A.C.  Newell,  Physics  Letters,  Vol.  75A,  No.  #5,  PP.  326-330  (1980). 

2.3  Reflections  from  Solitary  Waves  in  Nonuniform  Media,  C.J.  Knickerbocker 
and  A.C.  Newell . 
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3.  The  Phenomenon  of  Self-Focusing  as  a  Mechanism  for  Initiating  Subcritical 
Instabilities. 

The  basic  idea  here  is  that  focusing  is  a  dynamic  mechanism  by  which  a 
system  can  reach  its  finite  amplitude  instability  threshold  locally  without  benefit 
of  large  initial  perturbations  or  the  effects  of  imperfections. 

3.1  Bifurcation  and  Nonlinear,  A.C.  Newell,  from  Pattern  Formation  and 
Recognition,  Ed.  H.  Haken,  Springer  (1979). 

3.2  The  Mechanism  by  Which  Many  Partial  Difference  Equations  Destabilize, 

W.  Briggs,  A.C.  Newell  and  T.  Sarie,  from  Chaos  and  Order  in  Nature, 

Ed.  H.  Haken,  Springer  (1981). 

3.3  Focusing:  A  Mechanism  for  Instability  on  Nonlinear  Finite  Difference 
Equations,  W.L.  Briggs,  A.C.  Newell  and  T.  Sarie  (1982). 

4.  Chaos  in  Partial  Differential  Equations 

We  seek  to  determine  what  significant  new  qualitative  features  appear  when 
one  forces  mechanical  systems  described  by  PDE's  into  the  chaotic  regime. 

4.1  Chaos  in  the  Inhomogeneously  Driven  Sine-Gordon  Equation,  J.C.  Eilbeck, 
P.L.  Lomdahl  and  A.C.  Newell,  Physics  Letters,  Vol .  #87A,  No.  1,2,  pp.  1-4 
(1981). 
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Nonlinear  Wave  Propagation 
Mark  J.  Ablowitz 

Wave  propagation  is  essentially  ihe  study  of  how  infor¬ 
mation,  or  some  type  of  signal,  is  transmitted.  The  generality 
in  the  notion  of  what  actually  constitutes  a  wave,  or  wave 
phenomena,  necessarily  makes  the  study  rather  broad  and 
of  interest  to  scientists  and  mathematician*  alike.  Applica¬ 
tions  abound:  for  example,  water  waves,  acoustic  waves, 
laser  beams,  traffic  flow,  and  electromagnetic  waves.  Here 
we  discuss  some  of  the  mathematical  theories  and  techniques 
that  have  been  developed  for  nonlinear  waves.  By  nonlinear 
wave  propagation  we  refer  to  those  phenomena  whose  un¬ 
derlying  equations  (and  hence  the  basic  physical  mechanism) 
is  nonlinear. 

The  discipline  of  nonlinear  wave  propagation  began  in  the 
nineteenth  century  with  the  examination  of  surface  waves 
by  Stokes  ( 1847).  For  deep-water  gravity  waves,  he  found 
that  (he  phase  speed  of  the  wave  was  amplitude  dependent. 
The  larger  the  amplitude,  the  faster  the  wave  train  moves. 
Thus,  if  we  call  c  the  phase  velocity,  k  the  wave  number, 
and  a  the  amplitude.  Stokes  found  that  c»r(k.a).  In  linear 
problems,  c»c(*)  only.  This  concept  has  been  used  quite 
recently  and  will  be  discussed  later  in  this  article. 

At  approximately  the  same  time.  Riemann  was  also  study¬ 
ing  nonlinear  wave  phenomena.  In  fact,  in  his  classic  paper 
(1838)  on  gas  dynamics,  he  discovered  a  method  to  solve  a 
certain  system  of  nonlinear  partial  differential  equations 
(PDE's).  The  ideas  have  been  generalized,  and  new  methods 
developed  for  a  class  of  equations  called  hyperbolic  systems. 
These  are  PDE's  that  have  distinct  real  characteristics.  A 
discussion  of  these  ideas  can  be  found  in  Courant  and  Fried¬ 
richs  (1948)  and  Courant  and  Hilbert  11961).  Perhaps  the 
most  outstanding  new  phenomenon  of  this  nonlinear  theory 
is  the  appearance  of  a  shock  wave.  A  shock  is  the  abrupt 
change  in  the  dependent  variable!  s)  of  the  underlying  equa¬ 
tions).  In  gas  dynamics  these  variables  are  the  pressure  and 
the  velocity. 

In  recent  years  (here  have  been  significant  advances  in  the 
solution  of  nonlinear  dispersive  wave  problems.  By  this  we 
mean  those  equations  that,  when  linearized,  have  the  phase 
speed  depending  nontrivially  on  k:  i.c..  c*rU).  The  first 
important  step  was  the  understanding  of  the  effects  of  non¬ 
linearity  on  wave  interactions.  These  ideas  are  often  called 


uw 
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weak  interaction  theory,  because  here  the  nonlinearity  is 
assumed  to  be  small.  Very  generally,  we  consider  an  equa¬ 
tion  of  the  form 

Um)««Mm>  (1) 

where  «  is  very  small,  and  L  and  N  are  linear  and  nonlineur 
operators,  respectively,  that  depend  on  the  particular  phys¬ 
ical  problem.  Equation  <l)  is  assumed  to  have  elementary 
dispersive  wave  solutions  cos  B,.  9,*krx-<Mk,)i 

(assuming  one  spatial  dimension  and  time)  in  the  linear  limit 
«*0.  <Mk.)  is  called  the  dispersion  relation  and  is  related  to 
phase  speed  by  c, *«»,/<;,.  These  solutions  do  not  obey  the 
full  equation  lb.  However,  approximate  solutions  can  be 
constructed  by  using  multiple-scale  perturbation  methods 
(see,  e.g..  Cole.  1968).  It  turns  out  that,  in  general,  the  non¬ 
linearity  creates  resonant  interactions  between  the  solutions 
This  in  turn  causes  the  amplitudes  A,  to  depend  weakly 
on  time  (typically  A,*  A,(«)).  The  effect  can  be  substantial. 
A  mode  that  initially  is  absent  can  ‘'feed”  off  the  others, 
and  eventually  become  equally  important.  References  re¬ 
garding  this  work  may  be  found  in  Phillips  ( 1974)  and  Bloem- 
bergen  (1965). 

In  1965  Whitham  discovered  how  to  develop  certain  types 
of  approximate  solutions  to  fully  nonlinear  partial  differential 
equations.  The  starting  point  is  that  for  certain  equations  a 
single  periodic  uniform  nonlinear  "mode''  is  an  exact  so¬ 
lution.  e.g..  the  Stokes  water-wave  solution.  Whitham 
showed  how  to  generate  simplified  approximate  equations 
that  govern  gradually  modulated  nonuniform  waves  (e.g.. 
a  wave  in  a  slowly  varying  medium).  The  methods  can  be 
viewed  as  a  generalization  of  the  WKB  method  to  nonlinear 
partial  differential  equations,  and  can  be  put  into  an  elegant 
variational  formulation.  The  theory  provides  information  as 
to  how  energy  propagates,  and  gives  a  concept  of  group 
velocity  in  a  nonlinear  problem.  In  the  linear  theory,  the 
group  velocity  is  the  velocity  at  which  energy  is  transferred. 
The  nonlinearity  has  the  effect  of  splitting  the  Whitham's 
velocity  into  more  than  one  velocity.  Although  the  linear 
theory  was  applied  only  to  a  single-phase  (»  =  fcv-<u/)  mode, 
the  ideas  can  be  extended  to  mulliphusc  inodes,  as  noted  by 
Ablowitz  and  Benney  (1970). 

The  foregoing  theories  have  led  to  important  new  discov¬ 
eries.  One  of  the  most  famous  is  the  work  of  Benjamin  ( 1967). 
He  showed,  by  using  weak  interaction  theory  (the  result  can 
also  be  deduced  using  Whitham's  technique),  that  the  Stokes 
water  wave  was  unstable.  This  surprising  fact  (and  the  very 
nature  of  the  instability)  has  stimulated  a  great  deal  of  re¬ 
search. 

At  approximately  the  same  time.  Kruskal  and  Zabusky 
were  studying  special  aperiodic  solitary-wave  solutions  of 
the  physically  interesting  Korteweg-de  Vries  (KdV)  equa¬ 
tion  (1895). 

+  (2) 

A  solitary-wave  solution  to  (2)  is  given  by 

«-Asech!(V/A72U-2Atl)  (3) 

They  discovered  the  remarkable  fact  that  two  such  waves 
with  different  amplitudes  interact  elastically.  Specifically, 
the  initial  velocity,  before  interaction,  and  the  asymptotic 


final  velocity,  after  interaction,  are  equal!  They  named  this 
solitary  wave  a  soliton,  in  conceptual  analogy  to  elementary- 
particle  interactions.  Indeed,  in  1975.  some  physicists  sug¬ 
gested  that  an  elementary  particie  is  actually  a  soliton. 

This  result  shortly  preceded  the  pioneering  work  of  Gard¬ 
ner.  Greene.  Kruskal.  and  Miura  (GGKM)  (1967.  1974)  in 
which  they  developed  a  method  to  solve  the  initial-value 
problem  for  (2).  forgiven  ui. c.Q)  decaying  sufficiently  rapidly 
as  |x|-Ms.  The  key  step  is  to  associate  with  the  KdV  equation 
the  linear  Schrddinger  eigenvalue  problem 

V„+(x  +  i«x./))V-0.  14) 

Remarkably.  Eq.  (4)  had  been  studied  intensively  by  theo¬ 
retical  physicists  in  the  1950s.  By  using  concepts  and  meth¬ 
ods  of  direct  and  inverse  scattering  (see.  e.g..  Faddecv.  1963) 
GGKM  found  that  the  solution  of  (2)  obeyed  the  linear  Gel- 
fand-Levitan  (1951)  integral  equation. 

Previous  to  KdV,  Hopf  (1950)  and  Cole  (1951)  showed  ■ 
the  Burgers  (1948)  equation 

could  be  reduced  to  the  solution  of  the  linear  heat  equi 
by  using  the  transformation  V,»uV.  Although  (4)  is.  ins 
sense,  a  generalization  of  this,  the  implicit  nature  and 
"inverse”  concepts  are  quite  novel. 

The  work  of  Zakharov  and  Shabat  (1971)  showed  that  the 
methods  of  KdV  were  applicable  to  still  another  physically 
relevant  evolution  equation.  Subsequently.  Ablowitz.  Kaup. 
Newell,  and  Segur  (1974)  developed  a  technique  by  which 
a  class  of  nonlinear  evolution  equations  can  be  isolated  and 
solved. 

It  is  significant  that  many  of  the  equations  solvable  .by 
these  techniques  are  applicable  to  a  wide  variety  of  physical 
problems  and  can  be  derived  in  a  rather  general  setting  (see. 
e.g.,  Benney  and  Newell.  1967).  The  general  ideas  have  stim¬ 
ulated  work  in  a  great  many  new  directions.  Numerous  pa¬ 
pers  on  these  subjects  can  be  found  in  the  current  literature. 

See  also  Omcs.  Nonunuak;  Wavks. 

REFERENCES 

M.  J.  Ablowitz  and  D.  J.  Benney.  Stud,  in  Appl.  Mailt.  49,  225 
(1970).  I  A) 

M.  J.  Ablowitz.  D-.  J.  Kaup.  A.  C.  Newell,  and  H.  Segur.  Sind,  in 

Appl.  Math.  S3,  255  ( 1974).  (A) 

T.  B.  Benjamin.  Proc.  Rov.  Sin-.  London  A299,  59  1 1967).  (A) 

D.  J.  Benney  and  A.  C.  Newell.  J.  Mailt.  Pltvx.  IS.  >\j  46.  IJJ 
(1967).  (A) 

N.  Bloem  bergen.  Nonlinear  Optiej.  Benjamin.  New  York.  1965.  (I) 
J.  M.  Burgers.  Adv.  Appl.  Met  It.  I,  171  (1948).  (A) 

J.  D.  Cole,  Q.  Appl.  Math.  9,  225  ( 1951).  (A) 
i.  D.  Cole,  Perturbation  Methods  in  Applied  Mathematics.  Blaisdcll. 
Boston.  1968.  (I) 

R.  Courant  and  K.  O.  Friedrichs.  Supersonic  Flow  and  Slun  k 
Waves.  Wiley  (Interscience).  New  York.  1948.  <l) 

R.  Courant  and  D.  Hilbert.  Methods  of  Matlicimilicul  Physics.  Vul. 

II.  Wiley  (Interscience).  New  York.  1961.  (Ai 
t..  Fnddcev.  J.  Math.  Pltvs.  4.  T2  ( 1963).  (A) 

C.  Gardner,  J.  Greene.  M.  D.  Kruskal.  and  K.  Miura.  Plus.  Rev. 
Lett.  19,  1095(1967).  (A) 


Nuclear  Fission  665 


C.  Gardner,  I.  Greene.  M.  D.  Kruskai.  and  R.  Miura,  Common. 

Pure  Appl.  Math..  27,  97  (1974).  (A) 

I.  M.  GelTand  and  B.  M.  Levitan.  Am.  Math.  Trims.  (2).  I.  253 
(1951).  (A) 

E.  Hopf.  Comm.  Pure  Appl.  Math.  3,  201  (1950).  (A) 

D.  J.  Korteweg  and  G.  deVries.  Phil.  Mag.  39,  422  (1895).  (A) 

0.  M.  Phillip*.  Ann.  Rev.  Fluid  Mech.  6,  93  0974).  (I) 

B.  Riemann.  Cdttingen  Ahhandl.  7,  43  ( 1858).  (A) 

G.  G.  Stoke*.  Camb.  Trans.  8,  441  (1847).  (A) 

C.  B.  Whilham.  Proc.  ftov.  Soc.  London  A283,  238  (1965a).  (A) 

G.  B.  Whilham.  J.  Fluid  Mech.  22,  2)3  (1965b).  (A) 

G.  B.  Whilham.  Soniinear  Waves.  Wiley  (Interscience).  New  York. 
1974.  (I) 

N.  J.  Zabusky  and  M.  D  Kniskal.  Phys.  Rev.  Lett.  15, 240  I 1965).  II) 
V.  E.  Zakharov  and  A.  B.  Shabal.Z/i.  Eksp.  Tear.  Fit.  61,  118  0971) 
| Soviet  Phys.  JETP  34.  62  1 1972)|.  (A) 

Nuclear  Emissions  see  Angular  Correlation  of  Nuclear 
Radiation 

Nuclear  Fission 

Harold  W.  Schmitt * 


/.  INTRODUCTION 

The  subject  of  nuclear  fission,  as  a  subfield  of  nuclear 
physics,  is  perhaps  unique  in  that  its  importance  is  founded 
in  both  practical  and  research  considerations.  On  the  prac¬ 
tical  side,  the  large  energy  release  from  fission,  coupled  with 
the  emission  of  neutrons  and  the  consequent  possibility  of 
sustaining  a  controlled  chain  reaction,  as  in  nuclear  fission 
reactors,  provides  a  source  of  energy  applicable  to  the 
world's  energy  needs.  In  research,  the  phenomenon  of  nu¬ 
clear  fission  is  a  fascinating  physical  process  worthy  of  study 
and  understanding  in  its  own  right.  In  addition,  the  increased 
capabilities  of  existing  and  new  accelerators  have  opened 
the  previously  inaccessible  field  of  heavy-ion  physics;  ac¬ 
celeration  of  heavy  ions  to  energies  above  the  Coulomb  bar¬ 
rier  permits  qualitatively  new  studies  of  reactions  between 
heavy  nuclei.  Importantly,  heavy-ion  reactions  cannot  be 
regarded  as  "fission  in  reverse";  nevertheless,  many  theo¬ 
retical  considerations  are  common  to  both  subjects,  and 
many  of  the  experimental  methods  and  techniques  used  in 
nuclear  fission  research  are  directly  applicable  in  heavy-ion 
research. 

In  this  short  treatment,  we  can  only  describe  the  quali¬ 
tative  aspects  of  fission  and  the  nature  of  present-day  un¬ 
derstanding  of  the  fission  process.  The  interested  reader  is 
referred  to  the  appended  list  of  selected  readings  for  further 
information  and  study. 

II.  ENERGY  RELEASE  IN  FISSION-DIVISION  OF  A 
HEAVY  NUCLEUS 

The  division  of  a  heavy  nucleus,  e.g.,  uranium,  plutonium, 
etc.,  into  two  fragment  nuclei  is  accompanied  by  large  energy 
release  (about  200  million  electron  volts  (MeV)j.  At  one 

*  Editor's  mite:  This  article  was  prepared  by  the  author  and  accepted 
for  publication  in  1977. 


time,  this  large  energy  release,  together  with  the  emission 
of  neutrons  and  gamma  rays,  was  thought  to  indicate  that 
nuclear  fission  was  a  complex,  high-energy  process  not  per¬ 
mitting  of  nuclear-structure  considerations  and  analysis. 
Evidence  accumulated  through  many  years  of  research, 
however,  indicates  that  the  principal  features  of  the  fission 
process  can  reasonably  be  understood  in  phenomenological 
terms  and  that  it  is  perhaps  surprisingly  amenable  to  analyses 
bom  in  more  conventional  theoretical  nuclear  studies,  e  g., 
shell-model  and  collective-model  studies.  Having  'aid  this, 
however,  we  must  immediately  point  out  that  (he  nuclear 
many-body  problem  presented  by  the  phenomenon  of  fission 
is  enormously  complex  and  remains  far  from  being  solved; 
even  the  analyses  based  on  more  conventional  nuclear 
models  are  often  highly  complex  indeed. 

Consider  first  the  nuclear  fission  reaction  induced  when 
a  thermal  neutron  (0.02 5  eV)  is  incident  on  a  nucleus, 
i.e..  a,U (n,h.f).  (This  reaction  has  perhaps  been  the  subject 
of  more  study  than  any  other  fission  reaction.)  The  com¬ 
pound  nucleus  -'‘U  is  formed  in  an  excited  stale  with  ex¬ 
citation  energy  £*«6.5  MeV.  As  the  compound  nucleus  be¬ 
gins  to  fission,  this  excitation  energy  transforms  into 
deformation,  and  a  sequence  of  shapes  such  as  those  shown 
in  Fig.  I  may  ensue.  At  the  "scission  point."  i.e.  the  point 
of  separation,  the  product  nuclei  (often  called  "fission  frag¬ 
ments"  or  “fission  products")  are  free  to  accelerate  by  mu¬ 
tual  Coulomb  repulsion.  It  is  this  Coulomb  potential  energy, 
and  its  subsequent  transformation  into  fragment  kinetic  en¬ 
ergy,  which  accounts  for  most  (80  to  90%)  of  the  energy 
released  in  fission.  The  slowing  down  and  ionization  of  these 
high-energy  fragment  nuclei  by  atomic  processes  in  the  sur¬ 
rounding  medium  produces  the  heat  which  can  then  be  used 
as  a  useful  energy  source  in  nuclear  reactors. 

The  two  fragment  nuclei  are  produced  in  deformed  excited 
states  and  decay  by  neutron  and  gamma-ray  emission.  An 
average  of  2.42  neutrons  is  produced  in  the  :V1U  I /(,,,./>  re¬ 
action;  in  a  reactor  using  5,5  U  as  fuel  it  is  these  neutrons 


Fig.  I.  A  possible  sequence  of  shapes  of  a  fissioning  nucleus.  In 
the  inset,  points  corresponding  to  these  shapes  are  shown  sche¬ 
matically  on  the  minimum  potential-energy  curve  (Section  IVi. 
(Reproduced,  with  permission,  from  the  second  item  in  Part  D  of 
the  Bibliography.  I 
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Recent  work  on  (i)  Painlevd  equations  and  their 
relationship  to  nonlinear  evolution  equations 
solvable  by  inverse  scattering  and  (ii)  new 
results  on  an  evolution  equation  describing  long 
waves  in  a  stratified  fluid  are  discussed. 


In  these  proceedings  I  will  review  some  of  the  recent  worJc  done  by 
Ramani,  Segur  and  myself  on  the  deep  and  important  relationship  be¬ 
tween  nonlinear  evolution  equations  solvable  by  Inverse  Scattering 
and  ordinary  differential  equations  (O.D.E.'s)  of  Painlevd  type.  In 
addition  I  will  briefly  discuss  some  recent  work  done  by  Satsuma, 
Kodama  and  myself  on  certain  equations  arising  in  the  propagation  of 
long  waves  in  stratified  fluids. 


I  begin  with  a  brief  discussion  of  O.D.E.'s  and  their  singularities. 

I  will  classify  the  singularities  of  an  O.D.E.  into  two  main  types 
(i)  fixed  singular  points  and  (ii)  movable  singular  points.  In 
class  (i)  the  location  of  the  singularities  (in  the  complex  plane) 
of  the  equation  are  fixed  by  the  equation.  Specifically  the  location 
of  the  fixed  singularities  depend  on  the  location  of  the  singular¬ 
ities  of  the  coefficients  in  the  equation,  and  locations  where  the 
coefficients  of  the  highest  derivatives  vanish.  For  example 

z2w'  +  w  ■  o  (la) 

has  the  solution 

w  «  C  exp  (1/2)  (lb) 

where  C  is  an  arbitrary  constant.  Here  z  *  o  is  a  fixed  singular 
point  (essential) .  Another  such  example  is  the  linear,  second  order 
O.D.E. 

w"  +  p(z)  w'  +  q(z)w  -  o  (2a) 

The  location  of  the  singularities  of  (2a)  depend  only  on  p(z),  q(z). 
Specif icially  the  solution 

w  ■  CjW^z)  +  C2w2(z)  (2b) 

in  such  that  the  singularities  in  w(z)  do  not  depend  on  the  con¬ 
stants  of  integration  C.,  C-.  This  is  an  example  of  the  general 
statement:  the  location  of‘the  singularities  of  any  linear  O.D.E. 
are  fixed.  Singularities  in  class  (ii)  do  not  have  this  property. 
Namely  the  location  of  their  singularities  depend  on  the  constants 
of  integration.  This  may  occur  for  nonlinear  O.D.E.'s,  and  it  is 
generic  to  them.  So,  for  example  the  equation 

w'  +  w2  -  o,  (3a) 

has  the  solution 
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where  zQ  is  a  constant  of  integration.  This  singularity,  a  pole,  is 
movable  because  its  location  depends  on  the  constant  of  integration 
(i.e.  initial  values)  zQ. 

In  what  follows,  we  shall  refer  to  a  critical  point  as  either  a 
branch  point  or  an  essential  singularity. 

t  shall  now  turn  to  the  classical  results  on  the  question  of  which 
0.0. B. 's  have  no  movable  critical  points. 

The  first  equation  (a  review  of  this  and  the  further  work  done  by 
Painlevd  and  his  coworker3  which  I  will  discuss  below  appears  in 
Ince  {!])  to  be  considered  is  the  first  order  nonlinear  0.0. E. 

w‘  »  F (w,z)  (4) 

where  F  is  rational  in  w,  and  locally  analytic  in  z.  It  was  found 
(Fuchs  (1384)  -  see  (1J)  that  the  only  such  equation  without  movable 
critical  points  is  the  generalized  Riccati  Equation. 

w'  ■  PQ(z)  ♦  Pj_(z)w  +  P2  (z) w2  (S) 

Undoubtedly  familiar  with  this  result,  Kovalevskya  (1888)  made  the 
next  significant  advance.  Indeed  she  was  awarded  the  flordin  Prize 
for  her  major  contribution  to  the" theory  of  the  motion  of  a  rigid 
body  about  a  fixed  point.  Her  main  idea  was  to  carry  out  the  ap¬ 
parently  nonphysical  calculation  of  determining  the  choices  of  para¬ 
meters  for  which  the  equations  of  motion  admitted  no  movable  criti¬ 
cal  points.  In  all  such  cases  she  then  solved  the  equations  explic¬ 
itly.  In  all  other  cases  the  solution  is  still  unknown  (for  a  dis¬ 
cussion  of  this  work  the  reader  is  recommended  to  consult  [2]). 

Shortly  thereafter  Painlevd  and  his  coworkars  examined  the  second 
order  equation 

w"  -  F(w' ,w,z)  (6) 

where  F  is  rational  in  w' ,w  and  locally  analytic  in  z.  They  showed 
that  out  of  all  the  possible  equations  of  the  form  (6)  there  are 
only  SO  canonical  equations  with  the  property  of  having  no  movable 
critical  points.  Hereafter,  we  shall  refer  to  any  equation  possess¬ 
ing  this  property  as  being  of  P-tvoe  (P  for  Painlevd) .  Of  these 
equations  all  may  be  reduced  to  either  an  equation  already  solved  or 
to  six  new  transcendental  functions;  i.e.  the  six  Painlevd  transcend¬ 
ents.  The  first  two  are 

w"  -  6w2  +  z,  (PT) 

3  A 

w"  ■  zw  +  2w  +  a.  (Pjj) 

The  other  four  are  listed  in  [1] . 

The  question  of  whether  an  O.D.E.  is  of  Painlevd  type  can  be  asked 
of  an  equation  of  any  order.  However,  extensive  results  are  known 
only  for  O.D.E. 's  of  first  and  second  order.  At  higher  orders  it  is 
straightforward  to  examine  the  equation  for  movable  algebraic  singu¬ 
larities.  Essential  singularities  are  more  difficult  to  handle. 

Such  a  method  was  used  by  Kovalevskya  [2],  and  Painlevd  (his  so- 
called  a  method  [1]).  For  example 

w“  -  zmw  -  2w3  (7) 

Sy  a  simple  balance  we  see  that  the  dominant  term  of  an  algebraic 
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singularity  to  (7)  has  structure  w  ^  ±  i/(z-zQ). 
call  5*z-z0  and  look  for  a  solution  w  »  l/C+p(S). 

p"-|yp«(z®  +m  z“-15  +  m(m-l)  z®'2£2+. .  • )  (j+p>  jA'2 


Take  the  +  root, 
p  Then  satisfies 


+  2p3  (3) 


Assuming  p(£)»aQ  +  a^  5  ♦  a2£2  +  a3^3  +• • • »  we  find  aQ*0,  a^*-s®/6f 
a2-m  z®“1/4  and  at  order  £3:  O0*a3«Jsm(m-l)z®~2.  If  m#0,l  then  log 

terms  must  be  inserted  into  the  above  expansion  i.e. 

P (5)  -  aQ  +  aL  5  +  *2Z2  +  (b3£3log£  +  a3$3)  +  . . . , 


and  the  equation  is  not  of  P  type.  When  m  -  o,l  we  have  satisfied 
the  necessary  conditions  and  indeed  Painleve  has  proven  that  the 
equations  have  no  movable  critical  points.  In  this  way  we  can,  in 
principle,  test  an  O.D.E.  to  see  whether  it  satisfies  necessary  con¬ 
ditions  to  be  of  Pairlev6  type.  The  above  procedure  is  more  exten¬ 
sively  considered  in  [3] . 


Next  we  mention  that  there  is  a  connection  between  O.D.E.'s  of  P- 
type  and  nonlinear  evolution  equations  solvable  by  inverse  scatter¬ 
ing  (I.S.T.).  Namely,  we  have  found  that  similarity  reductions  of 
such  evolution  equations  are  of  P-type.  For  example  the  modified 
Korteweg  deVries  (raKdV)  equation 


6v2v 


XXX 


(9) 


has  a  self-similar  solution  of  the  form 

v  -  w(z)/(3t)1/3,  z  -  x/(3t)1/3. 


Substituting  this  into  (9)  shows  that  w(z)  satisfies  PTT  (see  also 
ref.  [4]).  11 


For  our  purposes  we  consider  an  evolution  equation  to  be  solvable  by 
I-S.T.  if  the  following  holds.  Consider  a  linear  integral  equation 
of  Gel' f and- Levitan' Marchenko  type: 

K(x,y;t)  -  F(x,y;t)  ["  K(x,Z;t)  N (x, z ,y; t)dz .  (10) 

'  x 


The  cases  of  interest  have  N(x,z,y;t)  related  to  F  in  some  definite 
way,  a.g. 

N  *  F(z,y:t) 

N  ■  F(x,s;t)  F(s,y;t)ds 
‘  x 


etc. 

By  requiring  F(x,y;t)  to  satisfy  certain  linear  equations,  say 
I*iF*0,  i*l,2  we  may  establish  equations  which  K(x,y,t)  must  satisfy 
(see,  for. example  [5]).  Using  these  results  K(x,y,t)  may  be  shown 
in  every  concrete  example  to  satisfy  an  equation.  L2K(x,y?t)  » 

L  K(x,y;t)  where  L  depends  on  K(x,x;t).  Along  the  line  y»x  we  have 
a  nonlinear  evolution  equation.  The  example  of  mKdV  is  detailed  in 
ref.  [61. 

With  the  above  we  have  a  notion  of  when  an  evolution  is  in  the  I.S.T 
class.  We  have  considered  many  examples  of  equations  in  the  I.S.T. 
class  and  similarity  reductions  of  such  equations.  By  applying  the 
expansion  procedure  described  above  we  have  found  that  each  O.D.E. 
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satisfies  necessary  conditions  to  ba  of  P-type.  On  the  baaia  of  our 
results  we  have  formulated  the  following  Conjecture  [7]. 

Consider  a  nonlinear  P.D.S.  in  the  I.S.T.  class.  Then  every  O.D.E. 
obtained  bv  an  exact  reduction  or  the  nonlinear  P.D.E.  is  of  P-type. 

Apart  from  mKdV,  we  have  considered  similarity  reductions  of  KdV, 
certain  higher  order  KdV  equations,  Boussinesq  (relates  to  Pt) ,  de¬ 
rivative  nonlinear  Schodinger  (relates  to  Pxv) ,  Sine  Gordon  (related 
to  ?xix~  and  we  caution  that  a  transformation  is  necessary  here)  etc. 
All  of  these  equations  have  similarity  reductions  which  are  of  P- 
type. 

If  an  evolution  equation  reduces  to  an  0.0. E.  that  is  not  of  P-type 
then  we  do  not  expect  it  to  be  solved  by  I.S.T.  Using  the  singular¬ 
ity  analysis  described  above  we  have  examined  the  similarity  solu¬ 
tions  of  some  evolution  equations  for  which  numerical  or  other  evi¬ 
dence  shows  that  solitary  waves  do  not  interact  as  solitons: 

(a)  "Cubic"  nonlinear  KdV:  u&  +  6u3ux  +  uxxx  *  0, 

where  u  -  w(z) I (3t> 2/9,  z  -  x/(3t)1/3, 

(b)  double  Sine-Gordon:  uxt  ■  sin  u  +■  X  sin  2u, 

X  *  0,  w(z)  ■  exp(iu(z)),  z  -  xt, 

(c)  Equat:.on  of  spherical  Self- focussing 

ift  +  frr  +  rfr  i  *  o' where  V  -  elXtw(r> 

(d)  Fisher's  equation  ut  ■  u(l-u)  +  u^ 
where  u  *  w(z) ,  z  *  x-ct. 

In  all  cases  except  (d)  when  c«c  »  *5/  or  c  *  0  we  find  that 

the  resulting  O.D.E.  is  not  of  P2type.  We  therefore  conjectured  that 
none  of  these  evolution  equations  are  solvable  by  I.S.T.  In  the 
special  cases  c«c  ,  c*0  of  (d)  the  equation  is  of  Painlevd  Type. 
Moreover  the  solutions  can  be  found  in  closed  form  (apparently  these 
are  the  only  such  solutions  known  [8]}. 

It  should  also  be  noted  that  in  those  cases  where  the  kernel 
N(x,z.y,-t)  in  (101  decays  rapidly  enough  such  that  |N(x,z,y)|<.  M(x, 
y) 1 «”  for  all  z,  1"  M(x,y)dy  ■  T(x)<»  and  j"  F(x,z)M(x,z)dz<» 

then  (10)  has  a  unique  solution  (Fredholm  Theory)  which  is  given  by 

K(x,z;t)  -  F(x,y;t)  +  X  j  F(x,zjt)?l(x,z,yj  t)dx  (11) 

J  x 

7l<x,z ,y; t)  -  C(x,z,y;t)  (12) 

D (x;t) 

Hence  C  and  D  are  nontrivial  entire  functions  of  X  which  are  given 
as  absolutely  convergent  series.  In  important  subclasses  where 
F(x,y ; t) is  analytic  in  its  arguments  and  rapidly  decreasing  then  C,D 
are  analytic  in  each  of  their  arguments.  Hence  the  only  singular¬ 
ities  of  K  come  from  the  zeros  of  D(x;t)  and  as  a  function  of  x  can 
only  be  poles.  With  certain  modifications,  this  argument  can  be  ex¬ 
tended  to  cases  in  which  F  has  fixed  singularities.  This  then  shows 
that  any  solution  arising  from  such  a  linear  integral  equation 
(11)  cannot  have  movable  critical  points  (i.e.  this  solution  branch 


.  .;-'W 
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has  the  Painlevd  property  -  see  rsf  [3]). 


Not  only  does  the  argument  following  (11)  work  for  evolution  equa¬ 
tions,  it  also  holds  directly  for  those  O.D.E.'s  obtained  from  an 
evolution  equation  in  the  I . S . T.  class.  For  example  if  we  take  the 
kernel  in  (11):  N  to  be: 

N(x,z,y)  -  ["  F(x,z)  F (z ,y)dz 
J  x 

and  require  LiF(x,y)«0,i«l,2  where 


L1  *  3x'3y 

(13a) 

.  ox.9y,2-  (^z> 

(13b) 

then  a 

solution  F(x,y)«F(z),  z+x+y  satisfies, 

Pzz  -  f  p  -  0 

(13c) 

with  a 

decaying  solution 

F  (z)  -  r  Ai  (§•) . 

O  2 

(13d) 

In  [6],  (71  it  is  shown  by  direct  application  of  these  L.,  i»l,2  on 
(11)  with  this  kernel,  that  we  may  solve  for  a  one  parameter  family 
of  solutions  of  with  a*o.  Namely,  solve  for  K(x,y) ,  y>x: 

K(x,y)  -  rQ  Ai(2|^)  -  (^)2  j°*  J“  K(x,z>  A.^^)  A (i£i)  dzds-o  (14a) 

then  w(x)  »  K(x,x)  satisfies 

w"  ■  xw  +  2w3  (14b) 

with  w  'v  r  A.  (x)  as  x  ♦  +  •  . 
o  j. 

If  |roi  <  1  it  may  be  proved  [6]  that  a  solution  exists  for  all  x, 
whereas  for  |rQ|  >  1  we  have  a  pole  for  finite  x.  | rQ | *1  is  the 


"critical”  branch.  In  these  proceedings  Segur  will  discuss  how  we 
may  use  the  asymptotics  (t-*)  of  the  mKdV  equation  to  determine  the 

so  called  connection  formula  in  the  case  |r  I  <  1  i.e. 

o 


As  x-*«,  for  |rj  <  1 
o 

w  *  sin(|  (-x)3/24  d2  log(-x)  ♦  Qq) 

where  d-  -  i  log  (1-r2)  and 

O  7T  O  2 

90  -  j  -  arg  r<l-i£§-)  -  |  d2log2  -  arg  rQ 

(r„  real).  If  |r  I  ■  1,  then  as  x  ■>  -  « 
o  o 

w  -v  sign(r0)  [=£)1/2 


and  if  jr  |  >1 
o 

w  ^  sign  (rQ)  (x  -  xQ(r0)) 


(15a) 


(15b) 


as  x  *  Xo(r0) . 


(15c) 
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It  should  be  stressed,  however,  that  this  theory  goes  much  deeper 
and  far  beyond  the  case  of  PI2 .  It  allows  us  to  linearize  and  ob¬ 
tain  global  information  for  many  nonlinear  O.D.E.'s  resulting  from 
evolution  equations  in  the  l.S.T.  class.  Whereas  certain  of  these 
O.D.E.'s  are  the  classical  Painlevd  transcendents  (e.g.  special 
cases  of  PJX,  PIXI,  ?IV  etc.),  others  are  higher  order  nonlinear 

O.D.Z.'s  (e.g.  similarity  forms  of  the  higher  KdV,  mKdV  flows).  More¬ 
over  the  deep  connection  between  evolution  equations  in  the  l.S.T. 
class  and  O.D.E.'s  of  P-type  give  us  an  apriori  test  as  tc  whether 
an  evolution  equation  can,  in  fact,  be  solvable  by  l.S.T. 


As  a  final  comment  about  these  nonlinear  O.D.E.’s  it  should  be  noted 
that  there  are  methods  by  which  we  can  give  exact  representations  to 
"perturbations''  from  solutions.  Namely  if  w(z)  satisfies  some  non¬ 
linear  O.D.E.  solvable  in  the  above  manner,  and  w  (z)  represents  a 
special  solution,  then  v(z)  via 

w(z)  »wQ(z)  +  v (z ) : 


can  also  be  represented  by  a  linear  integral  equation.  For  conven¬ 
ience  let's  consider  the  KdV  equation 

ut  "  6uux  +  uxxx  “  °’  (16) 

A  similarity  solution  is  of  the  form 

u  -  w(z)/(3t)2/3,  z  -  x/(3t)1/3 
Substituting  this  into  (16)  we  have 

w"  -  6ww'  -  (2w  +zw')  ■  o  (17)’ 

(17)  has  a  class  of  special  solutions  given  by 

,2 

w  (z)  -  -2  log  8  (z)  (18) 


(see  for  example 

er  8  '  s  s 
n 


[9])  . 
®n+l 


1,  9^  »  z,  9j  •  z3  4,  ... 

There  is  a  recursion  relation  for  the  high- 


9n-l  "  ®n+l  9n- 


(2n-l)8: 


With  a  method  similar  to  that  used,  (for  example)  in  ref.  [10]  we 
may  establish  linear  integral  equations  for  the  perturbation  v(z) 
(above)  from  w  (z) . 


In  the  case  w_(x)  ■  0  (9,  »  1)  we  have  the  standard  Gel'fand  Levitan 

O  X 

Marchenko  equation 


K(x,y)  +  rQ  Ai(SjX)  +•  rQ  K(x,z)  Ai  (^i)dz 

w (x)  ■  -2  jj  K (x,x)  'v  -2  rQ  A|(x), 

where  w(x)  satisfies  (17)  directly.  For  9^  ■  x  we  have 

w(x)  -  iy  +  v (x) 


o 


(19) 

(20) 


where  v(x)  is  obtained  via* 
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K(x,y> 

G(x,y) 


+  r  G(x,y)  +  r  I"  K(x,z)  G(2,y)dz  *  o, 
‘  x 

-  Jp  (l+jjixi+jii)  eik(X+y,/2+iJc3/3dJc 


v(x)  -  -2|j  K (x,x)  (21) 

Hence  G(x,y)  is  a  generalization  of  the  Airy  function  in  (19) 

Ai(x)  “  37  eikx+lk3/3dk. 

Higher  order  N(9n(x))  may  be  done  analogously  [10]. 

At  this  point  I  shall  leave  the  subject  of  nonlinear  0.0. S.'s  and 
consider  a  rather  different  class  of  nonlinear  evolution  equations 
of  physical  interest.  The  particular  class  of  equations  that  I  have 
in  mind  arise  in  the  context  of  long  internal  gravity  waves  in  a 
stratified  fluid  with  finite  depth. 


The  diagram  in  figure  1  is  useful:  p  is  the  density,  5  -  total 
depth  of  the  fluid,  h  is  the  scale  upon  which  the  stratification  is 
felt.  The  wavelength  1  is  such  that  X>  >h,  and  the  waves  are  weakly 
nonlinear  with  amplitude  a,  such  that  a«h.  The  references  [11,  12] 
discuss  the  derivation  in  detail. 


////////////////////// ' 


O' to  h  _ 

f  ///////////////////// 

Figure  1. 

The  equation  may  be  written  in  the  form 


ut  +  2uux  +  J- 

K(x-5)  u(5)d£  -  o 

(22a) 

X 

where 

K(x)  -  77 

L 

C(k)  e^dk. 

(22b) 

C(k)  m  -k  coth  k5+l/5,  (22c) 

or  in  the  alternative  form 

ufc  +  2  uux  +  TCu^)  “  (23a) 


where 

Ttux]  “  J  (~TT  =®th  sgn  (x-C)  ]  u5d?,(23b) 

by  taking  the  Fourier  Transform  in  (22b,  c) .  As  5-*o  we  have  the  KdV 
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As  5*0 

u  v  j42k2  sech2  y  (kx  -  yik2t)  Ola) 

i.a.  the  KdV  soliton.  Wharaas  if  we  taka  4—  with  k^jair-k^/c 
(kj-o  such  that  k^$  is  finite,  c  finita) 

U  *  -  -yip - -r,  (32b) 

1+e2 (x-ct) 2 

wa  .find  tha  Banjamin  Ono  Rational  Soliton  (saa  Casa  [15a]  or  Chan 
and  Laa  [15b] ,  for  tha  N  soliton  solution) .  These  arguments  axtand 
to  tha  N  soliton  casa  as  wall  and  show  explicitly  that  tha  soliton 
(30)  contains  as  limits  both  tha  KdV  and  Banjamin  Ono  solitons  (in 
contradiction  to  what  is  statad  in  [13]).  Moraovar  it  should  be 
notad  that  thara  is  a  dynamical  systam  which  dascribas  tha  motion  of 
an  arbitrary  numbar  of  polas  for  the  intermediate  aquation  (22) -(23), 
which  reduces  to  tha  KdV  and  Banjamin  -  Ono  dynamical  systems  (saa 
[16]).  However  I  will  not  go  into  that  in  this  lecture. 

Rather  1  wish  to  note  that  one  can  derive  the  following  Backlund 
transformation  (B-T)  [17]  with  wx-u: 

(w  +  w')x  -  Xv+  i  T(w'-w)x  -  i4-1(w'-w)  +  yei(w’~w>,  (32a) 

(w '  — w) t  -  -(4"”3,+X)  (w1  -w) x  +  i(w'+w)xx 

-i(w'-w)x  T(w'-w)x  +  i4"1(w'-w) (w'-w)x  ,  (32b) 

for  this  aquation.  Indeed,  substituting  (w+w'l  from  (32a)  into  tha 
right  hand  side  of  (32b)  we  have  x 

{wt+(wx)2  +  Kw^)}  -  (w;  +  (w;)2  ♦  Kw^)}  -  o  (33) 

so  that  if  w '  satisfies  (23)  (with  w^»u')  than  so  does  w.  Thasa 

aquations  may  be  used  to  generate  solitons  from  a  vaccuum.  Moraovar 
tha  limiting  forms  are  as  follows.  Calling  X— k  cotk<5,  u»k  cosec  k4, 

w-4-1w,  w'-4rlw'  (32)  reduces  to 

<w+w’)x  -  |  k2  -  y(w'-w)2  ♦  0(6)  (34a) 

{^(w'-w)^- ^k2(w'-w)x-^(w'-w)xxx+|((w«-w)3)x  +  o(5)  (34b) 

as  4-o i  i.a.  tha  KdV  B-T.  Wharaas  if  5—  wa  find  tha  Banjamin  Ono 
B-T  [17,  18]  and  a  special  casa  of  tha  result  in  [19] « 

(w*w')x  -  X  +  1H (w*  — w) x  +  uai(w'“w)  (35a) 

(w'-w)t  -  -X (w'-w) x  ♦  i(w,+w)xx-i(w'-w)xH(w,-w)x,  (35b) 

(calling  w'-w«v,  wa  may  rewrite  (33)  to  obtain  a  generalized  Miura 
transformation  t 

Vx  +  2u  *  X  +  iT(Vx)  -  iS^V  +  uaiv 


(36a) 
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Vt  +  (5"1+X)Vx  -  iV^  -  2iux  ♦  iVxT(Vx)  -i5_1Wx-o  (36b) 

Substituting  for  u  from  (364)  into  (36b)  gives  the  following  modi¬ 
fied  intermediate  aquation: 

+  [XV+T (V  )  -  yeiV  -  ir  V2]  +  iV  T(V  )-o  (37a) 

C  X  «0  jj  XX 

Since  I"  uT(u)dx  «  o  (if  u-*o  appropriately  as  j x| — •)  we  have: 

•  — m 

|— |  V  dx»o  (V-o  appropriately  as  |x| -'«•).  So  calling 

X  »  iV  +■  log(-X/y)  gives  from  (36a). 

ex-l  -  X_1(-ixx-T(xx)  +  6”1x+2u) .  (37b) 

m 

For  X-*-»,  expanding  x  ■  2  x”nx  and  using  the  above  argument  yields 

n-1  n 

an  infinite  number  of  conserved  quantities  xn*  The  first  few  are 
X1*«*  X2“u2'  X3*u3^Tux,  X4”«4-*’3u2Tux'*^ux  +  |(Tux)2^*1uTux,... 

In  order  to  derive  a  linear  problem  we  define 

log  fVf"  -  iV,  (37c) 

(log  *'V)X  -  -  T(VX)  +  4'^. 

In  the  limit  4— ,  for  appropriate  v,  this  amounts  to  splitting  the 

function  V  into  functions  analytically  extendable  into  the  upper 

(-) ,  lower  (♦)  half  plane  i.e.  (logi*) x»±(i+H)Vx  (note  sign  convention) . 

Substituting  these  equations  into  (36)  yields  the  linear  problems: 

Tx  "  i(u  ~  I)f~  *  *7>jT+  (38a) 

if*  ♦  i(4"l+X)?*  +  F*  +  (±iu  -T(u  )  +  4_1u  +  v}  ?*-  o  (38b) 

T»  X  XX  X  X 

(u,  X,  V  are  constants).  In  deriving  (38b)  we  actually  use  a  trans¬ 
formed  but  equivalent  form  of  (36b) : 

Vt  +  (8"1+X)Vx  -  i(Vxx+2ux)  ♦  iVx(T(Vx)-6-1V> 

*i(T(Vt)  -6"1  |x  vfcdx  ♦  (6_1+X) 

"1{T<Vxx  +  2ux)  “  4-1  <vx  +  2u)}  *  iv£/2 

•*>i(T(Vx)  -  4_1V}2/2  +  2iv]  -  o.  (38c) 

For  small  4,  introduce  V*24 (logg) „  choose  the  parameters  X,  y  as  we 

2  X 

did  above  (34)  and  \»«-k  /4.  Then  taking  u«o(4), 

f1  -  4(l±i4(log4)x  -  7«52(1o9(Hxxx  +*  *  •  1 
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,  (38c)  yields 

-  (k2  4-6"^u)4«o, 

(39a) 

*t  +  5(k2/4<.i“1u)4x  ♦  ♦JcXx/3  -  o 

(39b) 

On  the  other  hand  for  6-*«  we  have 

f“  -  i(u-y)f“  •  iy'?+ 

i  f*  +  m;  +  (±iux-H(ux)  *  v}’?+  -  o. 
(40a)  is  a  differential  Riemann-Hilbert  Problem. 


(40a) 

(40b) 


As  a  final  remark  (about  a  different  topic) ,  we  have  recently  dis¬ 
covered  evidence  (20]  which  suggests  that  the  "higher  nonlinear"  Kdv 
equations : 


ot  +  6oi>ax  + 


XXX 


(41) 


have  a  focusing  singularity  for  P*4,  with  P«4  being  the  critical 
value.  At  this  time  we  do  not  have  a  rigorous  proof,  but  rather 
have  discovered  certain  unusual  behavior  associated  with  the  evolu¬ 
tion  of  the  solitary  wave  under  weak  dissipative  perturbations  when 
P*4. 
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FONCTIONS  SPECIALES.  —  Perturbations  Jmies  el  forme  particuliere  de  certaines 
solutions  de  I'equation  de  Korteweg  de  Vries.  Note  (* )  de  Mark  J.  Ablowitz  et  Helene  Airault, 
transmisc  par  Paul  Malliavin. 


On  cotutruit  use  famiile  de  solutions  de  I'equation  de  Korteweg  de  Vries.  Ces  solutions  soot  obtenues  en 
penurbem  les  potentieis  4(4-t- 1)/*1,  [d  est  un  entier  positif).  Cette  sorte  de  solutions  a  un  analogue  dans  !e  cas 
penodique. 

We  construct  a  family  of  sclutions  of  the  Korteweg  de  Vries  equation.  These  solutions  are  obtained  with  a 
perturbation  of  the  potentials  d(d  +  l)/x*(disa  post  ties  integer ).  This  kind  of  solution  has  an  analogue  in  the  periodic 
case. 

I.  Otuverifie  facilement  que  le  potentiei  u(x,  r)*2/x2  est  une  solution  de  I’equation  (de 
Korteweg  de  Vries) : 

(1)  u,—6uux-uxxx. 

Dans  [1],  on  a  constant  une  famiile  de  solutions  de  ['equation  ( 1 ).  Ces  solutions  decroissent 
comme  21  x2  quand  x  \  tend  vers  I’infini.  Pour  construire  ces  solutions,  on  a  utilise  la 
methode  de  perturbation  de  Schabat  [2].  dont  on  a  donne  une  derivation  directe. 

Dans  ce  qui  suit,  on  construit  pour  chaque  entier  d,  une  famiile  de  solutions  de 
I’&quation  (1).  Ces  solutions  decroissent  comme  d(d  +  l)/x2  quand  |x|  tend  vers  l'infini. 
Lorsque  d  »  1,  on  tetrouve  les  potentieis  de  [1].  Si  d  n’est  pas  egal  a  1,  le  potentiei  d(d  + 1  )/x2 
n’est  pas  une  solution  de  (1)  et  une  perturbation  directe  ne  permet  pas  d’engendrer  de 
nouvelles  solutions  de  (1).  Pour  obtenir  celles-ci,  on  perturbe  [2J  la  solution  rationnelie 
connue  ([3],  [4],  [5])  de  I’equation  (1)  : 

d2 

(2)  qd(x,  t)m  -l-j-jloge^x  +  Tt,  t2,  t3,  . . . ,  T,), 

ou  t, *  12 f:  r,(f*  1 . d ,  t# 2)  sont  des  constantes  arbitraires  et  ou  : 

^(X  +  t,,  Tj . 

est  un  polyndme  de  degre  nimd{d-r  l)/2  en  la  variable  x. 

On  rappeile  que  les  polynomes  9,  sont  definis  par  la  formule  de  recurrence  [4]  ; 

(3)  e,<l+19<.l-9^19i.1»(2d  +  l)ej> 

avec  90 » 1,  0,  »x  (la  prime  d&signe  la  dirivee  par  rappoa  a  la  variable  x). 

Ici,  on  fixe  la  constante  d’integration  4  l’etape  (4  + 1)  par  la  condition  que  le  coefficient  de 
x*"-'-'  dans  04+ ,  soit  igal  4  : 

l1.31.5J...(2d-l)2(-ir,t^1. 

Par  exemple,  on  a  : 

9}-x3  +  t}, 

9j  ■  x*  +  5  tj  x2  -  9 1  j  x  -  5 

9*  •  x10  + 1 5  t2  xT  —  6J  x  3  x3  +  315  t2  t  j  xJ  + 175 12  x  —  1 89  if  +  225  r4  (x3  +  r2 ). 

En  particulier,  pour  chaque  entier  d.  on  a  obtenu  les  solutions  : 

d2 

u(x,  x2)m  —  2-j— j  log  (8,(x  +  t,,  tj,  . . x4)  det  A), 


(4) 
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ou  A  est  la  matrice  : 

(5)  A„-8M-CICi.l— 

x  T2-t-(l/fc?)  +  (l/fcj) . ^^(l/fc^-^  +  ll/fc^-1)) 

+  t2 . T<) 

On  remarque  que  ces  quasi-solitons  solutions  (4)-(5)  sont  des  degenerescences  dc 
combinaisons  dc  solutions  periodiques  et  exponentielles. 

On  s’attend  a  ce  que  les  fonnules  (4M5)  aient  un  analogue  quand  on  perturbe  la 
solution  [6]  : 

,--2^io»e 

de  1 ’equation  de  Korteweg  de  Vries,  ou  ©  designe  la  fonction  theta  de  Riemann.  Le  cas  ou 
2^(x),  ou  9  est  la  fonction  elliptique  de  Weierstrass  a  ete  etudie  dans  [7], 

On  a  une  demonstration  de  la  representation  (S)  pour  les  solutions  dans  les  cas 
4*1.  2,  3,  4  settlement,  mais  on  s’attend  a  ce  que  la  representation  (5)  pour  les  solutions, 
existe  pour  tout  ender  d. 

II.  Les  solutions  (4)-{5)  sont  obtenuesde  la  manieresuivante  :  Soit  (x,  1 . n) 

une  solution  de  : 

(6) 

telle  que  : 

(?)  4-2q4)^'-q'y  +  W 


(X  est  une  constante  indepenaante  de  x,  mais  peut  dipendre  de  t).  Soit  A  la  matrice  : 

(8)  A(/»8,y  +  C,C;j'  \h(s,  kj  +  ls,  k;)ds, 

alors  : 

W  u4(x,  c)-q4(x,  log  (det  A) 

est  solution  de  I’iquation  ( 1 )  ( voir  [2]). 

Dans  [8],  on  a  demontre  que  dans  les  cas  d-  1,  2,  3,  4,  les  fonctions  : 


(10) 


f  (kt  x)m  9^-(l/fc).  t,-Ml/fcJ),  ■■■,t,+(l/fc^-t))£tJ 

9<(X,  T, . T,) 


«  ^4(-k,  x)  forment  une  base  de  solutions  de  (6). 

Une  autre  representation  des  solutions  de  (6)  a  ete  etudiee  dans  [4].  De  plus,  on  a 


(11) 


|  *)*<(*>. 


x)dx -«**'♦*'’* 


]c  8,(x-(l/fc<Ml/fcy).Ti-Hl/fc?)+(l/fc?) - 

(<Ei  +  k;)0<(x.  tj,  tj . X4) 

(12)  U*.  x)dxmelk‘  X  9-*lxrl2/fc)’  ■-.±hti2./kU  Ill 

J  2k8<(x,  t„  t„  . . .,  x4) 


C.  R.  Acad.  Sc.  Paris,  t.  291  (16  jaoricr  1981) 


Serie  I  -  281 


La  verification  de  (10).  (11),  (12)  dans  les  cas  1,  d-2  est  triviale. 

Dans  le  cas  de  potentiels  periodiques,  des  formules  analogues  k  (11)  et  (12)  existent,  voir , 
par  exemple  [7]  pour  le  cas  ou  le  potentiel  est  q— 2P{x). 

HI.  II  est  bien  connu  que  les  formules  (8  h9)  peuvent  etre  obtenues  soit  par  la  methode  de 
perturbation  de  Schabat,  soit  en  efTectuant  sur  le  potentiel  q4  des  transformations  de 
Backlund-Darboux  successives  (coir  par  exemple  [9]).  La  methode  de  la  transformation  de 
Backlund-Darboux  [  10]  est  la  suivante  :  Supposons  que  i|r  soit  une  solution  de  (6 )  et  (7)  et  que 
le  potentiel  q  satisfasse  (1),  alors  le  nouveau  potentiel  : 

Q»(j-2('|/7'i0'  est  aussi  une  solution  de  (1). 

Dans  le  cas  de  potentiels  consideres  ri -dess us,  on  peut  obtenir  les  formules  (4HS)  avec  un 
nombre  reduit  de  transformations  de  Backlund-Darboux.  En  fait,  certaines  des 
transformations  se  reduisent  4  des  translations.  Ceci  est  du  aux  proprietes  d’addition  que 
possedent  les  polynomes  9,  (voir  [8]). 

Remarquons  qu’en  perturbant  le  potentiel  q4  [formule  (2))  par  la  methode  de  Schabat,  on 
construit  une  classe  plus  large  de  potentiels  que  celle  donnee  par  les  equations  (4H5). 
Tous  les  potentiels  ainsi  construits  decroissent  comme  d(d  +  I'j/x1,  lorsque  |.r|  tend  vers 
l’infini  (coir  [8]). 


(•)  Remise  le  15  se-  <anbre  1980.  acceptce  le  13  octobre  1980,  revenue  i  I'imprimerie  le  26  jaovier  1981. 
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Nonlinear  Intermediate  Long-Wave  Equation:  Analysis  and  Method  of  Solution 
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CRooetred  23  Jana  I960) 

A  phyvicmlly  imterttdng  aoolinaar  singular  lntsgro-dlffarentUl  equation  which  i*  an  in¬ 
termediary  between  tha  Kortewej— deVries  and  Benjamin- Ooo  equations  is  considered 
ria  the  inrare e-sc altering  transform.  Morel  aspects  of  the  theory  tad  limits  to  the  Ben¬ 
jamin-Quo  equation  are  discussed. 


PACS  numbers:  93.40. Kf,  02.30. +g 
Recent  studies  have  shown  that  the  equation 

u,  +9'  +2uut  +T(p„)  »0,  (1) 

where  (Tn)(x)  * f«T«  dyuiy)  coth{»  (y  -x)/2d]/29 
(f;.  represents  the  principal-value  integral) ,  Is 
of  mathematical  and  physical  interest.  Physical¬ 
ly  it  represents  long  waves  in  a  stratified  fluid 
of  finite  depth  characterized  by  the  parameter 
9.‘«*  Depending  on  9  we  get  the  Korteweg-de 
Vries  (KdV)  equation  as  9-0  (shallow-water 
limit), 

•.f+*««,+<9/3)s„-0,  (2) 

and  the  Benjamin- Ono  (BO)  aquation  as  9  -  • 
(deep-water  limit), 

u,+2w  ,+£$»„)  «0,  (3) 

where  (StaXr)  ■»'  dy  u(y)/(y  -x)  (Hilbert  tranS' 
form).  Hence  Eq.  (1)  is  an  intermediary  equation 
between  these  two  very  interesting  nonlinear  evo¬ 
lution  equations.  Hereafter  we  shall  refer  to  (1) 
as  the  intermediate  long-wave  (ILW)  equation. 
Mathematically  speaking,  Eq.  (1)  has  soliton  so¬ 
lution, a  Bicklund  transformation,  and  a  novel 
type  of  linear  scattering  problem.’'*  In  this  Let¬ 


ter  we  shall  do  the  following: 

(a)  Relate  Eq.  (1)  directly  to  a  linear  Gei’fand- 
Levttan  integral  equation  which  has  .V-aoliton 
solutions. 

(b)  Discuss  how  to  deal  with  this  new  scattering 
problem.  We  show  in  what  sense  the  above 

Gel  land- Levitan  equation  can  be  derived  from 
analytical  considerations  of  suitable  scattering 
data. 

(c)  We  shall  also  briefly  discuss  the  limiting 
case  of  the  BO  equation  for  which  there  has  also 
been  considerable  sti  iy  (see,  for  example,  Refs. 
7-12)  regarding  solltons,  Bicklund  transforma¬ 
tions,  and  linear  scattering  problems. 

We  begin  with  point  (a).  The  operator  T  de¬ 
fined  below  Eq.  (1)  immediately  suggests  a  split¬ 
ting  of  the  functions^)  into  appropriate  analytic 
functions.  Namely,  if  we  call  U(x)  «(TW)U),  Im* 
*0,  then  the  boundary  values  on  x  «*,  x  real, 
satisfy  ff*(*)«(Tu)Cr) *««(*).  Here  U*()e)  are  the 
boundary  values  of  functions  analytic  in  the  hori¬ 
zontal  strip  between  Imt  >0  and  Imc  ■*  29,  and 
are  periodically  extended  vertically.  Moreover, 
periodicity  requires  that  U  "(a r)  *U*(*  +2x9).  it  is 
convenient  to  define  gift)  »-£T*  (r  +!9)/2  [here 
gift)  is  analytic  in  the  strip-9<Im*<9],  where¬ 
upon  the  splitting  takes  the  formuCr)  >ug6r-<9) 
-g(x+f9)],  (TbXx)  ■-  [g(ar  -  ifl)  +g(x  +i9)] .  Bence 
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(1)  talus  the  form 


Hi* -g')%  (4) 

where  g  *  (»)  ■/(*  *  id)  ■  -  Uk  (* )/2. 

Consider  the  following  linear  Gel’! and- Levitan  integral  equation: 

K<X,y)+F(f,y)+ft  K(g ,s)F(s,y)ds*Q,  tory>x.  (5) 

Following  the  basic  idea  at  Zakharov  and  Shabal,13  we  introduce  linear  operators  on  F,  such  that 

LtF*(t»,+lrl)F*<xj)+(fa,-\rl)r<)c,y)*0,  (6a) 

+3,*-a,*)F(*,y)-0,  (6b) 

where F *  «F(r*id, y  aid).  Then,  direct  calculation  shows  that  K(x,y)  must  satisfy 

+iK*<*,x) -UCb,x)}K¥<*,y)  +  (13,- id'  ‘J/rfr.y)  «0,  (7a) 

[*8,  +«,* -a,1  ^.tf&r,*)]*^)  -0.  (7b) 


Compatibility  between  Eqs.  (7a)  and  (7b)  gives  us  Eq.  (4)  with  g *  <jc)  •K*(x,x)*K<x*i6,x*i6).  The  N- 
soliton  solutions  to  Eq.  (1)  can  now  be  readily  constructed  (in  the  usual  manner)  by  assuming  exponen¬ 
tial  solutions  for  F ;  i.e.,  F(/c,y)  *£f.iC,(i)  exp(i£.  ,x  +»£♦,>),  where  £*,  ■**,*[«,  cot(2*,d) -jd" l] ,  k, 
> 0  and  C,( t)  ■C,(0)  exp(- 4#c,(x,  cot2x,d  -  ^0*  L)f] .  A  one-soliton  solution  is  given  by  u  32k,  sin(2xtd)/ 
{cos(2xlfl)  +coshf2xl(r -*■„(<))]},  where  x0lf)  •  (2x,)* 1  lnlC^)/^] . 

We  now  pass  to  point  (b).  As  discussed  in  Ref.  6,  the  linear  scattering  problem  obeys  (with  some 
changes  in  notation) 

*#,  *+$»-*)*♦  -u**,  (8a) 

«p,  *  +2101  +i«- 1)8,  *  +  $m  *  +1 * *«,  -  Tit,)  ♦*]**  *0,  (8b) 


where  coth(2*d),  p»*  csch(2*d),  -2h(X-t-i6**),  and  here  gr*(jr)  represent  the  boundary  values 
of  functions  analytic  in  the  horizontal  strips  between  lmt«0  and  Im  z  -  *26,  and  periodically  extended. 
As  mentioned  earlier  Oils  implies  $'{x)  •  }*[x + 2 i  6).  We  note  that  this  condition  immediately  leads  to 
T{4i*- O  ■  +  which  is  required  in  Ref.  6.  and  that  compatibility  of  Eqs.  (8a)  and  (8b)  yields 

Eq.  (1).  In  order  to  analyze  the  scattering  problem,  it  is  convenient  to  define  a  new  function,  W*{x,  k) 

•  t*{x,k)  exp{f*(x-  i«)],  whereupon  the  scattering  problem  becomes 

£W-fW/+(t.+  i6',)(W'-W*)«-uW*  (9) 

with  W*(x)»W’*(x+2<8),  f4(*)«*±[*  coth(2*d)-  id'1]  (We  shall  need  the  definition  of  £_  subsequently.) 
How  we  define  specific  Jost  functions  for  real  k:  M*{x;k)~  1,  as  x  —  <*>,  and  N*(x;  k)  -exp[2i*<  x  - « 6)], 
R*{x;k)  —  l,  as  x —•*•*».  Each  of  these  functions  can  be  shown  to  satisfy  an  integral  equation.  For  this 
purpose,  we  introduce  the  notion  of  a  Green  function  satisfying  ZCi/e , y  -,k)  »— 6(r  -y)  [  £  defined  by  Eq. 
(9).]  Then 

M*{x;  k)  m  1  +.  JZ.Cl  *(x,  y;  k)u<y)M*{y,  k)dy,  ( 10a) 

N*(r,  k)  »exp{2i*(*  -  <d)]+  /-•  C,  *(x,  y,  k)u(y)Pf*[y,  k)dy,  (10b) 

7f*[r,  k) « l  *  JH,  g,  *(*,  y,  k)u[yW*{y,  *Vy,  ( 10c) 


where 

Gut*{x,y;k) 

',b*fcltG*iP;k)9xp[ip{x-y)]dp,  (11) 

and  <?*(**)- {p - (£♦* id'l)[l  -  exp( -  2dp)]}*1. 

(J  *(  p;*)  has  poles  at  pa«0,  p-2f*'l(  £»(*)).  We 
note  f„'1  (•••)  is  a  multivalued  function  and  we 
have  an  Infinite  number  of  poles  p  for  which  we 


shall  define  pM  ■  2*  and  p,,^,  (n  *  1)  such  that 
(2»  -  l)s/2d< Imp„<(2«  +  3)v/2d  and  similarly  for 
-  Imf..  Moreover  double  poles  occur  at  special 
values  of  £„(*)  satisfying  *  >0  and  p *  £♦(*).  We 
call  these  values  {£/*’,  C [lm£+(°  >0, 

Imf *“*<0].  The  contours  C„  C,  are  taken  to  be 
the  lines  Rep  -  iO  and  Rep  *  iO,  respectively 
(this  is  necessary  in  order  to  preserve  the  bound- 
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ary  conditions).  It  Is  important  to  remark  that 
Eqs.  (10a)-(10c)  are  Fredholm-type  integral  equa¬ 
tions,  unlike  the  usual  case  of  the  Schrodinger 
equation  where  the  Jost  functions  satisfy  Volterra 
equations.  In  addition  we  note  that,  by  using  resi¬ 
due  calculus,  Eqs.  (10a) -(10c)  can  be  represented 
in  an  explicit  manner  useful  for  the  proof  of  ex¬ 
istence  and  analyticity  of  the  solution  (conver¬ 
gence  of  Neumann  series).  From  Eqs.  (10a)-(10c) 
one  can  establish  the  following  [assuming  t4.x) 
decays  rapidly  as  |x|  -*»]: 

(i)  M*,  N*,  and  N*  have  convergent  Neumann 
series  in  certain  regions  of  £*  plane  for  given  6 
and  max|  u  |  chosen  small  enough. 

(ii)  In  the  £*  plane,  p„  {n  *1)  has  a  logarithmic 
branch  point  at  £**- 1/26  and  square-root  branch 
points  at  Cj"*  and  f*,**u. 

(ill)  Despite  (ii),  M*{x;k)  and  U*[x;k)  are  ana¬ 
lytic  in  the  upper  and  lower  half  I.  plane,  respec¬ 
tively,  whenever  the  Neumann  series  converges 
in  this  region.  Moreover,  as  |  M*,U* 

-1  +0(1/0-  Here  we  note  that  *  is  a  multival¬ 
ued  function  of  O  and  we  are  required  to  define 
an  appropriate  branch  in  A  plane.  For  the  func¬ 
tions  At*  and  H*,  our  principal  branch  is  that  one 
containing  the  real  A  axis,  and  which  has  Im  *£0 
corresponding  to  Im  £*|0.  There  is  a  branch  j 

*)  *  l +j[  d»tf*(x,s)exp[if*(x-s)3,  for  Im£ 


point  at  f*  *  - 1/20  and  a  branch  cut  from  f  *  •  - 1/ 
20  to  £,»-«». 

By  virtue  of  the  fact  Gx*(x,  y,k)  -G,*(x,  y;A) 
»(2iOO*1-  exp[2tA(x-y)]/2t6f.,  we  have  a 
relation  among  N*{x;k),  and  U *{x;k)  for 

rea!A[i.e.,  £*>-1/(20)], 

At*[x;k)*a(k)Fl*(x;k)*b(k)N*[x;k),  (12) 

where  a(A)  *  1  -  [/.“.  tdy)M*{y,  A)dy]/2»6£*,  b{k) 

*  -  { u(y)M*{y,  k)  exp[  -  2 ik(y  - » 0)]dy}/2* 0£*. 
Hence  a(A>  takes  on  the  same  analyticity  as  M\x\ 
k),  and  as  |  £*|-«,a(A)-l.  On  the  other  hand, 
for  £*+i0  with  £*<-1/20  and  real  (i.e.,  *  is  in 
the  upper  half  plane  at  the  edge  of  the  principal 
branch),  we  have  a  relation  Gx  *{x,  y;  k)  -  Gt*(x, 
y;A»)»  l/2«'0£*  [note  f*(A  +  <0)*  £i**  -  «0),  km 
complex  conjugate  of  A],  which  yields 

A f*(x;k)-a(k)Flx;k»).  (13) 

The  bound  states  [as  x  - A#*U;  A)  -0]  are  de¬ 
fined  by  of*,) -0,  M*(x\k.)*blN‘,ijc-,kt),  for 
ImA,>0  (f»l,2,...,N).  The  scattering  data  are 
now  given  by  S  -  (o(A),  6(A),  {*, ,  6, }  ,*}.  We  have 
found  that  <j(A)  has  only  simple  zeros  and  they  lie 
on  the  imaginary  k  axis,  i.e.,  k,*in,.  From  Eqs. 
(lOb-lOc)  and  consistent  with  our  analyticity  re¬ 
quirements,  we  assume,  for  U*  and  N*.  the  tri¬ 
angular  representations 


<0,  (14a) 

N*(*;  k)  *  exp(2iA(x  -*0)]  +  da K*U,  *)  exp{f£*(x  -  s )  *2 ik(s  -  «6)j,  (14b) 

where  K*(jc,  s)  satisfies  Eq.  (7)  and  K'ix,  s)  -  0  as  s  -  ■*>.  Inverse  scattering  formulas  are  obtained  as 
follows:  Divide  Eq.  (12)  and  Eq.  (13)  by  a(A)  and  operate  with  (1/2*) /"„d£.  exp(i£.(y  -*)]  (i.e.  Fourier 
transform)  for  y  >x.  Then  using  Eq.  (14),  we  obtain  the  linear  Gel’fand-Levitan  integral  Eq.  (5)  with 


6(A)  " 

fU,y)-i* j  ^df-^expOc.*  *  rc.expOf.,* >«£*,y), 


(15) 


where  C, --tty's,  and  dj-las/Af,]^.^.  From  Eq. 
(8b),  the  time  dependence  of  the  scattering  data 
is  given  by  a(k,  t  )  ■«(*,  0),  b(k,  t )  ■  A(A,  0)  exp[-4 
x<A(X+i8*l)t]»  for  real  A,  h,U)«6((0)  expt4x,(X, 

+  is'1)*].  We  expect  tha  Gel’fand-Levitan  equa¬ 
tion  is  valid  when  the  Neumann  series  expansions 
of  Eq.  (10)  converge.  For  fixed  max|  «(*,  0)  | , 
when  fl  -  « (the  BO  limit),  this  will  not  hold  and 
new  singularities  due  to  the  Fredholm  nature  of 
Eq.  (10)  may  have  to  be  taken  into  account.  We 
briefly  mention  this  later. 

We  now  pass  on  to  point  (c).  Our  basic  philos¬ 
ophy  regarding  the  BO  equation  is  to  obtain  in¬ 
formation  by  taking  the  limit  procesa  8  -  First 

of  all  if  we  simply  take  l-«,  then  for  real  A,  £. 

■  2AKA)  and  G*[p-,k)  *(p  -  2kT'Hp),  where  G*(p; 
A)  Is  defined  below  Eq.  (11)  and  k  •  •  •)  is  the 


usual  Heaviside  step  function.  Similarly  from 
the  fact  that  G~(x,y;  k)  •  G*lx+2i6,y;k)  we  have 
6~(p;  A)  •  d*(p;  A)  exp(-2<p)  -  «(-p)/2A.  These 
formulas  suggest  a  natural  splitting  of  the  6  func¬ 
tion  and  the  Green  function.  Hence  from  these 
results,  we  may  deduce  the  split  equations  for 
the  eigenfunctions, 

iAft*(x;  A)  +2A[Af*(x;A)  -  l] 

•  P'(uM*)(x-,k),  (18a) 

ArU;*)-l-(2A)-'^-(sAr)(x;A),  (18b) 

where  P**  $<1  *  iff)  are  the  usual  projection  opera¬ 
tors.  It  Is  also  worthwhile  noting  that  the  eigen¬ 
value  problem  with  A  <0  (A  - •)  in  Eq.  (18)  cor¬ 
responds  to  what  happens  to  £.  <-1/29  for  finite 
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6.  Moreover  we  have  found  a  solution  of  the 
komogtntous  equation  for  N*(x;*)  with  some  *  <0 
(this  seems  to  be  related  to  BO  solitons).  In  this 
regard,  we  note  that  one  can  actually  compute 
certain  eigenfunctions  of  the  scattering  problem 
for  the  BO  equation.  We  shall  use  the  scattering 
problem  (from  Eq.  (9)  with  6  -  •  j : 

«?,*♦(!»■•■  2k)  W-  2*W.  (17) 

Let  us  consider  u(x)  * 2v/(xa  +1)  *M l/(x  ♦»)  - 1/ 
(*-»)]  as  an  example.  There  is  a  natural  way  to 
split  the  eigenvalue  problem  Eq.  (17).  Namely 
multiply  by  (*-  i)  and  require  both  sides  to  be  an 
entire  function.  For  the  case  of  bound  states 
(solitons)  we  take  2k(je-i)W~  *1.  Then  the  solu¬ 
tion  for  W*  can  be  found  to  be 


(18) 


requiring  (F*-0a»  |x|-«*.  This  implies  im¬ 
mediately  that 

Is  the  condition  which  determines  the  discrete 
eigenvalues.  For  v*** integer,  Eq.  (19)  is  the 
Lagoerre  polynomial  of  degree  n,  l.e.,  £„(*) 

■  L„(-4A) »  0,  for  *  <0.  Hence,  for  y*n,  there 
are  s-real  distinct  eigenvalues,  e.g.,  for  u»l, 
*,■-1/4;  forn«2,  *u,«-(2sVT)/4,  etc.  More¬ 
over,  this  condition  corresponds  to  the  require¬ 
ment  that  W*  is,  in  fact,  analytic  in  the  upper 
half  plane.  Thus  we  expect  to  find  n  solitons 
when  v-n  (in  agreement  with  Ref.  14).  The  situa¬ 
tion  with  v  *  Integer  is  more  difficult.  Neverthe¬ 
less  we  found  that  Eq.  (18)  has  n  eigenvalues  for 
v  in  the  range  s  - 1  <  v  (a  *1, 2, . .. ).  We  also 
remark  that  when  v*l  the  eigenfunction  W*{x;k) 


satisfies  the  homogeneous  equation  of^Eq.  (10b) 
with  G,4  given  by  G,4(x,y;k)  ■(2»)*‘J  "dp{p 
-2*)"1exp{<£(x-y)]  for  *«*,<0. 
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Linearization  of  the  Korteweg— de  Vries  and  Painlere  II  Equations 
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A  earn  integral  equation  which  linearizes  the  Kortew*g-d«  Vrtee  and  Painleve  n  equa¬ 
te  ne,  and  la  related  to  the  potentials  of  the  Scfarddlnger  eigenvalue  problem,  la  present¬ 
ed.  Thla  ecpiatlon  allows  one  to  capture  a  far  larger  class  of  solutions  then  the  Gel’Caod- 
Lerttan  equation,  which  may  be  recovered  as  a  special  ease.  As  an  application  this 
equation,  with  the  aid  of  the  classical  theory  of  singular  Integral  equations,  yields  a 
three-parameter  family  of  solutions  to  the  self-similar  reduction  of  Korteweg  -da  Vries 
which  Is  related  to  Painlevi  n. 

PACS  numbers:  02.30. +g 

» 

Sloe*  the  work  of  Gardner  etal.  in  1987, ‘  there  has  been  wide  Interest  In  the  analysts  of  nonlinear 
evolution  equations  solvable  by  the  so-called  Inverse-scattering  transform  (1ST).  The  prototype  exam¬ 
ple  is  the  Korteweg -de  Vries  (KdV)  equation 

Hi  ♦  6eais + um  *  0*  (1) 

his  note  we  shall  present  a  new  linear  Integral  equation  which.  In  principle,  allows  one  to  capture  a 
larger  class  of  solutions  than  does  the  Gel’ land- Levitan  equation.  Specifically  we  claim  that  if 
:x,f)  solves 

4ft;  X,  f )  ♦  i  exp(  i (ftx  ♦  ft*f )  j  jf  -exp(«(*x*ft*f)],  (2) 

where  dX(ft)  and  L  are  an  appropriate  measure  and  contour,  respectively,  then 

(3) 


solves  ths  KdV  equation.  The  well-documented  physical  significance  of  the  KdV  equation,  of  its  self- 
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similar  analogue,  and  of  the  associated  Schrodinger  scattering  problem  require  us  to  attempt  to  char¬ 
acterise  the  form  of  the  most  general  solution/potential  possible. 

We  now  enumerate  the  basic  results  given  in  this  note,  (i)  We  give  a  direct  proof  that  (2)  and  (3)  solve 
(1);  (ii)  we  show  how  the  well  known  Gel'fand-Levitan  equation  can  be  obtained  from  (2)  as  a  special 
case;  and  (iii)  we  characterize  by  a  matrix  Fredholm  equation  a  three-parameter  family  of  solutions  to 
the  similarity  ordinary  differential  equation  of  (1)  which  Is  directly  related  to  the  classical  second  equa¬ 
tion  of  Painlevd  (P  H).  We  end  with  some  remarks  regarding  the  role  of  Bicklund  transformations  and 
relevant  generalisations. 

We  now  consider  (i).  The  point  of  view  we  take  here  is,  in  spirit,  similar  to  that  of  Zakharov  and 
Shabat*  Specifically,  by  direct  calculation  we  show  that  solutions  of  (2)  substituted  In  (3)  satisfy  (1). 

We  make  two  assumptions:  (a)  dX  and  L  are  such  that  differentiation  by  x,  t  may  be  interchanged  with 
(b)  the  homogeneous  integral  equation  has  only  the  zero- solution.  Defining  Z  «  Z,  *  3«a,,  where  Z, 
*J,+  8,\  alter  some  manipulation  we  find 

L<f(k;x,t)  +  i  exp(»(*x +**/)]  f  £2 l ) »  3k [ k <pt  +  i  <p,M » in <p] .  (4) 

Similar  calculations  show  that  the  quantity  in  brackets  in  the  right-hand  side  of  (4)  satisfies  the  homo¬ 
geneous  integral  equation.  Hence  M<p*k<pt*  i  iutp»0  which  Implies  £<p* 0,  whereupon  8 ,fjL<p)dx 
*0  is  (1).  Moreover  the  equation  M<p*0  Is  directly  related  to  the  Schrodinger  eigenvalue  problem.  If 
we  define 


<P(k;  x,  t )  •  4>(k;  x,  t ) exp[  i(kx  * k*t )/2], 
then  gives 

♦,,*(**^♦♦••♦■0.  (5) 

Next  we  pass  on  to  (ii).  The  classical  theory  of  inverse  scattering  and  appropriately  decaying  solutions 
of  KdV  may  be  most  easily  obtained  as  follows.  Let  the  measure  d\(k) » r„(ik)dk/2x,  where  r0(k)  is  the 
usual  reflection  coefficient  of  u (* ,  0)  and  the  contour  L  goes  over  all  the  poles  of  r0(k).  [Here  we  have 
assumed,  for  convenience,  that  u (x , 0) -  0  rapidly  as  lx|  -■».]  Then  substituting  the  expression  for  <P 
into  (2),  defining 

X(x,  y,  t )•-<*)/**<*;  x,  t ) exp{ i (ky + **f  )/2 ]dA(h), 


and  using 

exp{  «(*  >  I  )x/2)/(l  *k)  -  -  i {£  exp[  Hk  *  I)4/2]/2d{} 


(*,  1  satisfy  ImA,  lmi>0),  we  obtain 

K{x,r,t)+Hx+y,t)+£K(x,tit)FU  +  y;t'm*Q, 

where 

Fix,  t).(l)Sl*x9[i(kx/2.k*t))dX(k), 

and  n(x,  t )  •  28rK(x,  x;  t ).  Hence  by  choosing  the 
above  measure  dX  and  contour  L,  the  Gel'fand- 
Levitan  equation  (8)  may  now  be  completely  by¬ 
passed. 

Sollton  solutions  of  (1)  may  be  calculated  in  a 
particularly  easy  manner  from  (2).  Locations  of 
the  poles  on  the  Imaginary  *  axis  in  r{k,  0)  corre¬ 
spond  to  sollton  amplitudes,  and  the  residues  of 
Hk,  0)  at  these  locations  play  the  role  of  the  nor¬ 
malisation  coefficients.  Pure  solitons  may  also 
be  obtained  by  taking  the  measure  as 

*><*),« 


(«) 


(L  passes  through  the  *  ■  *  *,).  Then  (2)  reduces 
to  a  linear  algtbraic  system  from  which  the  well 
known  .V -sollton  solution  is  immediately  obtained. 

We  now  discuss  (iii).  The  KdV  equation  admits 
the  similarity  transformation  n(x,  t  )■  U(x'y(3 /)**, 
where  x'*x/(3t)l/*.  The  equation  for  U  is  given 
by  (dropping  the  primes) 

Ki(U)*W  +  WW-(2U+xU,)*Q.  (7) 

We  note  that  (7)  is  directly  related  to  PH: 

V'-xV- 2V*«a.  (8) 

Specifically  we  note  that  the  transformations  V 

m-v'-V,  V»(U' + a)/(2U  -  x)  relate  (8)  to  the 

/ 
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equation 

Um+  2V -xU+fr+tr-a/WAZU-x)*!) 

with  i/*a(a  +  I).  However,  by  direct  calculation 
[(2tr-xWC,(£n]'«(2i;-*tfCl(tO,  hence  K^U)  is  an 
Integral  of  (7),  and  thus  there  is  a  direct  trans¬ 
formation  between  (7)  and  (8).*  One  may  maim 
use  of  these  transformations  fo  find  all  the  known 
(see,  for  example,  Lukashevich*  and  Erugin4) 
elementary  solutions  of  P IL  Ablowltz  and  Segur* 
had  established  a  connection  between  P  H  and  1ST 
and  had  characterized  a  one-parameter  family  of 
solutions  via  the  Gel’fand-Levltan  equation.  Re¬ 
cently  Flaschka  and  Newell*  considered  P  n  via 
mooodromy  theory.  In  the  latter  work  the  authors 
derived  a  formal  system  of  linear  singular  inte¬ 
gral  equations  for  the  general  solution  of  P  IL 
However,  the  highly  nontrivial  question  of  exis¬ 
tence  of  solutions  was  left  open. 

An  application  of  the  result  presented  above  in 
(1)  is  that  a  three-parameter  family  of  solutions 
of  (7)  may  be  obtained  from  the  linear  singular 
integral  equation 

ton  A  (9) 

where  &(f)»/(f)»exp{i(/x+t73)]  and  \L 
(*••  n«-  l). 

2,*<V  (Hereafter  j  always  stands  for  j *  1, ... , 
S).  The  solution  to  (7)  is  then  obtained  from 

{<p  depends  parametrically  on  x).  We  note  that 
both  (9)  and  U  are  obtained  from  (2)  and  (3)  by  a 


self -similar  reduction.  Moreover  the  contours 
Lt  are  obtained  by  finding  the  solution  to  the  lin¬ 
ear  problem  {[/•*>,)  wm-(w  +  xw')*0  in  terms  of 
integral  representations  and  then  deforming  these 
contours  so  that  they  all  pass  through  the  origin. 
For  example,  note  that  I,  +•  L,  may  be  deformed 
to  the  usual  Airy -function  contour.  If  we  restrict 
ourselves  to  this  Airy  contour,  the  result  in  Ref. 

5  is  obtained  in  the  same  manner  as  that  in  (ii) 
above. 

We  shall  proceed  to  demonstrate  that  (9)  may  be 
reduced  to  a  system  of  Riemann-Hilbert  problems 
which  are  solvable  using  Fredholm  theory.  For 
this  we  need  the  full  power  of  the  classical  theory 
of  singular  integral  equations.7** 

Consider  the  sectionally  holomorphic  function 

*(*)■_!>  f  SiHdT.  (10) 

2 ttJl  T-Z 

The  lines  of  discontinuity  of  *(z)  are  Lt;  thus 
using  the  Plemelj  formulas,  we  have 

W*V)*£.££$dT,  f  on  - LJt 

(11) 

**(*)«*  4 £j<p(t>+2r;X  T^tdT’  toaL> • 

where  +*(f)  for  t  on  Lt  has  the  standard  defini¬ 
tions7"*  of  limits  of  *iz)  as  z  - 1  from  the  “left- 
hand  side"  (+)  and  “right-hand  side"  (-)  of  Ljf 
and  where  principal-value  integrals  are  implied 
when  needed.  With  use  of  (11),  and  Eq.  (9)  for  t 
on  Lj  and  -t  on  -Ljt  we  obtain  a  system  which 
we  choose  to  write  in  the  form 

♦  7(f)»G(< )♦"(*)+£( t),  tonZj,  (12) 

where  Lj  *i-Lj),  ♦*(/)  * [  ♦*(/),  +"(-f)]r, 
**U) -**(-<),  Fit)  •[J(t)HU), -/ (-t)H(-t))r , 

Hit ) »  {P,  if  t  on  Lj,  0  if  t  on  -L,}  and  the  compo¬ 
nents  of  the  2x2  matrix  Git )  are  Gnit)~-2bit) 
xH(t)--Ga(-t),  Gu«Gm*1. 

One  can  prove  the  following  statements. 

(a)  •  *(-f),  ♦“(-<)  are  “minus”  and  “plus”  func¬ 
tions,  respectively,  (b)  Necessary  conditions  for 
solvability  of  (12)  are  the  symmetry  conditions 
G(<)  *[G( -<)]"*,  Fit)  +  Git)Fi-t)  *0,  which  are 
satisfied  by  the  above  G,  F,  (c)  Thus  (12)  defines 
a  system  of  discontinuous  Riemann-Hilbert  prob¬ 
lems  with  the  additional  restriction  that  ♦"(< ) 
«**(-*).  However  this  condition  can  be  relaxed 
since  one  can  show  that  (12)  always  admits  a 
solution  with  this  restriction,  and  moreover,  In 
our  case  the  solution  is  unique. 

In  order  to  solve  (12)  we  first  consider  the 
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homogeneous  problem.  The  standard  procedure 
is  to  transform  the  discontinuous  homogeneous 
problem  to  a  continuous  one,  and  then  obtain  the 
fundamental  set  of  solutions. 

Associated  with  a  given  contour  ZJt  define  the 
following  auxiliary  functions 


where  is  some  j  -dependent  fixed  point  off  1,. 
The  branches  of  the  above  functions  are  chosen  | 


such  that  wJk  *  and  uJt~  are  plus  and  minus  func¬ 
tions,  respectively  (e.g.,  the  branch  cut  for  wjt  * 
is  taken  between  0,  ~z }  and  hence  lies  to  the 
right  of  Zj).  The  properties  wM(0+)  «expi.-t«x,4], 
w>4(0-)  ■  exp[iirA.rt],  wM*(f)  *wJ4*(-f)  allow  us 
to  map  the  homogeneous  system  *'(f )  ■  G(f  )+‘(f ) 
which  has  a  discontinuity  at  f  *  0  to  the  following 
Rlemann-Hilbert  system  which  is  continuous  at 
the  origin: 

*'(f)«g(f  )*'«),  f  on  I, ,  (14) 

where  we  have  used  the  transformation  »'(t) 
•Aa*[t)*V),  **(f)  »AA'(f)+'(f)  and  hence  g(t) 
■ln*(/)]~lA*1G(7)An-(#),  withA,  fl»(f)  defined 
by 


A^-l 


axp^*,XJ‘/2]  exp(iiXfl/2]N 


,  V’ 


(15) 


expl**xrt/2l  explrtx^/2]  /  \  0  C ) 

where  for  ;*  2, 3, 4  we  have  a  *  1,  d*  2  and  for  ;■  1,  5  we  have  a  *2,  d*l;  the  \Jt  and  Art  are  defined 

by 

e*Pl*»*/iW;+(Wjl),/\  expl****]--^  +(l*pJ2)‘yt,  A,,*exp [2i*A„],  A,2  =  exp[2xTA,  J. 


The  matrix  g(t)  has  the  properties  g(t)  -(g(-f)]"1  and  detg=*-l. 

One  may  characterize  a  solution  of  the  system  (14)  by  imposing  the  condition  *(a)  -  +Ji'a£  as  (a I  -* 
in  A".  This  leads  to  a  Fredholm  equation  for,  say,  *'(f ),  which  however  must  be  interpreted  in  a 
suitable  principal-value  sense  as  It  does  not  converge  in  the  normal  sense  at  infinity.  Alternatively, 
one  may  obtain  a  regular  Fredholm  equation  of  the  second  kind  by  imposing  conditions  at  a  finite  point 
off  all  contours,  say  a  » 1.  This  leads  to  the  following  Fredholm  equation  for  +  '(f): 


♦*U) ■* 57T  i [fT7  •*,(*)£,  t  on  zlt 


(18) 


where  £*+(l),  /(J^  ♦/%  ).  and  1  i* 

the  unit  matrix.  Any  two  linearly  Independent  £ 
vectors,  say  d  lt„  lead  to  a  fundamental  matrix 
F *(/)*[♦, *(f)I**(f)] for  the  syatem  (14). 

With  use  of  the  above  results  the  fundamental 
matrix  at  the  discontinuous  problem  (12)  Is  given 

by 

XWeAQ*(fH*i*U>.  *.•(*>].  U7) 

Hence  the  solution  of  (12)  is  given  by 
♦  '(f) 


Having  obtained  +'(f )  and  using  (11)  to  obtain 
we  have  characterized  a  three -parameter 
family  of  solutions  of  U,  With  use  of  the  results 
of  Fredholm’s  theory  the  nonmovable  critical - 


point  property  of  U  is  easily  verified. 

Finally,  we  make  some  remarks.  First,  we 
only  expect  from  (2)  to  obtain  solutions  to  P  n  in 
the  range  -i  <  a  <  i.  To  obtain  the  solution  for 
all  ranges  of  a,  we  believe,  the  BScklund  trans¬ 
formations  (following  Rosales10)  and  "finite  per¬ 
turbations”  (see,  for  example,  Ablowitz  and 
Cornille11)  of  suitable  elementary  solutions  must 
be  employed.  Similarly,  wider  classes  of  solu¬ 
tions  to  KdV  should  be  obtainable  this  way  (we 
shall  remark  on  this  more  completely  in  the  fu¬ 
ture).  Second,  straightforward  generalizations 
to  the  higher-order  KdV  equations,  as  well  as  to 
many  other  nonlinear  evolution  equations,  are 
possible.  Third,  motivation  for  some  of  the  ideas 
in  this  note  originate  from  the  concept  of  sum¬ 
ming  perturbation  series.  Relevant  perturbation 
series  can  be  readily  developed  (see,  for  exam¬ 
ple,  Refs.  11  and  12). 
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Perturbations  of  Solitons  and  Solitary  Waves 


By  Yuji  Kodama  and  Mark  J.  Abtowiu 


A  direct  perturbation  method  is  developed  to  investigate  the  evolution  of  solitary 
waves  in  the  presence  of  small  perturbations.  A  uniformly  valid  first  order 
solution  is  constructed.  The  method  is  applied  to  several  nonlinear  evolution 
equations  which  support  solitons  or  solitary  waves.  Finally,  the  method  is 
compared  with  other  approaches  in  the  literature. 


1.  Introduction 

In  recent  years  there  has  been  a  great  deal  of  interest  in  nonlinear  dispersive  wave 
problems  admitting,  as  special  solutions,  localized,  nondecaying  waves,  called 
solitary  waves  or  solitons.  In  this  paper  we  shall  mean  by  solitons  those  waves 
which  satisfy  nonlinear  evolution  equations  solvable  by  the  inverse  scattering 
transform  (I.S.T.— see  for  example  [1],  [2]).  Given  the  physical  significance  of 
these  solutions,  a  natural  question  to  ask  is  how  they  develop  under  the  influence 
of  weak  perturbations.  For  those  problems  giving  rise  to  solitons.  there  are  three 
methods  which  have  been  developed  that  use  the  techniques  of  I.S.T.  [3-5],  The 
methods  in  [31,  [4]  develop  perturbed  equations  in  the  scattering  data  via  an 
associated  linear  eigenvalue  problem.  The  field  variable  is  recovered  via  the 
inverse  equations  (e.g.  the  linear  Gel'f and- Levitan  equation).  From  a  somewhat 
different  point  of  view.  Ref.  [3]  develops  a  perturbation  theory  using  a  Green’s 
function  to  solve  the  associated  linearized  equation  in  the  higher  order  problems. 
In  order  to  calculate  the  Green's  function,  information  from  I.S.T.  is  needed. 

On  the  other  hand,  it  is  well  known  that  there  exist  very  general  perturbation 
techniques  that  are  applicable  to  nonlinear  problems  where  the  leading  order 
problem  has  a  well-defined  solution  (e.g.  solitons.  breathers,  solitary  waves, 
periodic  solutions,  etc.).  These  ideas  have  been  applied  to  a  wide  variety  of 
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problems  (for  example  (6]-[llj).  Our  main  purpose  in  this  paper  is  to  illustrate 
how  these  simple  ideas  can  be  applied  to  problems  with  solitons  and  solitary 
waves.  In  the  soliton  case,  we  compare  our  results  with  those  already  developed  in 
the  literature.  In  some  cases  we  have  found  discrepancies  between  the  existing 
results.  We  shall  discuss  this  and  make  suggested  modifications  to  some  of  the 
presently  used  techniques.  Specifically,  we  examine  perturbations  associated  with 
the  Korteweg-de  Vries  (KdV).  modified  KdV  (MKdV),  nonlinear  Schrddinger 
(NLS),  and  sine-Gordon  (SG)  equations.  In  addition,  we  discuss  perturbations  of 
certain  other  “higher”  nonlinear  KdV  and  NLS  equations  (presumably  not 
solvable  by  I.S.T.).  In  some  of  these  cases  we  find  what  appears  to  be  a 
self-focusing  singularity. 

The  basic  idea  of  the  perturbation  approach  is  as  follows:  We  study  the 
solution  of  a  perturbed  nonlinear  dispersive  wave  equation  of  the  general  form 

K(q,q,,qx,...)  =  F{q,  qx,...),  0<e«l,  (l.l) 

where  K  and  F  are  nonlinear  functions  of  q,qx . The  unperturbed  equation  for 

e=0  is 

=  O’  (1-2) 

and  its  solution  q0  is  to  be  taken  as  a  solitary  wave  or  soliton  solution  (or  perhaps 
a  breather).  We  write  this  solution  in  terms  of  certain  natural  fast  and  slow 
variables: 

?o=4o(*..*2 . Om,T-P„Pl . Ps).  (1.3) 

In  (1.3),  0,  (1=1,...,  m)  are  so-called  “fast”  variables,  T-ei  is  a  “slow”  variable, 
and  the  P,  (/=  1,...,  N)  are  parameters  which  depend  on  the  slow  variable  (in 
some  problems,  one  might  need  to  also  introduce  a  slow  variable  X—tx).  In 
many  nroblems  we  need  only  one  fast  variable,  such  as  0=x-P,/  in  the 
unperturbed  problem.  We  generalize  0  to  satisfy  30/3*=  1.  and  30/3/=  -P,  and 
use  P,  =P,(7)  to  remove  secular  terms.  With  this,  we  call  such  a  solution  (1.3)  a 
quasistationary  solution  and  write  q=$(8,  T,e).  It  is  necessary  that  we  develop 
equations  for  the  P,,...,  Pv  by  using  appropriate  conditions,  such  as  secularity 
conditions  (there  must  be  IV  such  independent  conditions).  Some  of  these  condi¬ 
tions  are  formed  from  Green's  identity  as  follows.  We  assume  an  expression  for 
of  the  form 


4  ~  4o  +  «4i  +  •  •  • 

(after  introducing  appropriate  variables  0,,  T,  etc.).  Then  (1.2)  is  the  leading  order 
problem,  and 


3  K 


4Mo)4t  =*t4o)-j£'*T| 


(1.4) 
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is  the  first  order  equation.  Here  L(dg,q0)u= 0  is  a  linearized  equation  of 
K(q, q,. qx,...)=0  after  transforming  (x,t)  to  the  appropriate  coordinate 

Denoting  by  u,  (/  =  1 . Af)  the  M  solutions  of  the  homogeneous  adjoint 

problem  satisfying  the  necessary  boundary  conditions  (e.g.  u,  ->Q  as  \9 1  -» ec), 

L\  =  0.  i=l . M,  M<N, 

where  LA  is  the  adjoint  operator  to  L,  we  form 

(L4i)-o/ -{LAo,)^  =  Fvr  (1.5) 

Equation  (1.5)  is  always  a  divergence.  It  may  be  integrated  to  give  the  secularity 
conditions.  These  secularity  conditions  allow  us  to  be  able  to  compute  a  solution 
q |  to  (1.4)  which  satisfies  suitable  boundary  conditions  (e.g.  q{  is  bounded  as 
|0|— *oo).  However,  as  is  standard  in  perturbation  problems,  there  is  still  freedom 
in  the  solution.  This  is  due  to  the  fact  that  some  terms  in  the  solution  q ,  can  be 
absorbed  in  the  leading  order  solution  q0  by  shifting  the  other  parameters.  The 
solution  q ,  can  be  made  unique  by  imposing  additional  conditions  which  reflect 
specific  initial  conditions  or  other  normalizations. 

Some  properties  of  this  method  are  the  following: 

(1)  A  simple  uniform  quasistationary  expansion  on  |x|<oo  is  generally  not 
obtained  (see  also  (6]). 

(2)  In  its  region  of  validity  we  find  a  quasistationary  solution,  i.e..  the  solution 
depends  on  the  0,  and  T  only.' 

(3)  In  order  to  develop  a  valid  expansion,  we  match  the  solution  obtained  via 
the  method  above  to  a  nonstationary  solution  for  large  {0,  |  [e.g.  |0(-~  1  /*]. 

In  the  following  sections,  we  apply  the  general  scheme  outlined  above  to  a 
number  of  nonlinear  dispersive  systems  supporting  a  soliton  or  solitary  wave 
solution.  In  a  separate  communication  we  discuss  the  analysis  for  the  more 
complicated  examples  of  bound  soiitons.  i.e.  breathers  [I8J. 

2.  Perturbed  KdV  and  MKdV  equations 

As  examples  of  the  general  scheme  in  Sec.  I,  we  study  the  KdV  and  MKdV 
equations  with  a  small  dissipationlike  perturbation.  (For  small  dispersive  per¬ 
turbations,  see  Ref.  [12].)  Physically,  these  equations  correspond  to  the  evolution 
of  a  soliton  in  a  slowly  varying  medium  [10. 1  Ij.  An  interesting  feature  of  these 
equations  is  the  appearance  of  a  shelf  behind  the  perturbed  soliton  due  to  the 
dissipative  perturbation  [3,4, 10, 1 1}.  We  shall  find  that  in  this  case  the  perturba¬ 
tion  expansion  is  not  uniform,  and  there  are  three  regions  to  the  solution.  We 
discuss  this  problem  in  Sec.  4,  and  construct  a  uniform  solution. 

2.1.  Perturbed  KdV  equation 
Let  the  perturbed  KdV  equation  be  of  the  form 


<1,+6<Nx  +<t,xx  - 


(2.1) 


228 


Y.  Kodama  and  M.  J.  Abiowitz 


in  which  the  soliton  solution  to  the  unperturbed  equation  (e=0)  can  be  written 

<?o  =  It^sech2 1;(0— 0O),  ||=1.  |^=  -4i?2.  (2.2) 

[Although  we  shall  present  results  for  (2.1),  one  should  consider  (2.1)  only  a 
prototype  equation.  The  analysis  applies  in  much  wider  generality.)  Here  tj  and  0O 
are  arbitrary  parameters  which  may  depend  on  the  long  time  scale  T=et.  Under 
the  assumption  of  quasistationarity,  (2.1)  becomes 


-W$+(>q4,  +  4»#»  =  ~*74  ~  *4r-  (2.3) 


Expanding  q  in  terms  of  e,  at  leading  order,  we  have 

-  W4ot  +  64o4o#  +  4o »»»  ~  0,  (2.4) 

and  the  solution 

40  =  2i)2sech2t)(0-0o).  (2.5) 

At  order  e.  we  have 

Lq,  ss  ~4 i)2qlt  "t*6(4o4i)#  +  4i###  =  ? i  ■ 

F,  =  -74o  ~  4or 

=  -74o-^r(24o  +  (tf-9o)40»} +<>or4o#-  (2-6) 

From  (2.4)  we  find  that  q0  is  a  proper  solution  of  the  adjoint  problem  of  Lu  —  0. 
i.e. 

L%  =0.  LA  =  4n23,  -  64o3,  ~  3, 3 .  (2.7) 

decaying  rapidly  as  | | — »oo.  Then  the  compatibility  condition 

/"  40/tdfl  =  0  (2.8) 


leads  to 


or  n(r)  =n(o)exP(-i/oryir) 


(2.9) 
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This  implies  that  the  amplitude  and  speed  of  the  soli  ton  are  decreasing  (  y  >  0) 
adiabatically  according  to  the  dissipation  (e.g.  a  climbing  soli  ton  on  a  beach). 
Taking  (2.9)  into  account,  we  solve  (2.6)  and  obtain  the  solution  (see  Appendix 
for  the  detaiis  of  the  calculations). 

4|  1  —  1  +  tanh<fr+3|  l  +  ^0OT  j(  t  -^tanh^Jsech2* 

+$(2-ptanhp)sech2<|>j  (|^j<*c«_ ,/2).  (2.10) 

where  — ^0)-  Higher  order  calculations  indicate  that  the  expansion  breaks 
down  when  t<pj—e  ~ !/2.  (It  should  be  noted  that  this  order  is  related  to  the 
breakdown  of  the  expansion  in  [3.4]  for  time  t~e-,/:.)  From  (2.10),  one  can  see 
that  there  is  a  shelf  introduced  by  the  dissipation,  i.e.  asymptotically 

4,  ~  —  7-  {l  —  2p2e2*}  for  1  «  —  <j>  «  e~l/2, 

~ -|^p2e~2*  for  1  <(>  <  e_l/2,  (2.11) 

which  agrees  with  the  results  in  Ref.  [4]  (via  the  inverse  method).  We  also  notice 
at  this  point  that  the  parameter  80  can  be  taken  arbitrarily,  since  the  term 
^qt"(  1  *"•  $  tanh  ^ )  sectf  can  be  absorbed  into  the  leading  order  solution  q0  by 
shifting  ij  to  tj — etf07-/(8i»)-  However,  for  tj  to  be  given  by  certain  initial  data,  one 
can  determine  the  evolution  equation  of  0O  by  the  following.  Let  us  consider  an 
initial  value  problem  with  the  initial  value  in  the  form  of  an  unperturbed  solitary 
wave,  i.e„ 

q{x,Q)  =  2Tj2sech2ijx.  (2.12) 

From  Eq.  (2.1),  we  have  the  following  global  relation  (rate  of  change  of  energy): 

j  j  q1  dx  —  -ley J”  qzdx.  (2.13) 

“  -»  ■'-so 

Moreover,  let  us  assume  that  q  takes  the  form  q,  -t -8q  where  q,  expresses  soliton 
part,  i.e.  (2.3),  and  8q  the  correction  to  the  soliton.  Taking  (2.9)  into  account  (i.e., 
at  leading  order  (2.13)  is  (2.9)1,  we  have 

2*d(r)=  -2ryd(r)  (2.14) 

where  10)- f*„{q,8q+(8q)l/2)dx.  From  $<7(x.0)=0,  we  obtain 


ttt)  =0. 


(2.15) 
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It  turns  our  that  (see  Sec.  4)  the  length  of  the  shelf  is  ~e-1  for  r~e ~ Hence  for 
these  times  the  order  of  the  second  term  in  A(/)  is  the  same  as  the  first  one.  We 
argue  that  even  though  for  short  time  the  problem  is  not  stationary,  the  nonsta¬ 
tionary  portion  of  the  soliton  quickly  moves  to  the  tail  of  the  soliton.  For  times 
/~e-1  the  region  near  the  soliton.  j0|«r~,/2,  is  quasistationary,  and  in  this 
region  Sq—8q(8.  T).  Hence,  in  order  to  determine  the  evolution  equation  of  the 
parameter  90,  we  require  the  following  relation,  as  an  additional  condition: 

r  4o(*)4,(*)  r  (Wldx  *  °-  (2.16) 

J  —  30  ^  ^  —  TO 


The  condition  (2.16)  gives 


3^ 
3  T 


l  1 

3n  2tj 


r  (8q)2dx. 

*  —  ae 


(2.17) 


Here,  we  notice  that  for  the  range  of  time  l«r<*:e-1  the  second  term  in  (2.17)  [i.e. 
i*M(8q)2dx  in  A(r )]  can  be  ignored.  For  this  range  of  time.  Eq.  (2.17)  gives  the 
same.results  as  Ref.  [4],  Also  in  (2.16)  and  (2.17),  we  must  use  the  results  of  Sec.  4 
where  we  compute  8q. 


2.2.  Perturbed  MKdV  equation 

In  this  subsection,  we  consider  a  prototype  perturbed  MKdV  equation  which 
takes  the  form 


q,+6q2qx  +  qxxx  =  ~nq- 


(2.18) 


The  soliton  solution  of  the  unperturbed  MKdV  equation  is  given  by 

q0  =  ijsechiK0-0o),  1.  -57= -ip.  (219) 

The  analysis  is  similar  to  that  of  the  KdV  equation;  hence,  we  shall  only  outline 
the  method.  Letting  4(9,  T\  t)=qQ  +*4,  +  •  •  • ,  as  in  the  KdV  case,  we  Find 


- 1 +  6q2q,  +  fa,  =  -cyj-  e4r,  (2.20) 


from  which,  at  order «,  we  have 


24:  a  “V4i#  +  6(4o4,)  ,  +  4ieee  = 

^1  *  ~~y4a  “Jj'1?r{4o +(^~®o)4o*}  +^or4o»- 


(2.21) 
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By  using  LAQ0  =0,  the  compatibility  condition  is  given  by 

F  4oFtd0  =  Q.  (2.22) 

■”  30 

which  leads  to 

<2a> 

From  (2.23),  we  calculate  the  solution  of  (2.21)  to  be 
4,  =  ^j[(l-2sech2£)(2tan~le*-ir) 

-t-{$+(21ogsech<>--l<>2)  tanh$}  sech<()] 

+T"^or(l~'<>tanli,(')sech<>  (|<j>|<ce_,/2).  (2.24) 

* 

where  $=tj(0— 90).  Again,  the  shelf  appears,  and  asymptotically. 

<?i  ~  —  -^(ir+<>2e*)  for  I  <K  -<p  «  e_l/2. 

T 

- SLtfg-*  for  1  <c  <f> «  e_,/2.  (2.25) 

V 

As  explained  before  in  (2.24),  we  have  the  arbitrary  parameter  0O  which  can  be 
absorbed  in  4o  by  shifting  n  to  tj— e0or/( 2rf).  For  the  initial  value  problem,  we 
take  the  relation  to  be  the  same  as  the  KdV  case.  i.e.  (2.16),  and  we  obtain 

!r" <2“> 

where  iq  expresses  the  shelf  part,  which  can  be  derived  in  the  same  way  as  for 
KdV  (see  Sec.  4). 


3.  Perturbed  NLS  sad  SG  equations 

In  this  section,  we  discuss  the  perturbed  NLS  and  SC  equations.  Most  of  the 
procedure  to  be  used  in  Sec.  2  can  be  given  natural  extensions  to  these  systems. 
We  find  that  the  First  order  solution  does  not  have  a  shelf,  but  rather  a  “dress” 
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which  is  located  around  the  soiiton.  We  also  find  that  due  to  the  dress  the 
perturbation  expansion  is  not  uniform. 

3.1.  Perturbed  SLS  equation 

Consider  a  prototype  perturbed  NLS  equation  in  the  form 

+2*V  =  -ieyq.  (3.1) 

The  unperturbed  soiiton  solution  is  given  by 

9o  =T|sechT|(^-®o)«p[^(^-®o)+,(«-«o)]-  (3.2) 


where 

3£„, 

dr  dx  lf 

Ir  =  n*  H=C.  (3.3) 

Here,  (,  q,  90.  and  o0  are  arbitrary  functions  of  the  long  time  scale  T—tt.  We 
assume  that  the  quasistationary  solution  of  (3.1)  takes  the  form 

q  *s  4(  9 ,  T,  e)  exp[/$(  9  -  0O)  +  /( a  -  o^)  ] .  (3.4) 

Substituting  this  into  (3.1),  we  have 

-ift+f.#+24y  »«/<*). 

A?)  a  -iy4-<4r  +  («-«o)M-(^or+‘»br)4-  (3.5) 

We  also  assume  that  4  can  be  expanded  by 

4(9,T,e)=4o(0,r)+i4l(9,r)+...,  (3.6) 

where  4o  »  the  leading  order  solution  of  (3.5),  taken  from  (3.2)  to  be 

4o  =nsechrj(6-tf0).  (3.7) 

From  (3.5)  and  (3.6),  at  order  e,  we  have 

-  +  4m  +  *4o4.  +  24o:4r  *  fi .  (3.8) 

where  =  /( <Jo )•  Setting  4\  SQ\  i>  where  and  4>t  are  real  valued  functions. 
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we  obtain  a  system  of  equations, 

L4>t  s  +bt##  +  6<?o$t  =  R*^i.  (3.9a) 

Mif,  s  +24o<£,  -  hnf,.  (3.9b) 

It  is  easy  to  see  that  b,  and  i£,  have  localized  solutions  around  the  soliton.  By 
noting  that  the  operators  L  and  M  are  self-adjoint  and  Lqot  =0,  Mq 0  -0,  the 
conditions  for  the  solvability  of  (3.9)  are  given  by  the  secularly  conditions, 

/"  qotReftd6  =  Q.  (3.10a) 

40lmF,de  =  0.  (3.10b) 

From  (3. 10a,  b)  we  obtain  the  evolution  equations, 

§-°  “d  i!?--2'''  <31» 


which  show  that  the  amplitude  of  soliton  is  decreasing  (y  >0)  but  the  velocity  is 
constant.  With  (3.1 1)  we  have  the  solutions 

=  “  ^(£0or+oor)O  ~(0~0o)  tanhrf(0— 0O)}  sechri(tf— tf0),  (3.12a) 

*i  =f(*-*o)(*or+Y(*-*o)}^M»-*0).  (3.12b) 

which  are  valid  for  The  expansions  must  be  modified  for  suffi¬ 

ciently  large  |0— 0O|  in  a  manner  similar  to  KdV  (see  Sec.  4).  Here  we  have  two 
arbitrary  parameters  0„  and  o„  which  provide  the  shift  of  the  location  and  phase 
of  the  soliton.  We  notice  that  the  terms  {1  -(0— 0o)tanh7j(0~tfo)}sech7i(0— 0O) 
and  (0-0o)sechi|(0-0o)  can  be  absorbed  in  the  unperturbed  soliton  by  shifting 
tj  and  (,  respectively.  For  the  initial  value  problem,  we  take  the  orthogonality 
conditions 


which  give 


/  Wit»a0,  f  4o+,d9  =  0, 

"30  "30 


3  T 


=  0, 


3fo 

37- 


=  0. 


(3.13) 


(3.14) 
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These  conditions  may  be  derived  from  the  following  relations  (modified  con¬ 
served  quantities),  in  a  similar  way  as  in  the  KdV  case: 

4  f*  qq'dx  =  —2*7  j  qq*dx,  (3.15) 

4 /°°  ( qxqm-q;q)dx=  -leyf*  (qxq*-q*q)dx.  (3.16) 

“00  “X 

We  note  that  since  there  is  no  shelf,  the  equations  (3.13)  have  especially  simple 
lorms. 


3.2.  Perturbed  SG  equation 

Next  consider  a  prototype  perturbed  SG  equation,  in  laboratory  coordinates, 
which  takes  the  form 

<t„  ~  <Lx  +  sin<7  =  (3-17) 

The  soliton  of  the  unperturbed  system  can  be  written 

% 

<?o  =4  tan- 'exp  4  (0~0O),  1^=1,  ~C.  (3.18) 

V'l -C1  0  0 

Under  the  condition  of  quasistationarfty,  we  have 

-(1—  Cl)Qft  +  sin$  =  eF\4)  +  0(e2). 

f(4)  =Cr4,+2(C4,)r,  (3.19) 

from  which,  at  order  «,  we  obtain 


£4,  *  -(l-C^+cos*,-*!  *  Afo)-  (3-20) 

By  virtue  of  the  fact  that  L  is  self-adjoint  and  Lqot=  0,  the  compatibility 
condition  can  be  given  by 


I"  fo^iUo)  dO  =  0. 


(3.21) 


From  this,  we  obtain  the  evolution  of  C(T): 
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or 


C(T)* 

l-c(r)2 


c(0)4 

l-C(O)1 


(3JS 


Thus,  owing  to  dissipation  (y  >  0),  the  speed  of  the  soli  ton,  C,  decreases  to  zero. 
From  (3.22),  we  calculate  the  solution  of  (3.20), 


<7i  = 


2  C 


YC: 


(1-C1)3^  °i3r  2(2- C1) 


-(9-80)\scch 


9-8 0 
Vl-C2 


(3.23) 


which  is  valid  for  \8— 0o|<e_,/i.  The  expansions  must  be  modified  for  suffi¬ 
ciently  large  |0-6O|  (see  Sec.  4).  Since  the  term  (0-9o)((0—0o)/  y'l  -  C2  }~<?oc 
can  be  absorbed  into  4o  by  shifting  C,  90  can  be  taken  arbitrary.  For  the  initial 
value  problem,  we  take  the  orthogonality  relation. 


j  4o*4i#d0  —  0, 

QO 

which  leads  to 


(3.24) 


3$, 

3T 


=  0. 


(3-25) 


[Again  the  simple  form  of  (3.24)  is  due  to  the  fact  that  there  is  no  shelf  part.]  The 
condition  (3.24)  is  derived  from  the  modified  conservation  law, 


~ /  qxq,dx  =  -ry f”  qxq,dx. 

—  an  *  —  m 


(3.26) 


For  the  NLS  and  SG  equations,  we  have  shown  that  the  expansion  is  not 
uniform  but  only  of  algebraic  type  (i.e.,  it  only  has  nonuniformities  of  the  form 
txpe~x),  unlike  the  KdV  and  MKdV  cases.  In  the  next  section,  we  discuss  this 
problem  and  construct  the  uniform  solution. 


4.  Uniform  solution 

In  the  previous  sections,  we  have  developed  a  direct  perturbation  method  by 
assuming  quasistationarity.  Then  we  have  shown  that  there  is  more  than  one 
region  to  the  solution.  In  this  section,  using  the  perturbed  KdV  equation  (2.1)  as 
an  example  and  using  the  method  of  matched  asymptotic  expansions,  for  t—t  ~ 1 
we  construct  a  solution  which  is  uniformly  valid  for  all  x.  In  the  first  region, 
|0|<c“l/1,  the  solution  is  quasistationary;  however,  in  the  other  region,  the 
solution  depends  on  x  and  t  strongly. 

As  shown  in  Sec.  2  for  the  perturbed  KdV  and  MKdV  equations,  there  are  two 
regions  which  give  rise  to  nonuniformities.  In  the  region  -oo  <*««"',  that  is, 
behind  the  soliton,  the  expansion  is  nonuniform  due  to  the  shelf. 
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We  require  that  the  solution  to  (4.5)  satisfies  the  matching  conditions,  i.e. 
boundary  conditions  (111), 

q-*(8iJJ-~y2)exp(-7ty)  for  l»r~e1/2. 


_» 0  as  T-*  ao .  (4.6) 

Branding  q=q0  +  g<y,  + ....  and  <t>=4>n  +«4>t  +  ....  at  leading  order  we  have 

'  <l4r<?oee«  +  (<t>oT-*‘n2<br)<1o«  (4-7^ 

Taking  (4.6)  into  account,  we  obtain  the  solution, 

?0=8u2e-*e.  (4.8) 

where  K={(W<hr-^>T)/<^r}'/2-  Here  is  determined  by  the  secularly 
condition  in  the  next  order  equation.  Substituting  (4.8)  into  the  first  order 
equation,  we  find  that  the  seculahty  conditions  lead  to 

Kt  -  WKy  +  Mr* z* r  *  0.  (4.9a) 


( **,)  r  +  (3«4r* 2  - 4ij2) ( K0,)  y  =  -  -J+  3<k)r<hYrKl  +  6<6or^*- 

(4.9b) 

In  order  to  find  the  solution  of  (4.9),  it  is  convenient  to  take  I;  then  we  have 
4>or  ~  rf+or  +  4&r  =  °> 

(4-10) 

r  “  +  =  ~  'j+  3$or$orr- 

Equations  (4.10)  are  similar  to  Johnson’s  results  [10].  We  follow  Johnson’s  work 
to  find  approximate  solutions  of  (4.10)  for  Y*>0.  For  this  purpose,  we  assume 
that  the  solutions  take  of  the  forms 

^  =  «l(r)r+a2(r)r2  +  .  (4.1  ia) 

♦,  =jS,(m+;8j(r)y2  +  - •  (4.11b) 

Under  the  matching  conditions  (4.6),  we  have 

«,(n  =  2it.  «,(!■)  «•«) 

and  so  on. 


[ 
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For  Y-*  oo,  we  have  a  similarity  solution.  Noting  that  (4.10a)  can  be  written  in 
the  form 


=  0,  (4.13) 

where  i o—T,  and  *=Y-r  j^-^-(T)<fr  [note  that  (4.13)  may  be  solved 
exactly],  we  have  the  similarity  solution  to  (4.13)  or  (4.10): 

Thus  a  description  for  the  uniform  solution  is 


4(x,  t), 

for 

q(x,t)  as  • 

4o(*,r)+«4,(*,  T), 

for 

(4.15) 

I 

Is^expt^y.r)/*}, 

for 

o-zr'*. 

where  40,  4,  are  quasistationary  solutions  given  in  (2.5),  (2.10)  respectively,  and  4 
is  given  by  (4.3).  Note  that  5 q  in  (2.14)  (i.e.,  q~q,  +Sq)  is  given  by  5g(x,  t)— 
q(x,t)-U9'T)  in  (4.15). 

For  the  NLS  and  SG  equations,  there  is  no  shelf.  Therefore,  we  can  use  the 
latter  method  in  this  section  and  construct  the  uniform  solution. 

5.  Conservation  laws 

It  is  instructive  to  study  the  effects  of  the  perturbation  from  the  point  of  view  of 
the  conservation  relations.  In  this  section,  as  an  example,  we  study  the  perturbed 
KdV  equation  and  verify  the  results  derived  in  the  previous  sections.  It  should 
also  be  noted  that  the  conservation  laws  were  used  effectively  in  [3,4, 16, 17]  to 
determine  the  structure  of  the  shelf. 

Fran  Eq.  (2.1),  we  have  the  following  conservation  relations: 

(1)  Maas  conservation, 

-/  <7dx=-«y/  ?dx.  (5.1) 

(2)  Energy  conservation, 

q*dx=  -2rrf°  qldx.  (5.2) 

(3)  Motion  of  center  of  mass  (momentum  conservation), 

q1dx-rrj  xqdx.  (5.3) 


'Vv.2*; 
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From  the  solution,  we  have  the  following  facts: 

=  (5.4a) 

/"  Sqdx  —  4q(e-i/li7rfr  —  l)  +  0(e),  (5.4b) 

/"  ^ic=V+0(eJ),  (5.4c) 

fX  xqdx  =  ^ 6r,-~  T V/2  </T*  +  0(  1) .  (5.4d) 

*  -  30  £  •'O 


where  qt—qo(0.T)  is  given  by  (2.2)  and  q—qs+6q  is  given  by  (4.15).  On  the 
other  hand,  the  relation  (5.1)  gives 


M  =  {“  q  dx  =  “/« ydr,  (5.5) 

'  -30 


where  M  expresses  the  total  mass  and  A/0  =4?i(0).  Equation  (5.5)  is  equivalent  to 
the  results  (5.4a)  and  (5.4b).  The  relation  (5.2)  gives  the  same  result  as  the 
secularly  condition:  n, =  -2«yi?/3,  or 

|£r  *  -2e?£” 


where  E,  -  $  V-  Therefore,  the  changing  energy  is  provided  by  the  soliton  part 
only,  or  in  other  words,  the  interaction  energy  is  canceled  by  the  energy  of  the 
shelf  part,  i.e.  (2.15).  From  (5.4d)  we  find  that  the  relation  (5.3)  yields  9,  -  -4rr. 
In  order  to  calculate  the  next  order  correction,  one  should  have  the  solution  at 
order  e2,  say  q2  (which  we  do  not  obtain  here).  Since  the  solution  q2  may  also 
have  a  shelf  part,  the  integral  dx  is  order  1.  Thus  our  results  are 

consistent  with  the  conservation  relations  at  leading  order. 


6.  Perturbed  higher  nonlinear  MKdV  and  NLS  equations 

In  this  section,  we  discuss  certain  perturbed  “higher”  nonlinear  MKdV  and  NLS 
equations  as  examples  of  (presumably)  nonintegrable  systems.  We  find  that  if  the 
order  of  nonlinearity  is  >  5,  the  perturbation  method  suggests  that  the  perturbed 
solitary  wave  is  undergoing  focusing  in  an  analogous  manner  to  the  higher 
nonlinear  NLS  equation  (13]. 

Let  us  consider  the  following  “higher”  nonlinear  MKdV  equation: 

<t,  *  -«W  (6.1) 


"1 


!  i 
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in  which  the  unperturbed  solitary  wave  may  be  written 

q0  =asech2/’>(0-*o),  |j=  1.  |f  = 


(6.2) 


where  a  is  given  by  ^o"  =  2(/t+lX«+2)T|2/n2.  By  assuming  a  quasistationary 
solution,  we  have 


-4^4,+ AM* +4*$ 

fr 

*4)  = 

from  which,  at  order  e,  we  obtain 

L4,  a  -444,#  +44o4,),  +  4,/#a  =  ^Uo). 

IT 

A(4o)  =  ~Y$o  97 { ^^o‘r(^“^o)4(wJ  +"0j^o#- 
Using  the  fact  that  Z^40  =0,  the  compatibility  condition  is  given  by 

/“  4»/,(4o)  d9  =  0, 

•  —  flO 


(6.3) 


(6.4) 


(6.5) 


which  leads  to 


I  3t)  In 
V  dT=  4 ~ny' 


From  (6.4)  and  (6.6),  we  find  that  there  is  a  shelf  which  is  given  by 


(6.6) 


O'' 


00. 


This  result  [found  by  reduction  of  order  of  (6.4)]  is  consistent  with  KdV  and 
MKdV.  Uniform  results  can  be  obtained  following  the  ideas  in  Sec.  4. 

From  (6.6),  one  can  see  that  the  perturbation  scheme  breaks  down  at  n=4. 
This  implies  that  the  assumption  of  quasistationarity  cannot  be  applied  to  this 
problem;  that  is,  the  effects  of  perturbation  are  not  adiabatic.  For  the  case  n  >  4. 
this  result  suggests  that  the  equation  admits  of  a  seif-focusing  singularity.  Whereas 
we  have  not  proven  the  existence  of  the  singularity,  we  can  show  that  the  similar 
situation  occurs  for  “higher*  nonlinear  NLS  equations  (where  the  existence  of  a 


i'  t  l' , '.xf 
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singularity  is  provable).  In  this  regard,  consider  a  “higher”  NLS  equation. 

iq,  +$„  =  -ieyq,  n  >  2,  (6.7) 

which  has  an  unperturbed  solitary  wave  of  the  form 

q0  =  asech^n^-^expito-do),  (68) 

where  Aau  =(n  +  Here,  for  simplicity,  we  have  taken  the  solitary  wave 

in  the  rest  frame,  i.e. 


3£_  3£  1®  n  do  _  i f 

ax'1,  a /_u*  ax"  ’  ar=*z- 

Under  the  assumption  of  quasistationarity  for  the  solution,  q-q{8. 
exp i(o—o0),  we  obtain 


(6.9) 

r.e) 


+  =  (6.10) 
ir 

A<?)  =  ~‘yq~  ‘Qt  ~aor4- 

At  order  e,  we  have 

“4<?.  +^402"4r  *  ^,(4o).  (6.U) 

ft 

in  which,  setting  <?,  =<£,  +/^,,  we  obtain 

~4*i  +  ♦,##  +A(2n+l)402>,  =  Re/($0),  (6.12a) 

ft 

-4*-,  +  +.#•  +  ^o**.  *  Im  A 4o)  •  (6-  12b) 

ft 

The  compatibility  condition 

/"  40Im/(<?o)^  =  0  (6.13) 

gives 


I  3ij  2rt 
n  ar"  "  2-«Y' 


(6.14) 
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At  n =2,  the  perturbation  scheme  breaks  down.  Thus  if  the  order  of  nonlinearity 
is  greater  than  S,  the  perturbation  changes  the  solitary  wave  drastically.  However, 
this  effect  is  not  really  due  to  the  penurbation.  Rather  it  is  inherent  in  the 
equation  itself.  By  using  the  conservation  laws,  one  can  show  that  the  equation 
(6.7)  has  a  focusing  singularity. 

Consider  the  evolution  of  the  following  quantity  [13]  (moment  of  inertia): 

J  =  rx2\q\*dx.  (6.15) 

^  -  30 

Then,  from  Eq.  (6.7),  we  obtain 

4 =  8/{|,x|*  -  dx.  (6.16) 

For  n= 2,  this  becomes 

(6.17) 


(6.18) 

This  implies  that  if  /,  <0.  J  goes  to  zero  at  finite  time,  and  the  equation  has  a 
focusing  singularity.  No  such  argument  has  yet  been  given  for  (6.1). 

7.  Discussion 

In  this  section  we  compare  the  method  considered  here  with  the  other  approaches 
in  the  literature.  As  a  concrete  example  we  discuss  the  results  for  the  perturbed 
KdV  equation  (2.1). 

In  the  existing  literature  a  direct  perturbation  method  has  been  applied  to  the 
evolution  of  solitons  in  slowly  varying  media.  e.g.  [10],  (11).  However,  in  neither 
of  these  papers  is  a  specific  initial  value  problem  considered.  Indeed,  [11]  makes 
the  claim  that  [10]  is  mistaken  due  to  neglect  of  a  specific  phase.  Our  results 
demonstrate  that  the  phase  term  80  is  fixed  only  by  specific  initial  values.  Any 
other  choices  are  ad  hoc ,  since  addition  of  the  term  90  to  the  phase  does  not  lead  to 
a  secularly  in  the  real  field. 

An  alternative  approach  for  problems  admitting  solitons  (not  solitary  waves)  is 
to  employ  methods  of  inverse  scattering.  In  [3],  [4]  the  time  dependent  o.d.e.’s 
governing  the  scattering  data  are  used.  (In  [S]  a  Green’s  function  formulation  is 
developed.)  In  the  presence  of  a  small  perturbation  F(q),  where  the  equation 
takes  the  form 


—  8/,  + 0(e), 


where  f3  is  one  of  the  conserved  quantities  (if  y=0). 


q,  =  K(q)  +  tF{q), 


(7.1) 
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crudely  speaking,  the  scattering  data  evolve  according  to 

lt=ra)Tj[K(q)+eF(q)l‘ix'  (72) 

where  5  represents  some  portion  of  the  scattering  data  (e.g.  the  reflection 
coefficient)  and  SS/Sq  is  the  functional  derivative  of  S  with  respect  to  q.  In  (7.2), 
one  can  apply  straightforward  perturbation  methods  to  remove  time  seculanties. 
The  perturbed  soliton  is  found  via  the  inverse  scattering  equations.  It  is  interest¬ 
ing  to  aote  that  this  method,  while  removing  all  time  secularises,  does  not  remove 
the  space  seculanties  (see  Sec.  4).  Apparently,  for  certain  regions  (large  x)  the 
Gel’fand-Levitan  integral  equation  produces  convergent  but  nonasymptotic 
expansion  using  the  simple  iteration  of  the  integral  equation.  It  should  be  noted 
that  in  [3]  and  [4],  they  considered  the  perturbed  equations  for  the  range  of  time 
1  <r<« " '.  For  this  range  of  time,  our  result,  which  becomes  8or  —  -y/3-q,  agrees 
with  the  result  in  [4],  This  is  in  disagreement  with  the  result  in  [3],  The  error  in  [3] 
steins  from  the  fact  that  they  assume  a  certain  form  for  the  scattering  function 
a(f)’.  namely,  a(?)=(?-<'tl)/(f +iti,).  where  is  the  location  of  the  eigenvalue 
at  the  initial  instant.  It  turns  out  that  after  the  initial  time  this  formula  must  be 
modified  [for  long  time  a(£)  may  be  quite  complicated).  In  any  event,  the 
perturbation  method  using  inverse  scattering  is  fairly  sophisticated  and  requires 
detailed  knowledge  of  I.S.T. 

We  also  considered  the  method  of  Keener  and  McLaughlin  [5],  Unfortunately, 
a  naive  application  of  their  ideas  is  not  completely  satisfactory  for  the  KdV 
equation.  If  we  simply  follow  in  a  completely  analogous  manner  their  work  on  the 
NLS  equation  (for  which  our  results  are  consistent  with  theirs),  the  appropriate 
secularity  condition  is 

f°°  v-Fdx  —  0,  (7.3) 

^  —  30 

where  F  is  given  by  (2.6)  and  o  satisfies  the  adjoint  problem  of  the  linearized  KdV 
equation. 


v,  -  4ijzu#  +  6  q0v,  +  v„,  =  0. 


with  q0  =2n2sech2  ti(9~90).  We  have  two  solutions  of  (7.4): 
®i  =  <7o- 


/ 


(7.4) 


i>2  =  -1  +  tanh4>  +  ($+4>-8T>2r)sech2$,  (7.5) 

where  90).  We  note  that  v2 -^constant  (*0)  as  9-* — oo ;  hence,  it  is  not 

a  proper  solution  in  the  sense  of  (2.7).  Equation  (7.3)  using  0=0,  is  the  same  as 
(2.8),  and  gives  the  evolution  equation  of  n.  i-e-  (2.9).  However,  the  second 
equation  of  (7.3),  using  c  =  0j,  is  not  satisfied.  We  can  see  this  by  writing 

Cdt’  f"  o/dx  *  /  v-qx\fmtdx,  (7.6) 

*0  *  —  30  ^  ““  30 
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where  q ,  is  the  perturbation  of  the  soliton  and  we’ve  required  <?,(*,  0)=0.  From 
(7.6),  (7  1),  we  must  have 


r  »2<7i  dx  =  0. 


Since  qx  generates  a  constant  shelf  whose  area  increases  with  time  t,  the  left  hand 
side  of  (7.7)  is  proportional  to  t.  This  implies  that  (7.7)  cannot  be  satisfied.  We 
conclude,  of  course,  that  the  method  of  Keener  and  McLaughlin  cannot  be 
applied  by  directly  substituting  into  formulas  analogous  to  the  NLS  problem.  For 
the  KdV  perturbation  problem,  the  Green's  function  is,  in  a  sense,  improper,  and 
the  condition  (7.3)  must  be  modified  due  to  contributions  of  the  continuous 
spectrum.  McLaughlin  has  also  noted  similar  behavior  [14], 

Finally,  we  mention  that  the  direct  perturbation  method  can  also  be  applied  to 
more  complicated  solutions,  such  as  breathers.  We  shall  report  on  this  work  in  a 
future  communication. 

Appendix 

Here  we  give  the  calculation  to  solve  for  4t  of  (2.6).  Setting y = tanh tj( 0 — 0O ),  Eq. 
(2.6)  can  be  written 

+  =  <A-‘> 


where  P  is  given  by 


/*il_L+2X  iogliZ+2^ 

r  3nT+y  3t,  3T ' 


Taking  into  account  that  Lc=0  is  a  Legendre  equation,  we  have  v—P2{y)= 
\5y(\—y2)  as  a  proper  solution.  By  using  the  variation  of  constant  method,  Le. 

Q\{y)  -My)Pj(y)<  (A.2) 

we  obtain  the  equation  for  B(y)=dA/dy, 

=  (A.3) 

dy  ,(!-/) 

G  =iL  — Lrz  — i — ,  i±z 

45l»  y(i -y1)1  *5r*  yii-y1)1 
,  2  K  i 

i:drA  i-A)2’ 
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Since  this  is  just  a  first  order  ordinary  differential  equation,  we  easily  obtain  the 
solution 


(A. 4) 
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The  Periodic  Cubic  SchrOdinger  Equation 
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By  Yan-Chow  Ma  and  Mark  J.  A  biowit r 


Solutions  to  the  cubic  nonlinear  SchrOdinger  equation,  periodic  in  space,  are 
developed. 


Introduction 

The  development  of  the  inverse  scattering  transform  (I.S.T.)  has  made  it  possible 
to  solve  certain  physically  significant  nonlinear  evolution  equations  [1],  The 
original  ideas  were  applied  to  the  Korteweg-deVries  equation  on  the  infinite 
interv’J  with  rapidly  decaying  boundary  conditions  [2],  The  solution  is  obtained 
via  a  linear  integral  equation.  A  second  equation  of  physical  interest  solvable  by 
I.S.T.  was  discovered  by  Zakharov  and  Shabat  J3J.  They  studied  the  cubic 
nonlinear  SchrOdinger  equation  on  the  infinite  interval.  This  work  suggested  that 
indeed  many  equations  were  indeed  of  I.S.T.  type  (1J. 

Recently  there  have  been  significant  developments  regarding  solutions  to  these 
equations  with  periodic  boundary  conditions.  For  the  Korteweg-deVries  equation 
References  [4-8]  develop  many  of  the  main  ideas.  A  review  of  some  of  this 
work  appears  in  Reference  [9].  In  this  paper  we  examine  the  cubic  nonlinear 
SchrOdinger  equation 


<•< 7f  +  9„^2|?lZ9  =  0,  (I*) 

where  q(x,t)  is  periodic  in  x  with  period  T  for  all  time  q(x,i)—q{x+T,  r).  We 
follow  closely  the  analysis  in  {4,  5].  In  the  defocusing  problem  [  -  sign  in  (I  ± )]  we 
find  the  analysis  is  close  to  that  of  KdV,  save  for  the  need  of  an  additional  set  of 
scattering  data.  In  the  focusing  problem  [  +  sign  in  (I*)]  we  find  significant 
differences  from  the  KdV  theory.  These  differences  are  due  to  the  fact  that  the 
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'‘nice’*  spectral  properties  for  the  defocusing  case  no  longer  hold.  In  the  tatter  case 
we  also  discuss  the  question  of  stability.  Although  it  is  clear  that  the  analysis 
presented  for  the  periodic  defocusing  cubic  Schrbdinger  equation  can  be  readily 
extended  to  C"  initial  values,  this  question  (to  our  knowledge)  still  remains  open 
in  the  focusing  case. 

Our  approach  here  will  be  to  review  many  of  the  ideas  in  [4-8]  and  to  use 
elementary  methods  and  analysis.  We  shall  attempt  to  spell  out  the  basic  ideas  in 
the  clearest  possible  way.  One  of  our  aims  is  simply  to  isolate  the  key  differences 
between  the  defocusing  and  focusing  problems.  These  differences  are  the  reasons 
why  the  focusing  problem  has  still  not  been  completely  solved.  The  paper  is 
divided  into  two  parts:  Part  1  on  the  defocusing  case,  and  Part  II  on  the  focusing 
case.  Much  of  this  work  is  contained  in  Reference  [14], 

L  The  periodic  defocusing  cubic  Schrbdinger  equation 


I.  The  direct  scattering  problem 

The  associated  scattering  equation  for  the  defocusing  cubic  Schrbdinger  equation 
is 


3o, 

=  qv2. 

(1.1  .a) 

■ , 

(l.l.b) 

It  is  shown  in  [3]  that  if 

is  a  solution  of  (1.1),  so  is 

The  two  solutions  are  independent  if  their  Wronskian  is  nonzero.  We  therefore  fix 
two  independent  eigenfunction  bases: 

*(*’!)  *  ( 

/♦?(*.  r)\ 

{ ♦run  r 

(1.2.a) 

where 

-(£)• 

(1.2.b) 
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$(jc +r,f)  is  also  a  solution  of  (1.1)  due  to_the  periodicity  of  the  potential  q, 
and  can  be  expanded  in  terms  of  $(x,  f)  and  $(x,  £): 

+(x+T,n  =  <#(x,n+b+(x,S).  (1.3) 

Evaluating  x  at  x0,  we  obtain 

a{S,x0)  =  <f>,(x0  +  T,S),  (1.4.a) 

b(!;,Xo)  =  <h(xo+T,!;).  .  (1.4.b) 

Using  (1.1)  (the  Wronskian  relation)  and  (1.4),  we  obtain  the  following  relation 
between  a  and  b: 


a(!;.x0)a*(r,x0)-b(i,x0)b*(ir,x0)  =  1.  (1.5) 

The  Bloch  eigenfunction 


Uoc.i')/ 

is  defined  as 

^(x+r.f)  =  X^(jc.f). 

(1.6.a) 

Expanding  \ \>  in  terms  of  <t>, 

—  c$  +  d$, 

(l.6.b) 

and  using  (1.6.a)  at  x=x0,  we  find 

c(a— X)  +  db*  =  0 

( 1  *6.c) 

and 

cb  +  d(am—\)  =  0. 

(1-6-d) 

The  condition  for  nontrivial  soludons  c,  d  is  [using  (1.5)) 

X2  -  2a*X  +  1  =0. 

(1.6.e) 

For  real  f  we  have  the  following  cases: 


(1)  *J>1: 

(2)  4<1: 

are  stable. 


X  is  real  and  the  two  Bloch  eigenfunctions  are  unstable. 

X  is  on  the  unit  circle  (X=e‘#)  and  the  two  Bloch  eigenfunctions 


Van-Chow  Ma  and  Mark  J.  Abtowttz 


(3)  a \  »  i :  \=  =  1  and  at  least  one  of  the  Bloch  eigenfunctions  is  periodic  or 
andperiodic. 

For  convenience,  in  the  analysis  that  follows  we  separate  a.  b,  o,,  and  d2  into 
real  and  imaginary  parts: 


a  =  aR+iar,  b  =  bK  +  ibr, 
v,  —  oIA  +«?./,  i  —  1,2. 


(1.7  .a) 
(1.7  .b) 


aK,  a,,  bn,  v,n,  and  v„  are  real  when  £  is  reaL 

Next,  we  look  at  the  spectra  of  (1.1).  We  choose  the  following  three  spectra, 
which  will  simplify  the  reconstruction  of  q. 

(i)  The  main  spectrum:  The  main  spectrum  is  composed  of  the  eigenvalues  f' 
at  least  one  of  whose  eigenfunctions  is  periodic  or  antiperiodic.  From  the  above 
we  see  that  the  f,  are  the  roots  of  1  —a\  =0: 


i-a|(r;)  =  o 


(1.8.a) 


We  define  the  stable  band  to  be  the  line  segment  between  any  two  adjacent  f' 
such  that  1 — a\ >0  for  real  f.  Likewise,  we  define  the  unstable  band  to  be  the  hne 
segment  between  any  two  adjacent  £'  such  that  1  —a\  <0  for  real  £.  is  named 
the  band  edge.  A  typical  function  aR =a*(J)  is  given  in  Figure  1. 

(ii)  auxiliary  spectrum  (/):  This  is  composed  of  the  eigenvalues  y'  such  that 

*t/(x0't-r,r/)+«2/(xo+r,y/)  =  o. 

From  the  definitions  of  5,  a ,  and  b  we  see  that  the  y’  correspond  to  the  roots  of 

a/+b,=0: 

Mr')  +  My/)  =  0.  ( 1 .8.b) 


Figure  I. 
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Note  that  from  (1.5)  this  implies  that  when  f = y,\  l -a\  =  —b\  <0.  Hence  the  y/ 
lie  inside  the  unstable  band. 

(iii)  Auxiliary  spectrum  (II):  This  is  composed  of  the  eigenvalues  i)',  such  that 
tu(x0  +  T,v'l)  +  <hx(x0  +  T,T)')  =  0. 


are  the  roots  of  a,  +6*  =0: 


+  (l.s.c) 

At  £=i j'„  1  —aR  —  —bj  <0  and  the  ijJ  lie  within  the  unstable  band. 

There  are  several  properties  associated  with  the  above  three  spectra.  The  proofs 
can  be  found  in  the  appendix. 

(1)  The  main  spectrum  f'  (<'=1,2,...  .oo)  is  real  and  can  be  divided  into  what 
we  shall  call  nondegenerate  band  edges  (f,)  and  degenerate  band  edges  (£).  The 
property 


£fi 

3? 


(?<)  7*0 


holds  at  the  nondegenerate  band  edges,  whereas 


at  the  degenerate  band  edges.  £'  will  be  either  a  simple  or  a  double  root  of 
l  —ajf  =0,  but  not  of  higher  order. 

(2)  The  auxiliary  spectra  y,’  and  v'  (/=  1,2,..., «)  are  real  and  must  lie  inside 
the  unstable  bands  or  on  the  band  edges.  All  the  y'  and  t|J  are  simple  roots.  At 
any  (,  we  have  a,  =6*  —bl  =0,  and  we  can  therefore  split  y'  and  ij'  into  y„  y,  and 
jj„  1),.  The  values  of  %  and  H,  coincide  with  f(,  whereas  y,  and  tj,  lie  in  the 
nondegenerate  unstable  band.  There  will  be  only  one  y,  and  one  it,  in  each 
unstable  band. 

(3)  a*(f)i*Q  for  |a*(J)|<l.  a(J)  and  6(f)  are  entire  functions  of  f.  (If  q(x,0) 
is  real,  we  can  show  that  o(f)=a*(-f).  Thus  in  this  case  the  main  spectrum  will 
appear  in  positive  and  negative  pairs.]  The  above  properties  are  summarized  by 
Figure  1. 

2.  N -band  potential 

An  arbitrary  periodic  potential  has  an  infinite  number  of  f(.  Here  we  restrict  our 
initial  conditions  in  such  a  way  that  we  will  have  only  a  finite  number  (IN)  oi 
nondegenerate  band  edges  f(  with  all  the  other  band  edges  being  degenerate  (£). 
This  type  of  potential  is  called  an  A'-band  potential  Following  (4),  we  now  prove 
that  any  periodic  solution  of  2Zm<£m&Im/6q*-0  will  be  at  most  an  jV-band 
potential  ( Cm  are  real)  of  the  equations  (1.1),  where  Im  (m=0, 1,2...  ,N)  are  the 
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conserved  quantities  of  the  cubic  Schrbdinger  equation: 


70=-/-+rk|2dx, 

*0 

(2.  la) 

(2.1 .b) 

(2.1. c) 

etc. 

First  we  note  that  the  evolution  equations  which  can  be  solved  exactly  by  the 
inverse  scattering  technique  and  have  (1.1)  as  their  scattering  equations  are 

«7,  =  |^,  *  =  0,1,2 .  (2.2) 

where  m~l  corresponds  to  the  cubic  SchrOdinger  equation. 

Next,  choose  the  time  dependence  of  the  base^eigenfunctions  to  be 


^-  =  .4*,  +  (2.3.a) 

■^  =  C$,  +  Z)«>2  +  \4>, (2.3.b) 

To  keep  *,(.x0,  i,  £)=  1  and  <^( x0 ,  t,  f  )=0  for  all  time  we  take 

X= -/4(x0.r,f),  (2.4.a) 

M=-C(x0,r,f),  (2.4.b) 

where  X  and  jt  are  independent  of  x. 


The  consistency  of  (2.3)  and  (1.1)  gives  us  the  evolution  equation  as  well  as 
0(j)=M*(n=  -/1(f).  C(£)=B*(£*)-  Thus,  it  is  obvious  that  A(p  and  X(f)  are 
imaginary  whenever  f  is  real.  For  each  m  we  have  the  corresponding  A„  and  Bm, 
where  Am  is  a  polynomial  in  f  of  order  m  and  Bm  is  a  polynomial  in  f  of  order 
m—  1  [1].  Both  have  coefficients  which  depend  on  q  and  its  derivatives.  We  list  the 
first  few  Am  and  3m: 


m  Evolution  equation 

o  iq,  =  -q 

1  =  q 

2  4+?«-2|^|:?=0 


Jk. 

-i/2 


-2i1-/|q|2 


‘<l,+2$q 
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Evaluating  the  equations  (2J)  at  x=x0  +  T,  we  get 


yt  *  (2-5.a) 

f  =  -Mr  Mr ) + )«*(f ) + mms)-  (2-5-i>) 

These  results  can  be  written 

f:  =  [A  ,t].  (2.6a) 

where 


/  *(f) 

bit)  \ 

a  - 1 x(n 

m(0 

(nr) 

a-(ny 

U*(D 

W) 

Trace  A— 0,  since  X  is  purely  imaginary  when  J  is  real. 

When  we  superpose  those  equations  in  (2-2),  we  obtain  the  following  equation, 
which  also  has  (1.1)  as  its  scattering  equations: 


ri  Slm 

=  2  Sqm  ‘ 

mrn  o 


The  corresponding  4,  X,  and  /t  for  (2.7)  are 


/* 

A =  2 


5=  2 

m=0 

ii=-B-(x0,t,n. 


(2.7) 


(18.a) 

(2.8-b) 


If  <t(jc,0)  is  periodic  in  x  and  satisfies  IJUoC„6/m/«q*=0;  then  <7  will  be 
stationary  if  it  evolves  according  to  (17).  Hence,  ^(x,  t)-q(x,0),  a(S,  r)=a(f,0), 
h(f,  r)=<Kf,0),  and  from  (16) 

[A.f]=[A,f]|,.0  =  0.  (2.9) 


Note  here,  the  a(f,  r)  and  h(f,  /)  are  for  (17)  and  nor  for  the  cubic  Schrtedinger 
equation.  In  general  a(f,  r)  and  6(f,  t)  will  be  different  for  different  evolution 
equations  because  of  the  dispersion  relation  [I].  Still,  a(f,0)  and  6(f,0)  will  be  the 
same  for  all  equations  in  (22)  as  well  as  for  (17).  The  reason  is  that  we  obtain 
a({,0)  and  b(f,0)  from  (1.1),  which  makes  them  independent  of  the  evolution 
equation  and  only  dependent  on  q(x,Q).  Thus,  [A,  f  ](,»0  =0  is  also  true  for  the 
cubic  ScfarOdinger  equation. 
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From  [A,  f  ]|,»0  =0  we  get 

-4  aftf)M(£)M*(r)  +  4A(f  )A*(r)*(f  )^(D  =  0.  (2.10) 

It  follows  that  the  roots  which  correspond  to  a2(f)=b(£)&*(£*)*0  are  the  roots 
of  #i(f)/a*(£*^=A(£)A*(r*)-  But  the  roots  of  aj($)~b($)b*i f*)*0  are  also  the 
roots  of  1  — aj  =0  (with  3a„/3f #0  at  the  roots),  which  are  the  band  edges. 
Thus,  the  band  edges  are  the  roots  of  A(£)A*(f’)=M(£)M*(r*).  ^rom  (3-8.b)  we 
see  that  \  is  a  polynomial  in  f  of  order  N,  and  n  is  a  polynomial  in  f  of  .order 
N—  1.  A(f  )A )#‘“(r*)=0  is  a  polynomial  equation  in  f  of  order  2 N,  and 
hence  there  are  at  most  IN  simple  roots  of  1  -a#  =0.  This  proves  that  the 
potential  is  at  most  an  W-band  potential  Using  (2.9),  we  may  also  show  that  y,  are 
the  roots  of  the  polynomial  equation  =0  and  tj,  are  the  roots  of 

— i\+nK~0  where  Dubrovin  [13]  showed  that  any  N-band  poten¬ 

tial  of  the  Hill  equation  satisfies  2^oCmSIm/Sq=0  (/„  are  the  conserved 
quantities  of  the  KdV  equation)  with  some  Cm.  The  proof  for  the  cubic 
Schrddinger  equation  is  similar  and  hence  omitted.  We  conclude  that 
2*»<JCIKfi/m/3q*=s0  gives  us  the  most  general  jV-band  potential.  Hereafter  we 
concentrate  on  the  ^f-band  potentials. 

3.  The  inverse  scattering  formulas 

Next  we  find  the  scattering  data  as  |£|  -»  oo  using  a  WKB  approach  on  <t>(x,  f)  as 
|  -*  oo,  and  applying  (1.4)  we  find 

aj,  =  cosfT+^jT,+rU|^  +  <?(^),  (3.1. a) 


ai  ~  -sinfT+^£*+7|g|2dx  +  C>(p), 

hence, 

(g, '+*,)* 


(3.1.b) 
(3.1  .c) 
(3.1. d) 

(3.1. e) 


Since  aR,  a,,  bK,  and  b,  are  entire  functions,  the  ratio  ( a ,  +bt)2/(\ -a\)  can  be 
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expressed  as  the  ratio  of  their  roots;  i.e., 


i  IN  ’ 

■  n  «-« 


im  I 


where  g(t)  is  entire  with  no  roots.  Using  (3. I.e),  git)=  1.  Similarly, 

N 


(ar+4)2 

1-4 


n.tt-i,,)2 

i*  I 

IN 

II 

1*1 


(3.2.a) 


(3a.b) 


The  inverse  scattering  formula  allows  us  to  reconstruct  the  potential  from  the 
scattering  data.  We  expand  Equation  (3.2)  for  |f  j  -*  oo  and  make  use  of  Equation 
(3.1)  in  order  to  compare  the  coefficients  of  the  0(1/0  term.  We  get 

,  2  N  N 

<li  *  2  2  ?<“  2  Y<*  (3.3.a) 

i=»l  i»l 

,  IN  N 

(3.3.b) 

A  i-l  i»l 

The  above  equations  can  be  used  to  reconstruct  the  potential  at  some  point  x0. 
Using  the  idea  of  Dubrovin  and  Novikov  [3],  we  note  that  the  point  x0  is 
arbitrary  and  hence  (3.3)  can  be  used  to  reconstruct  the  potential  at  any  point. 
For  this  reason  we  develop  the  equations  of  ?„  and  17,  with  respect  to  x0. 

Changing  the  point  x0  to  x0  +dx0,  we  have  <t>(x,  x0+dx0, 0;  since  <t>(x,  x0  + 
dx0,O  is  a  solution  of  (1.1),  it  can  be  expanded  in  terms  of  4(x,x0,t;)  and 
ikx,  x0, 0  (with  the  coefficients  of  expansion  independent  of  x).  We  write  this 
(using  Taylor's  theorem)  as 


>i(x,x0+dx0,f)  +i(x,x0+dx0,t;)  \ 
♦J(x,x+dx0,r)  *T(x,x0 +<&<>.?*)/ 


*\(x,x0,Z) 
*i(x,x  0,f) 


<h(x,x0,S)  \ 
**(x,xg,sr))’ 


(3.4.a) 


122 


Y*n-Cho*  Ma  and  Mark  J.  AWowitt 


Replacing  x  in  (3.4.a)  by  x  +  Tand  using  (1.3)  and  the  definition  (2.6.b)  for  f,  we 
obtain 

%L=Qt-tQ  (3.5) 

OXq 

(Le.,  the  scattering  data  are  obtained  from  the  base  at  x—x0).  Since  d* i(  JCo*  ■*<>>  ?) 
=  1  and  <fc(x0.  xa,  f)=0  for  any  x0,  we  see  that 


— je0,r)[ 


~  ~ TZ+\(x'xO’S)  '  (3-6-^ 

OX  x«x<, 


a  $l(x<  ■*<)>  ?) 


(3.6.b) 


Using  (3.d)  and  (1.1)  we  obtain 


G(*o) 


-?(*o)  /  ' 


(3.7) 


Hence  Equation  (3.5)  can  be  written 


d 

«(»  h(0  \  _ 

/  2i{qKb,+q,bR ) 

-2ifh(n+2 

dx0 

\  -2W(!r)-2iqar 

-2 i(qKb,+q/bK)  ) 

(3.8) 

From  (3.8)  we  get  (d/dx0)a„  =0,  which  means  that  £  (/=  1,2,...,2JV)  are 
independent  of  xQ.  This  is  not  true  for  y,  and  ij(. 

Taking  the  square  root  of  Equation  (3.2.a),  we  see  that 


y 


where  the  square  root  is  defined  so  that  the  real  part  of  it  is  positive  and  a‘~  - 1. 
Using  (3.8)  and  evaluating  f  at  yJt  we  get 

—  (a,**,)!  =  2«;Vai(Ty)-l  (?/+Y/).  (31°) 

“*0  (C»T/ 

with  •/ »  *  l.  Combining  (3.10)  and  (3.3),  we  obtain  the  differential  equations  of 
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Substituting  (3.14)  into  (3.11),  we  obtain 


— 2;C,v_2 


—  2iC 
dx  o 


m  — 1,2,...,  N,  Af>2,  where  we  have  used 


2 


~  ^*..v- 1* 


(3. 15 .a) 


(3.15  .b) 


(3.16) 


and  SHm  is  the  Kionecker  delta  function.  The  proof  of  (3.16)  is  given  in  the 
appendix. 

The  equations  (3.15)  yield  straight  line  motion  in  this  new  coordinate  system. 
Matveev  [10]  discusses  the  solution  of  (/—)  in  terms  of  theta  functions.  Equations 
(3.14)— <3.15)  are  important  in  constructing  the  proper  variables  to  use  in  the  them 
function.  The  .V-band  potential  has  N  periods  where  each  move  within  the 
unstable  band  and  possess  a  definite  period  in  x:  the  periods  have  a  common 
commensurate  period  T. 

4.  The  time  dependence  of  the  scattering  data 

In  order  to  reconstruct  the  potential  qn  and  q,  at  a  later  time  we  need  to  know  the 
scattering  data  at  a  later  time.  From  (2.6.a)  we  have 

&-»•  <4-‘> 

It  is  thus  clear  that  the  main  spectrum  is  time  independent.  If  q  is  an  jV-band 
potential  initially,  it  will  be  an  /V-band  potential  for  all  time. 

Using  (26.a),  we  get 

*o)]  =  2[a,(^0)  +  f>,($:,Xo)]*«(?.xo) 

where 


xo)  =  ~-^(x0), 

Br(S'Xo)  =  2iq,(x0)-^-(x0). 
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Next,  we  evaluate  £  in  the  above  equation  at  J=yy  and  make  use  of  (3.3): 


r* - 

9y,  ~2gV~l(r^f,) 

9 1  n  \ 


n  (y/-Y*) 

k+J 


H  \ 1  1  l  1S  \ 2  2y 

2  r,  +4  2ft)  -2ry  2  y*  +Y/  2  ft 

I*  l  /  \i*l  /  **/  fa  | 


-( 2r,)  ( 2ft)  +  (  2ft 

\  <=i  /  \  i*i  /  \  i=i  * i*i 

«  -  II  (ni-f,)  j .  in 

+  2 — - jZfc-2* 

<-i  ii  (n(-n*)  '  >■' 

k+t 

j— 1,2,...,  N.  Similarly,  we  obtain  the  evolution  equations  for  ijy: 
f—V) - — 

h  -ny-n (■>,-{,) 

*'  n 


i«l 


(4.2.a) 


2JV 


2  ft  + 

i*i 


IV 


2  n, 


2* 

2  ft 

i*i 


1 

2 


2  ft  -  2  y* 

1*1  k+i 


(4.2.  b) 


y= 1,2,...,  N.  In  Equations  (4.2)  we  see  that  the  evolution  of  y,  in  time  is  coupled 
with  the  evolution  of  i\Jt  whereas  in  (3.1 1)  they  are  decoupled  in  x0. 
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mf„  .  m  r»“ 

solved  by  solving  the  scattering eq  reconstruct  the  potential  for  all  x0.  It  is 
cemin  poi«  *»■  v‘  *“  fot  ,u  by  simply  solving  lie  polynomial 

*— »  «5T  o  I;  “ti  am  mrnLd  «  know  th«  vsUu.  o.  S 

equations  MO*  (”)  Ms P  vs  J  .  t  in  v  ^.<4  ■»  at  a  later  time,  and  we 

“KS  SSC  55* S“fmp^“^S^  »•“>  -  *• 

ss^tX^Tu*  =U°-  W,  tod  af.«  ««  -W» 

ik-  _-.il  V  (4-3a> 


(4.3. b) 


a  4/Oy— 3vjn  -  2ii  1  ?,  Cy-2.«. 

flf  \ i=l  I 


=  4/Cy_j.»i +  2i|  2?,  Cv-r.* 

at  \  i*  1 


1=1,2,...,  N.  y>2,  where  we  have  used  (3.16)  and 


iV  „y 


V — i - -  2ti- 

,-l  11(7;-^.) 

»*/ 


(4.3  .c) 


The  proof  of  (4.3.c)  is  given  in  the  appendix.  Also. 

*-»*4.?.4 


%  =  2iC0.J  2?.  • 

at  \  i*  I 


(4.3  d) 


(4.3  .e) 


for  *1=1,2,  N— 2. 


5.  Discussion  of  the  defocvsing  problem 


•'J  -  < 

The  previous  sections  give  a  infintanumber 

for  (I-)-  Ingeneral^iJ^pWK  po by  M  N.bmd  potential 

of  unstably i  bands.  fi,  we  consider  the  Bloch  eigenfunc- 

provided  that  the  potential  is  C  .  10  sec  uu 

don  fl.6.a), 


[(♦,(*.0 
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where  from  (1.6.e) 


X  =  a,(f)+«Vl~a*(f)-  (5-1) 

Thus,  ^1(x+7’,Oe‘f<*','n  ='f',(x)e‘{x  as  |£|  —  oo,  and  we  take 
without  loss  of  generality. 

Defining 


e;=i( ,x(x,!)e*\  (Si) 

and  substituting  it  into  the  scattering  equations  (l.l),  we  can  generate  an  equation 
for 


2if*'= -|<?|2+*'2+?~(^').  (5.3) 


Since  £-*0,  £'-*0  as  oo,  we  expand  $  and  in  power  series  in  1  /?: 
-  » 

fm 


^.wr  x  (w 


Substituting  4>'  into  (5.3),  we  get  a  recurrence  formula  for  the  fm: 

L+\ ;U>)+  2  />/*.  /o=-WI2- 

'  “  '  /+■*  =  «« 


(5.4) 


Since  ft(x0'f)s*  we  have  $(xo)=0  and  g„(.xo)=0  for  all  m;  hence 

ffmfo 

*  r. 


90 

m*  0 


*9 

(2/f) 


m-+- 1 


as  |f|  -*  oo. 


Using  the  definition  of  the  Bloch  eigenfunction,  as  well  as  (5.1)  and  (5.4),  we  can 
show  that 


«*(£ )  ~  cos 


as  |f |  — ►  oo . 


(5.5) 


From  (5.5)  we  see  that 


(as  |f  1  — ►  oo,  N-++  oo) 
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is  a  double  zero  of  1  -aj,  ~Q  to  all  orders  of  l/$.  This  means  that  as  |f  |  -*  oo  the 
higher  band  size  is  asymptodcally  zero  to  all  orders  of  1/f.  The  contribution  to 
the  potential  due  to  each  band  is  at  most  ,,  and  hence  from  (3.3)  it  is  also 

zero  to  all  orders  as  |f  j  -*  oo.  The  above  arguments  hold  only  for  a  C®  potential, 
since  otherwise  the  conserved  quantities  Im  may  be  unbounded,  and  the  asymp¬ 
totic  expansion  (5.5)  is  not  valid. 

IL  The  periodic  focusing  cubic  Scfarbdinger  equation 

The  periodic  focusing  cubic  Schrddinger  equation  (1+)  differs  from  the  periodic 
defocusing  cubic  Schrttdinger  equation  in  some  characteristic  ways.  One  of  the 
major  differences  is  that  the  spectra  we  are  looking  for  in  the  focusing  case  are 
complex,  while  in  the  defocusing  case  they  are  real.  Most  of  the  spectral 
properties  given  in  Part  I  of  this  paper  are  no  longer  necessarily  true  here.  In 
order  to  use  a  similar  analysis  we  must  make  more  assumptions  which  we  state 
explicitly  herein. 


1.  The  direct  scattering  problem 
The  associated  scattering  equations  for  this  case  are  [3] 


(6.1. a) 

3K 

Vi=  -qmVv 

(6.1 -b) 

As  before,  we  choose 


to  be  one  of  the  eigenfunctions  of  (6.1).  The  second  independent  eigenfunction  is 

m-/  *?(*'**)  \ 


Expanding  <b(x+T,S)  in  terms  of  $(*,?)  and  ♦(*,£).  we  have 
♦(*  +  7\D  =  a+(x,t)  +  b+(x,S). 
Evaluating  x  in  (1.2)  at  x0,  we  obtain 


(«) 


(6.3 

(6.3.b) 
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and  from  the  Wronskian  relation, 

a(f.Jt0)o*(f.Jc0)  +  Mf.JCo)**(f*^o)  =  l.  (6.3.C) 

We  denote  by  aR,  bR,  and  VtR  the  real  pans  of  a,  b,  and  Vt  when  ft  is  real 
(<*/»  =(e(f)+<J*(f*)l/2  etc.),  a,,  b,,  and  Vit  are  the  imaginary  pans  of  a,  b ,  and 

K- 

We  choose  the  following  three  spectra  (which  are  slightly  different  from  the 
spectra  in  the  defocusing  case): 

(i)  The  main  spectrum :  The  main  spectrum  is  composed  of  the  eigenvalues  ft,' 
0— 1,2,. ...oo)  at  least  one  of  whose  eigenfunctions  is  periodic  or  antiperiodic. 
The  main  spectrum  is  composed  of  the  roots  of  1  -a\  =0.  There  are  two  special 
properties  of  ft,':  (a)  ft'  (i  — 1,2,...)  either  are  real  or  appear  as  complex  conjugate 
pairs  (or  both),  (b)  When  ft;  is  real,  it  will  be  at  least  a  double  zero  of  1  -a%  =0. 
To  prove  (a)  we  use  the  fact  that  ft'  are  the  roots  of  1-aj- =0  and  hence 
{ta(?/)+a*(?*')l/2}J  =  1.  Taking  the  complex  conjugate  of  this  equation,  we 
have  {{«*(?;) +a(fT'))/2}1  =  1.  Thus,  ft*'  is  also  a  root  of  1  -a*  =0.  We  therefore 
conclude  that  the  ft;  either  are  real  or  appear  as  complex  conjugate  pairs  (or  both). 
To  prove  (b)  we  use  the  fact  that  when  ft  is  real,  a„(ft),  f>„(ft),  and  6, (ft')  are  all 
real.  From  (U.c)  we  get  a J(ft) + af(ft) + f»J(ft) + bj(S')  —  I .  Since  aj(ft)=  1.  we 
have  fl/(ft)— bj»(ft')=!b,(ft)=0,  and  upon  differentiation  of  this  equation  with 
respect  to  ft 


Therefore  ft  is  at  least  a  double  zero  of  1—  a£=0.  For  real  ft  | a^( ft )( <  1  and 
hence  no  unstable  band  can  exist  for  real  ft  In  this  respect,  the  focusing  problem 
is  different  from  the  defocusing  problem.  In  what  follows  we  divide  ft  into  ft  and 
ft,  where  ft  is  real  and  is  a  (at  least)  double  zero  of  1  -a\  =0.  The  quantity  ft  is 
complex,  and  therefore  it  appears  in  complex  conjugate  pairs,  i.e.,  as  (ft, ft*). 
Moreover,  as  in  the  defocusing  case,  a(f)  and  h(ft)  are  entire  functions  of  ft.  and  if 
the  initial  condition  is  real  we  can  show  that  aj(  -f*)=a*(f ).  This  implies  that  if 
ft  is  an  eigenvalue  of  1  -  a J  =  0,  then  so  is  -ft.  The  eigenvalues  then  will  appear  in 
double  pairs  (ft  f,  -  ft  -  ft). 

(ii)  Auxiliary  spectrum  (/):  This  is  composed  of  the  eigenvalues  y,'  (/= 

1.2..  ...so)  for  which  b,/(x0  +•  T, y/)~i^/(x0  +  T. y,')=0.  From  the  definition  of 
*  we  see  that  this  implies  that  the  y,  am  the  roots  of  a,  +ib,  =>0.  We  divide  y/  into 
ii  *od  •},.  y,  is  real  and  coincides  with  ft,  whereas  y,  is  complex. 

(iii)  Auxiliary  spectrum  (II):  This  is  composed  of  the  eigenvalues  ij,  (/  = 

1.2.. ..)  for  which  ♦,,(*„  +  T,  ((-t0  +  T,  7?,')=0,  with  tj,'  the  roots  of  a,  + 

ibn  =0.  We  divide  tj'  into  tj,  and  H,.  r\,  is  real  and  coincides  with  ft,  whereas  ij,  is 
complex. 

Next,  we  state  explicitly  our  assumptions  for  the  scattering  data  of  (6.1). 

(a)  All  the  ft  are  double  zeros  of  1— aj=0,  i.e.,  there  are  no  higher  order 
zeroes  of  1  -a\  =0.  Exceptional  cases  are  discussed  in  the  appendix. 
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(b)  All  i,  are  simple  zeros  of  a,  +ibr  =0  and  a,  +ibK  =0,  respectively.  They 
are  real  and  coincide  with  ff. 

(c)  All  (St,  ST)  are  simple  zeros  of  1  -a\  =0  and  are  complex. 

(d)  All  Y„iji  are  simple  zeros  of  a ,  +  ib,  =0  and  a,+ibK  =0,  respectively,  and 
are  complex. 


2.  N -band  potential 

As  in  the  defocusing  problem,  by  an  ,Y-band  potential  we  mean  one  which  has 
2N  simple  roots  of  1— aj=0.  An  A'- band  potential  satisfies  the  equation 


=0>  where  Im  are  the  conserved  quantities: 

lo^T'^tfdx,  (7.1.a) 

J*o 

/,  =  ±p*r(qq;-q‘qx)dx,  (7.1  -b) 

*0 

I2=-jXo*r{\q\*-\qx\2)dx-  (7-l.c) 

•'*0 

As  before,  we  take  the  time  dependence  of  the  eigenfunction  to  be 

=  A<t>,  +  B<l>2  +  X<*>,  + (7.2.a) 
+  ^  +  f.  (7-2.b) 

To  make  t,(x0,  r,  £)=  1  and  ^(x0,  t,S)—Q  for  all  time,  we  require 

X  *  -A(x0,t,S),  p~C(x0,t,S).  (7.3) 


The  consistency  of  (7.1)  and  (6.1)  leads  to  D(S )=.4*(£*)  =  —/1(f).  C(S)= 
—  Bm(Sm),  and  the  evolution  equation.  A(S)  and  X(f )  are  purely  imaginary  when  S 
is  real. 

The  evolution  equations  that  can  be  solved  by  the  inverse  scattering  technique 
and  possess  (1.1)  as  their  scattering  equations  are 

=  m  ~  0,1,2 .  (7.4) 

For  each  m,.we  have  the  corresponding  Am  and  Bm.  Am  is  a  polynomial  in  S  of 
order  m,  and  Bm  is  a  polynomial  in  f  of  order  m—  1.  We  list  the  first  few  Am  and 
Bm: 


M  Evolution  equation 
0  iq,~q 

1  q,  =  -<h 

2  iq,+qxx+2\q\2q=0 


_ Bm 

-i/2  0 

iS  ~q 

-2iSl+i\q\l  iqx+W<l 
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The  proof  that  q  is  an  iV-band  potential  is  the  same  as  given  in  Part  I  and 
hence  omitted.  We  point  out  that  the  2S  simple  roots  are  a Iso  the  roots  of  the 
polynomial  equation 


Mm*(D+MfK(r)  =  o. 

(7.5) 

The  jV  complex  %  are  the  roots  of 

(7.6  .a) 

and  the  S  complex  y,  are  the  roots  of 

(7.6.b) 

where 

Mf)  =  ~  2 

m=*0 

(7  -7  .a) 

M(f)  =  -  2  ^;(x0,f.r). 

(7.7.b) 

fw*0 


1  The  inverse  scattering  formula  and  the 
time  dependence  of  the  scattering  data 

Since  a  and  b  are  entire  functions  of  £,  we  have  the  following  relations: 


(ar+ib,)2 


Tv  ’ 

n  (f-f.) 

f*  i 


(8.1. a) 


l-«2* 


II  (C-nf)2 

i* i _ 


2iV 

n  us,) 

im  i 


(8.1  .b) 


Expanding  aM,  a,,  b„,  and  b,  in  terms  of  power  series  in  1/f  as  |f|  — ►  oo,  and 
comparing  with  the  coefficients  of  the  terms  1/C  in  (8.1),  we  obtain 


t  ,  IN  N  \ 

?/=  “«  2  2  2  T,  .  (8.2.a) 

\  4  i»i  »*  i  / 

I  ,  2N  N  \ 

**=«U2r,-2n,  .  (8.2.b) 

\  ^  1*1  1*1  / 
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m - 

31>,_ 

2 i*i\j  .U  {Vj-ii) 

df  “ 

n  (vj-v,) 

2  S 


~2iij  2  ^  +vj  2  f. 

<#>  i*l 


i  2N  /*  v-  i  tr*  in 

**  t  2  it  -  2  vt  +  t  2  f<  ~  2  y, 


i*i 


V 

2 

i- 1 


2W 


i»l 


2* 

2' 
i»  1 


/TW 

<W  n  (r<-f») 

y  *»i 


II  (y,-yk) 

k+i 


-a  2  r*+* 

k¥*i 


IS 

2  ?* 

**i 


(8.6.b) 


y«  i.2 . iv. 

In  order  to  integrate  these  equations  we  first  determine  oy,  d,  at  r=0  with  respect 
to  various  x0.  Oj  or  dj  changes  sign  as  yy  or  Vj  reaches  the  band  edge  f(, 
respectively. 

We  summarize  the  above  results  as  follows.  For  an  IV-band  potential  we  solve 
the  scattering  equations  (6.1)  to  obtain  the  main  spectrum  as  well  as  the  auxiliary 
spectra  at  r=0  at  an  arbitrary  base  point  x0.  Then  we  use  (8.6)  to  obtain  the 
auxiliary  spectra  at  a  later  time.  Finally  we  use  (8.4)  to  obtain  the  auxiliary 
spectra  at  various  x0  and  make  use  of  (8.2)  to  reconstruct  the  potential  q.  The 
Abel  transformations  introduced  in  Pan  I  of  this  paper  can  also  be  used  to 
integrate  (8.4)  and  (8.6).  In  general,  an  IV-band  potential  has  S  noncommensurate 
periods,  and  hence  q  is  almost  periodic  in  time.  This  agrees  with  the  numerical 
solution  of  the  periodic  cubic  Schrbdinger  equation  [12]. 

4.  I -band  and  2-band.  Potential 

If  we  compare  Equations  (8.2),  (8.4),  and  (8.6)  with  the  corresponding  equations 
in  the  defocusing  problem,  we  find  little  difference  between  these  equations. 
However,  the  geometries  of  the  loci  of  the  motion  of  these  spectra  with  respect  to 
x0  or  (  in  the  two  problems  are  completely  different.  For  simplicity  we  first 
consider  the  1-band  potential  In  the  defocusing  problem  we  have  [from 
VHmqCmtIm/tq*-0\  alternatively  we  could  solve  (8.4)  with  j—  1] 

-crf  +  i'crf,  =0.  (9.1) 


q{x)  =^exp(-/^x). 

c,  / 


Hence, 
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From  |X(f)l1~|M(f)|l®0  we  have 

=  =  ^  +  (9-2-*) 
and  from  —/A (f)+/i/(f)s0,  —iA(f)“*'M«(l’)=s0  we  have 

Yt  =  j2.-^aa(^x0),  (9.2.b) 

iji*-^-  +  ^cos|^x0|,  (9.2.c) 

respectively.  Using  (9.2)  as  initial  values,  we  can  solve  the  evolution  equations  of 
y,  and  if,  with  respect  to  time  and  verify  that  the  solution  for  all  time  is 

q(x,  t)  s  >4  exp  .  (9.3) 

Hence. 

y,  =-^~Asm  i+2 Ah  ,  (9.4.a) 

’»« ,+2Ah  -  <9Ab> 

The  lod  of  y,  and  ij,  with  respect  to  time  or  xQ  are  shown  in  Figure  2.  We  see  that 
y,  and  17,  move  back  and  forth  along  a  horizontal  straight  line  segment  (-A  - 
Co/2ct,  A  —Cq/2c,). 

k'l 


The  Periodic  Cubic  Schrocinger  Equation 


135 


la  the  focusing  problem  the  differential  equation  for  the  1-band  potential  is 


Co4  +  'ci^  =  °- 


(9.5) 


Hence 


?(x)  =  4exp 


(9.6) 


It  is  straightforward  to  verify  that 


q(x,t)  =  Acx p 


<M  Ul  / 


f+2H2r 


is  the  most  general  one-band  potential 
The  various  spectra  are 


U=2r-iA,  r a-£-+w. 


2  e, 


2c, 


y,=^-L4sin 

c<>  -1 
— *0  1 
c,  0 

^)\+2.42f 

CJ 

1J|  =  4^~+iA  cos 
2c, 

1 

e 

H 

,f|  O 

(9.7) 


(9.8.a) 

(9.8.b) 

(9.8.C) 


The  lod  of  y,  and  y,  are  shown  in  Figure  3.  Here  y,  and  17 ,  move  back  and  forth 
along  a  vertical  straight  line  segment  (—iA  -c0/2c(,  iA  -c0/2c,). 

The  above  example  suggests  that  the  horizontal  band  in  the  defocusing 
problem  become  the  vertical  band  in  the  focusing  problem. 


I 
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Next,  we  consider  the  2-band  problem.  In  the  defocusing  case  it  is  qualitatively 
the  same  as  for  the  1-band  problem.  We  have  y,  and  tj,  moving  along  the 
horizontal  straight  line  segment  (£,,  ?2),  whereas  y2  and  i)2  move  along  In 

the  focusing  problem,  we  show  that  the  loci  can  be  totally  different  from  those 
suggested  by  the  1-band  problem.  The  differential  equation  for  q(x)  is 

~c2qxx -lc2\q\2q  =  0.  (9.9) 

We  consider  here  the  special  case  that  q(x)  is  real,  q(x)=v(x).  From  (9.9)  we 
require  <?,  =0,  and  we  take  c2  ~  1  without  loss  of  generality.  Integrating  (9.9)  once, 

we  get 

[v'{x)]2  =  c0V2-V*+A0,  (9.10) 

where  A0  +  c0c2  -o*  >0  to  guarantee  a  real  solution. 

The  solution  o(x)  of  (9.10)  can  be  expressed  in  terms  of  an  elliptic  function 
cn(x|/R)  (m  is  the  modulus):  o(x)=Acn(Bx\m).  The  relations  between  A,  B,  m, 
and  A0  are 


A2B2(l-m)  =  A0,  (9.11.a) 

Cq~  B2—  (2m—  1),  (9.1  l.b) 

A2—  mB2.  (9.1  l.c) 

We  now  lode  for  the  four  complex  simple  roots  of  1  =0.  From  Equation 

(7.5)  we  have 

f‘  +  ^  +  4  +  ia  =  0-  (9-12) 

We  get  the  four  roots  (f „  — {?),  which  occur  in  double  pairs  (as  expected): 

where 

dl-  -CQ  +  H+**9 
8 

The  roots  y,  and  y2  are  the  roots  of  \-pr-0,  Le., 

^  +  2y2-A2cat(Bx\m)~  iA&sn(Bx\m)<in(£x\m)  =  0,  /  =  1,2. 


(9.13.a) 


(9.13.b) 
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From  (9.14),  y,  and  y2  arc  related  by  y2  =  -y,.  Taking  y,=yK+iyf  and 
substituting  it  into  (9.14),  we  get 

2(y*-y/)=  -^  +  ^zcn2(Bx|m), 

4y*y,  =  ^Bsn(Bx|m)dn(Bxjm). 

Hence  y|  +y/  =  {{2 jJTcf/4  and  we  conclude  that  y,  moves  along  a  circular  arc 

of  radius  v'^*o/4  +  ca/16  and  y2  moves  along  a  different  circular  arc  of  the  same 
radius. 

The  roots  ij,  and  ij2  are  the  roots  of  X-ft„  =0,  or 

2ifi -A2a£(Bx\m)+r£—  2L4Tj(cn(Bxjm)  =  0,  i  -  1,2.  (9.15) 

From  the  above  equation  ij,  and  ij2  are  related  by  tf2  =  —if*.  Taking  17,  -i)K  +iVr 
and  substituting  it  into  (9.15),  we  get 

2(17*  — Hr)  =  i<2caI(Bx|m)  -y  —  2^4ijfCn( ix| m), 

4i)*i)/=s  2/4ijj*cn(Bx|m). 


Hence  —tfj  =  -c0/2,  Le.,  we  have  hyperbolas. 

Depending  on  the  value  of  c0,  we  have  three  different  cases: 

Case  I:  c0  <0,  m<  i,  Figure  4(a); 

Case  II:  c0  >0,  m>  j.  Figure  4(b); 

Case  III:  c0  =0,  m=  i,  Figure  4(c). 

In  case  III,  ij|  =i?j  =0  occurs  when  cn(Bx'jm=  i)=0  for  some  x'.  In  case  II, 
t|,  =i|2  ^0  occurs  for  some  x”.  At  these  points  the  differential  equations  (8.4) 
and  (8.6)  are  singular  and  the  previous  analysis  must  be  modified,  as  we  have , 
assumed  only  simple  roots  in  each  band.  This  demonstrates  a  significant  dif¬ 
ference  from  the  defocusing  problem.  In  that  case  each  y,  and  tj,  moves  within  its 
own  unstable  band  and  hence  ij,  =  tj2  can  not  happen  for  any  x  and  r.  In  general, 
the  auxiliary  spectra  move  on  curves  between  in  the  focusing  problem.  This 
makes  it  difficult  to  approximate  an  arbitrary  periodic  potential  by  an  jV-band 
potential 

Next,  we  examine  the  stability  of  a  1-band  potential  with  respect  to  a  second 
band  of  perturbations,  where  the  second  band  is  small  (|f3  -f4|«|?i  “W)- 

The  general  equation  for  a  2-band  potential  q(x)  is 


(9.14.a) 
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('cir*  'cu5  I  (ciir  *cn) 

(C) 

Rjurt  4.  (i)  f,  <«/*.  (b)  #,  >ir/4.  (c>  #,  **/4- 
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From  (7.1)  the  above  equation  can  be  written 

qxx  ~  2icxqx  -caq  +  l\q\ 2q  =  0.  (9.14.b) 

To  remove  the  term  -2 ic,qx  we  take 

q  =  $e'c'x,  (9.l5.a) 

and  Equation  (9. 14b)  becomes 

4„  +  W-co)4+2|4I24  =  0.  (9.16) 

Let  4=s reJ,  where  r  is  real  and  positive.  Substitute  this  expression  into  (9.16): 


rxx-rfi*  +  (cf-co)r+2r3  =  0. 

(9.17.a) 

2rA  +  r0xx=O. 

(9.l7.b) 

Integrating  Equation  (9.17.b),  we  obtain 

9=ar-\ 

(9.18) 

Equation  (9. 17. a)'  becomes 

r„  —  «Jr_3  +  (c?—Co)r  +  2r3=s  0, 

(9.19.a) 

or 

r2  +  a2r~2  +  {c2-c0)r2  +  r*  =  2b. 

(9.19.b) 

For  simplicity  we  define 

?  =  r2, 

(9.20) 

and  Equations  (9.18)  and  (9.19b)  can  be  written 

(/»J2  =  8W-4/*3  -4 (cf-c0)r2  -4a2, 

(9.21. a) 

9  —  fat~xdx. 

(9.21.b) 

To  calculate  the  band  edges  of  the  above  potential,  we  note  that  there  are  two 
quantities  associated  with  (9.14.b)  that  are  independent  of  jc: 

2ict\q\2  —  {q*qx— qqx)  -  (9.22.a) 

coUf2-|<7J2-l<rl4  =  ^-  (9-22-b> 
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For  the  potential  (9.17)  we  readily  obtain  A'  and  B’: 

A'  =  -2d,  (9 .23  .a) 

B'=-2b-2cyd.  (9.23  .b) 

The  band  edges  are  the  roots  of  X(£)^*(£*)+“(£)K*(f*)=0.  From  the  defini¬ 
tion  of  \  and  n  (7.7),  we  get  a  fourth  order  polynomial  equation  for  £: 

r4 + 2Cis- > + (f + cf  )r ! + ( -d+ Ss£l  )f + i  ( C1 -2c,i+2^)  =  o. 

(9-24) 

Since  we  want  the  2-band  potential  to  be  a  small  perturbation  of  the  1-band 


potential,  we  take  the  four  roots  to  be  of  the  forms 

fi-M.  (9.25.a) 

fa*  “I A.  (9.25 .b) 

fc-d+fc.  (9.25  .c) 

f4=d-tt,  (925 .d) 

with  c<  1.  Comparing  (9.24)  with  (9.25),  we  can  relate  ,4,  d  with  c0,  c,,  d,  and  b: 

c,  =  -d,  (926  .a) 

c0=2(^+t2),  (9.26.b) 

d  =  (/t2-c2)d,  (9.26  .c) 

b  —  A*d2  +Alt1  +  d2e2  —  i(/44  +<4).  (9.26.d) 

Substituting  the  above  expressions  into  Equation  (9.21. a),  we  get 

(Jj2  =  8(^2d2  +dV  +^2t2  -^4-i<4)/‘-4r3 

-  4(d2  -2^2  -2t2)/>2  -4d2(v<2  — e2)2.  (9.27) 


To  obtain  the  periodic  solution  of  (9.27)  we  first  examine  the  roots  of  the  right 
hand  side  of  (927), 

(>,)’  =  -4^-',)(>-*t)(f-M-  (9-28) 


The  Periodic  Cubic  SchrOdinger  Equation 


141 


To  order  t,  we  find 

A  - 

?2  =  A2-2At, 

Aj  =  d2  +  2  At. 

Then  we  can  write  A  in  explicit  form: 

A  =  —  2At  -*-4/4<cn2(  /d2  -M2  Jr2Atx\mY 

Since  m=0(t )  in  (9.30.a),  we  can  approximate  cn(x|m)  by  cosx: 

A  —  A1  +  2Atco$2'Jd1  +A1  x. 


Hence 


(9.29  .a) 
(9.29.b) 
(9.29  .c) 

(9.30  .a) 

(9.30.b) 


r  —  A  +  « cos  2  yd 2  ■¥A1  x. 


(9-31) 


From  (9.2  l.b). 


0  —  A2d  ( - - ;  ■  *  .  ...a- sin  2 \jd2  +A2x ) . 

\  A2  A'Jd^+X2  I 


(9.32) 


a3Uz+a2 

Finally,  we  obtain  an  approximation  to  the  2-band  potential  of  (I+): 

q(x)  —  A  +tcos2'Jd2  +A2  x  -  sia2\jd2  +Alx  .  (9.33) 

idl+A2 


Next  we  note  that  the  usual  linear  stability  analysis  of  the  one  band  potential 
would  be  as  follows.  Take  q(x,t)=Ae2‘A\\+a+ei(kx't'a,)+a-e~’(kx+a')),  and 
substitute  it  into  the  cubic  Schrddinger  equation  (I+).  We  get 


(2A2-Q-k2)a^2A2a*.  =  0,  (9.34.a) 

2A2a  +  +  {2A2-k2+Q)at=0.  (9.34.b) 

The  above  equations  give  us 


Q2  =  k2(k2  —4A2). 


(9.34.c) 
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This  means  that  the  plane  wave  solution  is  stable  with  respect  to  perturbations  of 
wave  number  k>2A  and  unstable  for  k<2A. 

It  is  significant  that  the  solution  (9.33)  has  a  wave  number  h/d2  +  A2  which  is 
always  bigger  than  2 A.  In  the  limit  d-*0,  the  2-band  potential  (9.33)  corresponds 
to  the  wave  number  2 A.  Hence  the  potential  (9.33)  should  be  stable  according  to 
linear  stability  analysis. 

We  now  study  the  stability  of  the  potential  with  initial  condition  (9.33)  via  the 
analysis  given  in  this  paper.  Let  us  first  determine  y,f  y2.  i),t  ij2,  ®„  Oj,  and  dj 
at  t=0.  Solving  the  equation  \—p,  =0,  we  obtain  Yi  and  y2: 

Yi=— ^rcos2  Jd^+A^x . . . —  sia2\l  d2  +  A2  x .  (9.35.a) 

d  d\[d2+A2 

y2=  d+  —  — sinl'Jd2  +AZ  x  +  ^—coslvd1  x 

Jd2jrA2  d 

H — ■  sin2\ld2+A2x.  (9.35.b) 

d^d2+A2 

To  determine  Oj,  we  make  use  of  (8.4.a)  and  fmd  at  r=0 
Oi  —  —  1  when  ^  <  2  fa2+A2  x  <  2ir  or  0  <  2<fa2+A2  x  <  j , 


(9.35  .c) 

<^=1  when  j  <  2\fa2~+A2x  <  .  (9.35 .d) 

Similarly,  we  solve  the  equation \— =0  to  obtain  ij,  and  tj2 : 

i»i  =  iA,  (9.3b.a) 

t|2  *  d  +•  i«cos2/dJ  .  (9.36.b) 

To  determine  ^  we  make  use  of  Equation  (8.4.b)  and  find 

62  *  —  1  •  when  0  <  2^d2  +A2x  <  it ,  (9.37 .a) 

<f2  «  1  when  v  K  2 Jd2  +A2x  <  2i r. 


(9.37.b) 
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Next,  consider  the  time  dependence  of  the  auxiliary  spectra.  We  write  the 
auxiliary  spectra  in  the  following  form: 


y,=  — /4sin(2/42r)  +  «yn, 

(9.38  .a) 

y2  =  d  +  cy21, 

(9.38  .b) 

H,  =  L4cos(2^Ir)  +  <nu. 

(9.38  .c) 

n2  =  d  +  «7j21. 

(9.38  .d) 

where  <=0  corresponds  to  the  l<baad  solution.  yu,  y2I,  Hu,  and  if,,  are  functions 
of  x  and  t,  and  their  values  at  t=0  and  at  various  x  are  given  by  (9.3S).  The 
stability  analysis  corresponds  to  determining  when  y, ,,  y21,  tjH,  and  tj2,  grow 
without  bound.  We  note  that  yn  and  y2,  are  of  order  1/d  whereas  if,,  =0  and 
tj2,  =icos2v'd2  +A1  at  /=0. 

From  the  equation  (8.6)  for  dy2/dr  and  dij2/dr  we  obtain  to  order  < 


£2 jl 
dt 


4ie2d^/(l+y2l)(di  +.42) 


2io1A2J(  1  ttI,  )(d2  +A2) 
d+iA  sin(2  A*t) 


(9.39.a) 


dt 


2ia2A1]j(\+ri\1)(d1->r A*) 
d—Ucos(2A2t) 


(9.39.b) 


From  the  equations  for  dyx/dt  and  drjx/dt  we  obtain  a,  and  6,: 


o,=  -1 

•i*  1 

d,=  -1 

6,  =  l 


wheat 

Q<2Ah<j  or  —■  K  2Ah  <  2v, 

(9.40  .a) 

when 

f  <2  Ah<^-, 

(9.40.b) 

when 

0  4»  2A2t  <  », 

(9.41. a) 

when  w  «  2  Ah  <  2v. 


(9.41  .b) 
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We  can  integrate  Equations  (9.39.a)  and  (9.39.b)  directly,  and  we  find 


r&ht'+ML\  =  e*p(4  iotdm*) 

Y«(0)  +  /l+Yii(0) 

X  exp  I  —  idjtan-1 - - - tan(2X2r) 

l  ^Trf2 


w|  {d*+A*  +A cos(2.42r )  <jd2+A2  -A 
\  Jd2  +A2  -Acos(2A2t)  {d^+A2  +A 

(9.42.a) 

Vn(t)  +  /l+i»j(0  _  /  U2  +A2  +/tsin(2^2r)  j  *l/2 
if2i (0) + ^l+ir|,(0)  \  \jd2  +A2  ~A  sin(2^2r)  / 


X  exp 


4 i dj d\jd2  +A2  t—ia2 


xtan- 'f  — ~ - tan(  2X2r )  I 

'  / 


(9.42.b) 


From  Equation  (9.42)  we  find  ij21  and  y2i  are  bounded  for  all  time  for  finite  d. 
The  only  instability  that  could  possibly  occur  is  the  case  where  d~*  0  and 
2A2t~*3ir/2.  Equations  (9.39)  and  (9.42)  are  valid  when  i<d2  as  d— 0.  In  this 
case  we  find 


Yii(f=°)  +  ^+Yzi(<=0)  ~ “j* exp( 2i\fd2+A2 ) 

when  0<2Vd2+X2x<y  or  —■  <  2 /d2  +42 x  <  2e,  (9.43.a) 


and 

y21(/=0)  +  ^l+  y 2i(  1=0)—  -j—  (cos2^d2  +A2x—isia2\jd2  +X2x) 

when  ^  <  lJd2+A2  < ~ . 


(9.43, b) 


The  Periodic  Cubic  Schrodinger  Equation 


145 


It  is  straightforward  to  verify  that  yix(t)-*^i  as  2A2t-*v/2  and  hence 

yj  1  +Yi i(t)  -*0  as  2.42f-*ir/2.  Cj  will  thus  change  sign  as  2/42r-»w/2.  We 
conclude  that  at  time  2A1t=3ir/2,  <j?  behaves  as 

Oj® -1  when  rp  <  2/d2  -M2  <  2ir  or  0  <  2y ,a1+A2  < 

(9 .44  .a) 

«2  =  1  when  it  <  2 'id1  +A2  <  ~ .  (9.44.b) 

We  note  that  since  a^t)  changes  sign  at  t=rr/4A2,  the  relevant  equation  for 
y21  in  the  neighborhood  of  2A1t~~2ir/2  is 


_ TfaCO'Wl+rnC*) _ 

yll(t=ir/4A1)+illJry}l(t=‘ir/4A2) 


‘'Jd1+A2  +/4cos(2/42t) 
j  JcP+A2  -  A cos(2 A2 1) 


X exp  d2  +  A2  ( <-~i) 


-t®2 


tan 


-i 


U2  +d2 


-tan2 Azt  I  —  — 


(9.45) 


where  «2  i*  given  in  (9.44).  Since  ylt(t-ir/4A2)~i,  we  find  that  Yn(f*~3ir/4/42) 
~  l /d  and  thus  y2 -d+  0(t/d).  Similar  arguments  hold  for  nap  and  there  is  no 
instability  associated  with  them.  We  conclude  that  a  1-band  potential  is  stable 
with  respect  to  any  small  2-band  perturbation.  This  agrees  with  the  linear  stability 
analysis  (9.34.c),  since  a  2-band  perturbation  has  a  large  enough  wave  number. 

5.  Discussion  of  iht  focusing  case 

In  Part  II  of  this  paper  we  have  given  a  method  to  integrate  the  iV-band  potential 
(i.e.,  the  periodic  potential  that  has  2N  simple  roots  of  1  -oj  =0)  under  suitable 
conditions  on  the  scattering  data.  The  method  is  the  same  as  given  in  Part  1;  i.e., 
the  original  nonlinear  partial  differential  equation  is  replaced  by  2 N  coupled 
nonlinear  ordinary  differential  equations  provided  the  spectra  have  certain  well- 
behaved  properties.  Although  we  have  shown  explicitly  that  a  1-band  potential  is 
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stable  with  respect  to  any  2-band  perturbation,  we  have  not  proven  stability  in 
general 

Appendix 

(a)  liO~  1.2... .,oo)  are  real. 

The  proof  is  based  on  the  fact  that  the  operator  in  (1.1)  is  Hermitian: 
f .  Jt )  •  [  ^“  +  i  -  9»2]  -  ^  -  «?Oi  ”  « i  +  c.c. 

+<({-f*)(K(*.f)|2+M*.OI2) 

*0, 

or 

(|ot(^.?)|2-|oi(-*.f)l2)tI“+r 

/**+r(|®i(Jctf)|2+|t>j(x,f)l2)  dxs0. 

■*» 

Evaluate  f  at  the  first  term  vanishes  due  to  the  periodicity  or  antiperiodicity 
of  the  eigenfunctions.  Since 

/3t*+r(|d1(x.f;)|J+|ol(x,f;)|2)dx>o, 

we  conclude  £  =$'*,  or  f('  (i=  1,2,. ...oo)  are  real. 

(b)  T/  («r*J)(f~  1.2,.. .,oo)  are  reef. 

Define 

Y{S.> t)  =  »ia“Oja.  (A.l.a) 

Z(f.Jt)  -0|/  +  ®2/-  (A.l.b) 

Equations  (1.1)  can  be  written 

fj+JT  =  **Z-9,y.  (AJ.a) 

av 

(a  2.b) 

where  Z(x9,y/)*Z(xo  +  r,y,')=0  from  the  definition  of  y,'. 
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Using  (A 2),  it  is  straightforward  to  show 

£(  YZ* - r*  Z)  +  (r  -  f  )(l  Y  |: 1  + 1  Z\ 1 )  =  0; 


hence, 

(r S  )fX*+r(\Y  |: 2  +|  z\ *)  dx  +  ( YZ* - rzi  Z+T  =  0. 

Evaluate  f  at  y/,  the  second  term  in  the  above  equation  vanishes.  Since 
/*?*r(l1'|I+|2r)<ic>0  (^=1  at  x=x0),  we  conclude  that  y/=y/\  i.e.,  y/ 
(i— 1,2,...)  are  real. 

(c)  At  any  £  (1=1,2,...),  ar=bx=br=Q. 

From  (AZ)  we  choose  two  sets  of  solutions  with  the  initial  conditions 

fz,(*0)=n  rz2(x0)=oi 

iri(jc0)=oj  4,1(1  1  n(^0)=ij* 

From  (3/3xXZ|lj— ZjY’,)*!)  we  obtain 

2i(x)Yl(x)-Z1(x)Y{(x)  =  ZMYjxJ-ZiixMxo)  =  1. 

Hence, 


are  two  sets  of  linearly  independent  solutions. 

We  expand  the  Bloch  eigenfunction  in  terms  of 


Z, 

*i 


We  can  also  expand  |  y'(*+T)J  “  tenns  (^(x))  due  to  ^ 

.seriodkity  of  the  potential  The  coefficients  of  expansion  can  be  evaluated  by 
setting  x=xg.  We  then  have 


/Z,(x+T)\ 

\  Y,(x+r)J 


Z,(x0  +  T) 


Z,(x) 

Z,(*) 


+ 


F,(x0+D 


Zj(*)  \ 

u*)!' 
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and  similarly. 


(Z2(x+T)\ 

\Y2(x+T)I 


z2(x0+r) 


+  y2(x0+r) 


Z2(x)\ 

nwr 


Thus 


Ux+T)\ 

*,(*+ 7*)/“^  *:(*)] 


Zx(x)\ 
Yt(x) ) 


Z2(x)\ 

Yz(*) ! 


(Z,(x+T ) 
~c'\  Y^x+T) 


Z2(x+T)\ 

Y2(x+T)) 


(  Z,(x0  +  T)Z,(x) +^1x0  + T)Z2(x)\ 

~  c,\  zjxo+mw+Ytxo+rWx) ) 

I  Z2(x0-hT)Z,(x)+Y2(x0  +  T)Z2(x)\ 

+Ci|  ZjK+mw+nK+WU)  )■ 


Hence, 

c,(z,(x0+r)~\)+c2z2(x0+r)  =  o, 
c,y,(x0+t) +c2(r2(x0+r)-\)  =  o. 


For  nomr.nal  c,  and  c2  we  require 

x^z.K+mnoco+njx 

+zlU0+r)rI(x0+r)-Zj(x0+r)rlUo+n  =  o- 

Using  the  fact  that  Z,(x0  +  T)Y2(x0  +  T)-  Z2(x0  +  T)Y{(x0  +  D=  1,  we  have 

x*  -  [Z,(x  o + r)+  y2(*0 + r)]x  + 1  -  o. 


Hence  from  (1.6.e) 


z,Un+r,r)+y2(*o+r,o 

a*  =  ' - 2 


Defining 
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and  differentiating  (A 2)  with  respect  to  f,  we  get 

| “+{>-***  +  -  7.  ( A.3  .a) 

f£  -  U  +  +  qr  =  2-  (A.3.b) 

( y  j  satisfies  the  same  equation  as  does  |  ^  f  except  that  there  is  a  forcing  term 
cm  the  right  hand  side.  Take  z-zt,  y-yx,  Y-  Yt,  Z~Z]  in  (A.3)  and  expand 

( |  in  terms  of  j  j  and  |  j.  We  obtain 


r,  =  e,Z, +c2Z2, 

>1  =  c,y, +e2y2, 

where  c,  and  c2  are  functions  of  x.  From  the  variation  of  parameters  in  the 
differential  equation  we  have 

c1s-Ar1r2+z,z2)d*+c10, 

*0 

c^jfV’+Z^a&c  +  c*. 

Evaluating  x  at  x0,  we  have  c,0  =r,(xo)=0,  e*,  =>,(xo)=0.  Then 

*.(*)  =  (-/V.n  +Z(Z2)dx)z,(x)  +  ( jf*(Zz  +  r,J)dx)z2(x). 

(A.4.a) 


*(*)  =  (-/V,n+z.z2)dx)r,(x)  +  ( jT(zf + y,z)dx)  y2(x). 


(A.4.b) 


By  the  same  reasoning, 


'2w=(-jr(n2+zi)^)z.w+(jr'(zlz2+y,n)dx)z2(x). 

(A.5.a) 

*(*)  *  ( -/>^z|)dx)yl(x)  +  (  £(z,z2  +  y,y2)dx)  y2(x). 

(A.5.b) 
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Differentiating  aK  with  respect  to  £, 

2 ^jjr  =  t\ ( x0  +  T,  £ )  +  yx  ( x0  +  T,  f ) 


-  f*+T(YlY1+ZlZ2)dx)jZ{(x0  +  T,n 

+Z2(x0+T,S)p  +  T{Z}  +  Y?)dx 
*0 

-  Y,(x0  +  T,  £) p  +  T(  Y*  +Z})dx 
** 

+  n(  *o  +  T.  f )  p  r(  z,  Z2  +  r,  Y2 )  dx. 


We  assume  for  the  present  that  Z2(x0  +  T,  £  )^0,  and  obtain 


yl(x0+r,n  =  s8nZ2U+7,.O 


4(aj-i)-[z,(x0  +  r,n-r;(x0  +  r,n]; 
4)z2(x0+r,i)| 


where 


sgnZoUo  +  r,?)  = 


1 

-1 


u  Zo(xo+r,f)>0, 
if  z0(x0+r,?)<o. 


To  evaluate  da„/d£  w«  write 


-  T,(x0  +  T,  £ )p  *  TZ\  dx  =  -  sgn  Z2(x0  +  T,  £ ) 
•*0 


|z2(x0+r,f)| 


+  sgnZ2(x0  +  7\£) 


and 


x 


!ZiU0+r,£)-r2(x0+r.£)1* 

4|Z2(x0  +  r.£)| 


Z2(x0  +  T,  f )  p+TZ*dx  =  sgn  Z2U0  +  T,  £)•  |  Z2(x0  +  7\  f  )| 

xfx'*TZ>dx[spiZ2(x0  +  T,Z)]2. 

*9 
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After  some  straightforward  calculation  we  obtain 


2^  =  sgnZ2(x0  +  7\f) 


x<,+rl  z,(x0  +  r,f)-r2(x0  +  r,f) 


Cl 


2/|z2(x0+r,ni 


-  sgn  z2(x0 + r,  f )  •  /|  z2(x0 + r.  r  )|  z, 


w  f*°+rl  z,(x0  +  r,O-r2(x0  +  r,n 
L  l  2/1  z2(x0+r.f)i 


r. 


-sgnz2(x0+r,f)-/|Zj(x0+r.f)|  r, 


st&r  C*,(S+ZJ,* 


(A. 6) 


We  now  prove  Z2(x0 +7,0=0.  At  f=f„  we  have  l-aj(f,)=0  and 
<fa„/<ff Ij;  =0.  Assuming  Z2(x0  +  7, 0*0,'  we  can  use  (A.6)  to  obtain  daK/d{ |  **: 


iff 


=  isgnZ2(x0  +  7,£) 


f*°  +  rI  Zt(x0+T,f,)-r2(x0  +  T,i)  7 
L  ’  2/|Zj(x0  +  Z\f()| 

-sgnZ2(x0  +  7),f()/|Z,(x0  +  7,f‘ )|  Z,J  dx 

^  r  +  1  Z<(xo+T’i)-Y*(x<>  +  r-Vv 

1  2/jz2(x0  +  r,f,)| 


-sgn  z2( *0  +  £  )/|  z2( *0  +  7\ £  )|  y, 


<ix 
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The  factor  in  the  bracket  is  never  less  than  zero.  It  is  zero  only  when 


(y2\_  2  z2(x0+t)  (y,\ 

\Z2)  ~  Z,(x0  +  T)-Y2(x0  +  T)\ziJ’ 


but  this  cannot  happen,  since 


U:) 


and 


are  linearly  independent  We 


then  get  dax/d{\s‘  *0,  which  contradicts  the  fact  that  daR/d{]f—0.  We  have 
thus  proved  that  Z2( x0  +  T,  £)=0. 

Therefore  f,  is  also  a  root  of  the  family  y',  and  y,  coincides  with  f(.  Similarly,  £ 
is  also  a  root  of  ijJ,  and  ij,  coincides  with  At  £,  a,  =0,  a,  +b*  =0,  aj  =  1. 
Hence  we  conclude  that  at  £,  a, -b,  —b,  =bR  =0. 


(d)  y/(ij{)  (i=l,2,...,ao)  are  simple  roots. 

From  (AJ),  z2(x0  +  T, y/)=(-/'^r(y2J  +  Z22)<fx]Z,(x0  +  f,  y').  Since  yf  is  a 
root  of  Z2,  we  have  Z,( jc0  +  T,  yl')Y1(x0  +  7*,  y,')=  1.  which  implies  that  Z,(x0  + 
T,  y/)*0.  Since  f£+r(Y?  +Z|)dx>0,  we  have  r2(x0  +  r,  y/)^0.  We  thus  con¬ 
clude  y/  is  a  simple  root  of  Z2(x„ +r)=0. 

(e)  ir  either  a  simple  or  a  double  root  of  1  —a\  =0. 

To  prove  the  above  statement  we  need  to  prove  that  at  f4,  dlaR/d$1\i  »*0.  We 
only  prove  it  for  the  periodic  band  edges  (£);  the  proof  for  the  antiperiodic  band 
edges  follows  similarly. 

First  we  claim  that  K,(jc0  +  T,  £)=0.  The  proof  is  exactly  the  same  as  given  in 
[11].  At 


Z,(x0  +  T,  £ )  +  r2(xQ  +  T,  £ )  =  2,  (A.7.a) 

Z2(x0+r,£)  =0.  (A.7.b) 

Hence, 

zI(*o+z,^)y2(x0+r,f<)-zJ(x0+r,f<)r1(x0+r,^)  =  1.  (a.8) 
From  (A.7)  and  (A.8)  we  obtain 


Z.U  +  T’.S)*  y2(x0  +  7\£)=  1. 
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Hence, 

-fx'*r(ztzi+YiYi)dx. 

*0 

‘,(*'  +  T,f,)--{«'T(Y?+Zj)<L k. 

*0 

yi(xo  +  T,l)={Xt*T{Y?+Zt)dx, 

*0 

M*o+T’?<)  =  fX^T(ZiZ2  +  YtY2)dx, 

*0 

-  J**+7(  Z2  +  Y2)dx-  p*T(Z2  +  Y2)dx\  «S0. 

J*o  *0  J 

The  last  inequality  is  the  Cauchy-Schwarz  inequality.  It  is  clear  that  the  equality 
sign  occurs  when 


and 


(?,) 


are  linearly 


with  c  a  constant.  This  can  never  happen,  since 

independent.  Hence  we  have  d2aK/dZ2 |ft  <0,  and  thus  the  roots  of  1  ~a\  =0  are 
either  simple  or  double 


(0  Then  is  only  one  y,  ( or  tj,)  in  each  unstable  band. 


First  we  prove  that  there  will  be  at  least  one  y,  in  each  unstable  band.  At  two 
adjacent  band  edges  f,  and  ,  that  are  both  periodic  or  antiperiodic,  daK /df  |f,{ 
and  daK/d{'l[m[^i  have  different  signs.  From  (A. 6)  this  means  that  Z2(x0  +  T,Stj 
and  Z2(x0  +T,  £,+  ,)  have  different  signs.  From  continuity  there  must  be  a  point 
y,  in  between  ?,  and  Jj+1  such  that  Z3(jc0  +  r,  y()=0.  We  thus  proved  that  there 
will  be  at  least  one  y,  in  each  unstable  band. 

Next  we  prove  that  there  will  be  at  most  one  y,  in  each  unstable  band.  At  y(, 
Zj(xo  +  r,Y,)=0.  From  Y2(x0  -FT,  y,)Z,(x0  +  T,  y,)-  Y{(x0  +  T,  yt)Z2(x0  +  T,yt) 
*1,  we  have 
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and 


Hence, 


2  a^y,)=  r2(x0  +  r,y()  +  z1(x0  +  r,ri) 


=  y2(x0+r,ri.)  + 


1 

y2U0+r.y,r 


Ji(*0  +T.  yf)  =  a*(y,)  +  l/fl*(Y,)- 1  • 


It  is  clear  that  y2(x0  +  7,  y,)  can  have  only  a  definite  sign  in  each  unstable  band. 
l'i(Xo+7,yj)>0  if  a^y,)>  1,  and  Y1(xi)  +  T,yi)<0  if  a^yf)<-l. 

From  (AJ), 


zl(x0^T,yi)  =  -Zi(x0  +  r,yi)fx^  (tf+Z^dx 

* 0 


Since  the  integral  is  positive,  this  implies  that  r2(x0  +  T,yt)  can  only  have  a 
definite  sign  in  each  unstable  band,  so  that  Z2(x0  +  7,y,)  is  monotonic  in  one 
band.  This  proves  that  there  will  be  at  most  one  y,  in  each  unstable  band. 

(g)  daK/di^Ofor\an\<l. 

Consider  a  periodic  band  edge  If  at  a*(£)=  1  and  daK/d f |t;  <0,  then 
a*(f)  is  a  decreasing  function  of  ?  for  <£<£,'+«  where  a  is  a  small  positive 
number.  If  at  £',  a  *(£.')  ~ 1  and  <&*/«/£ |f;=0.  then  an($)  is  still  a  decreasing 
function  of  f  for  £'<£<£/ +<r  where  a  is  a  small  positive  number,  since 
OgOP<0.  ^ow  there  exists  a  p*  (/»*<£,')  such  that  l>a*(/x*)>  - 1.  We  show 
thatda*/<tf|f.,.*0: 

-l]  =  [Z,(xc+7,  p*)  -  y2(  x0  +  r,  m*)]2 
+ 4Z2(  xa + r,  p*)  y,(  x0 + t,  nm) 

<0  [since  —  l<a/,(/**)<lj. 

Hence,  Z2(x0  -*■  7,  fi*)y,(x0  +  7,  m*)<0,  so  that  Z2(x0  +  7,  ji*)yfc0.  From  (A.6), 
Thus  doj/df!,,.  <0  in  any  open  interval  ft  <?<m*  where  1> 
a^n*)>  - 1;  this  completes  the  proof. 

(h)  a(f )  and  Hi)  on  entire  functions  of  f. 

It  has  been  shown  in  [1]  that  a,(f )  and  d,(£)  are  entire  functions  of  {  for  the 
cubic  SchrOdinger  equation  on  the  infinite  interval  when  q-0  as  |x|>Af  ( M  is 
some  positive  constant).  The  Jost  functions  (+',  <p',  >T)  and  a,(f)  and  &,(£ )  are 
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defined  as  follows: 

a» 

*‘f'(  ^, )  as  x  -  -oo. 

~  *'f*(  jj  as  x--oo, 

♦'(*.£)  -  «,(f)*W)  +  *,(.  )V(x,S). 

To  obtain  a(f)  and  h(£)  in  the  periodic  problem  it  would  be  sufficient  to  solve 
(1.1)  with  the  following  potential: 

q(x)  =  0  for  x  >  x0  +  T  and  x  <  xQ , 

q(x)  =  given  periodic  potential 

for  x0  <  x  <  x0  +  T.  (A.9) 

The  reason  is  that  +(x)  and  #(x)  for  the  potential  (A.9)  will  be  the  same  as  the 
$(x)  and  J(x)  for  the  periodic  potential  in  the  interval  x0<x<x0  +  T.  Hence, 
we  shall  obtain  the  same  a(£)  and  b(S)  for  potential  (A.9)  as  we  do  for  the  given 
periodic  potential.  It  is  straightforward  to  show  that  a(.f )  and  b(£)  are  related  to 
a,(£)  and  h,(?)  as  follows: 

a(f)  =  e~,f7a,(£),  (AJO.a) 

*(f )  =  e'«J,»+n6,(  f).  (A.IO.b) 

Since  a,(£)  and  &,(£)  are  entire  functions,  we  conclude  that  a(f )  and  f>(£)  are  also 
entire  functions. 

It  has  been  shown  in  (1]  that  if  q  is  real,  a,(£)=af(-£).  From  (A.10.a)  we  find 
that  a(J)=a*(-f*).  Thus,  the  main  spectrum  appears  in  positive  and  negative 
pain. 

We  can  prove  this  identity  by  using  the  residue  theorem: 
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where  C  is  a  closed  contour  including  all  yJt  and  O  is  a  closed  circle  with  center  at 
the  origin  of  the  y  plane  and  with  infinite  radius  (R-»  so).  Then 


J_  f  y**Y  =  J_  f1’ Rk*'eilk*{)lide 
Jn 


2vi  J  ff  2  vi 

n  (y-y,) 

/■I 


N-iNt 


RNe 


(0  if  k<N~\% 
**11  if  k=N-\. 


Hence 


n 

2—J 5 

^  rr  / 


>-i  n.(r^r,) 
* 


“t.iV-l* 


0<*<A~1,  N  >  2. 


(j) Y'* 


The  above  identity  is  true  for  N=  1  and  N—2.  Assuming  it  is  true  for  N,  we 
prove  it  also  true  for  N+ 1: 


„/V-H 


Yy-Yv+l 


(Yw+i) 


y+i 


yY+i  * 

/-I  n<r,-»)  2  (r,-r,) 


1+) 

/¥>*+ 1 


-2 


v  * 

^  Y/Tv-., 


yi  n  (Yy-Y/)>-i  n(Y/~Y/) 

/*•/  /’*; 


(Tjf+i) 


,  IV+l 


r l 


-2  ^1^.2  nr 

7-1  U^Yy-Y,) 

w  y+i 

=  2  Yy  +Y^|=  2  Yy 
y-i  7-1 


We  have  thus  proved  the  identity  by  induction. 

(k)  lit  tkt  foeusing  case  not  all  £  ore  double  zeros  and  not  all  f,  ore  simple  zeros 
fl/ 1  —  <jJ  =0. 
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1 

i 


t 

i 


\ 


We  work  out  one  example  to  show  that  S,  can  be  a  higher  order  zero. 
Consider  on  2-band  potential  satisfying  the  differential  equation 

e0<?  +  2i c,qx  -  c2qxx  -  2c2q2q*  =  0  (A.l  1) 


(according  to  &Im  /&qm— 0).  X  and  p  can  be  calculated  by  using  (7.3): 

X(r)=jc0+2ffc1+c1(2ifI-«k|1), 

p(f)  stctqm  +  ic1^-{x0)-lSc2qa(x0). 

From  (A.11)  there  are  two  quantities  independent  of  x  which  are  related  to  the 
roots  of  1— a\  =0: 

2«r,|$|J  -  c2(qmqx  ~qq‘)  =  Li',  (A.12.a) 

(A.12.b) 


Then  the  complex  roots  of  1  -a\  =0  can  be  calculated  by  using  (7.3): 


+2c,A'>c2S')=°.  (A- 13) 

Therefore,  if  there  is  a  pair  of  complex  double  roots  (f„£f)  where  f,  =£*  +/?„, 
then  (A  13)  can  be  written  as  {S~S\)1{S~S\)1  or  85 

S*  +  4 fa!1  +  (f,Y +J,2/)  -  4?3?„  +  2Sl{Sh+Sh)  -  4ffIJt(tf, +f,2,)  =  0. 
Comparing  the  above  equation  with  (A.  13),  we  find 


4?i«=  “2c,/cj, 

4?i2x  7’2(f,l/,+f,2/)  *  2c~^  2  ' 
*cz  c2 

-4Uft+ff,)  =  ^+^. 
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Solving  the  four  equations,  we  have 


CpCl-cf 

4  cl 


A’ 


=  0, 


B'  =  0. 


We  therefore  conclude  that  a  complex  double  zero  is  possible  and  will  occur  in 
the  2-band  case  if  A'-O,  B'= 0,  and  c0c1-c?> 0.  Also,  if  ^'=0,  B‘= 0,  and 
c^cj  =cf,  we  will  have  a  real  quadruple  zero  of  i  —a*  =0. 


References 


|.  M.  J.  Altownz,  D.  I.  KaUT.  A.  C.  Newell,  and  R  SlOUR.  Studies  in  AppL  Mash.  53:249  (1974). 

2.  C.  S.  Gardner.  I.  M.  GalZN,  M.  D.  Kxuskal.  and  R.  M.  Miuax.  PSyr.  Pro.  Lett-  19:1095 

(1967);  Comm.  Pure  AppL  Math.  27:97(1974). 

3.  V.  E.  Zakharov  and  A.  B.  Shaba T,  Functional  AnaL  AppL  8:226  (1974). 

ASP.  Novikov,  Functional  AnaL  AppL  8:236  (1974). 

5.  B.  A.  DUBtOVW  and  S.  P.  Novikov.  Soviet  Physio  JETP  40:1058  (1975). 

6.  R  P.  McKean  and  P.  VanMoomks.  Invent  Math.  30:217  (1975). 

7.  R  P.  McKiah  and  R  Tauiowrrz.  Comm.  Pun  AppL  Math.  29:143  (1976V 

8.  A.R.10  and  V.  B.  Matverr.  Functional  AnaL  AppL  9:65  (1976). 

9.  B.  A.  Duaaovw,  V.  B.  Matveev,  and  S  P.  Novikov,  Russian  Math.  Surveys  31:59  (1976). 

10.  V.  B.  Matveev.  Abelian  fuacQoas  and  soli  torn,  to  appear. 

11.  W.  Maonus  and  W.  Winklir,  Hilts  Equation ,  Wiley- Intersaence.  New  York.  1966. 

12.  B.  M.  r  ire  H.  C.  Y UK,  R  RunoaLDBR.  and  W.  R  FERQUSON.  J.  Fluid  Meek.  83:49  (1977). 

13.  B.  A  Duaaovw,  Functional  AnaL  AppL  8.  No.  3  (1975). 

14.  Y.  C.  Ma,  Doctoral  Thou,  Princeton  Umv.,  1977. 


TRW  Inc. 

Clarkson  Coujoi  o»  technology 


(Received  February  4, 1980) 


Pm:  NONLINEAR  PHENOMENA  IN  PHYSICS  AND  BIOLOGY 
Edited  by  Richard  H.  Enns,  Billy  L.  Jones, 
Robert  M.  Miura,  end  Sedenend  S.  Rangnekar 
(Plenum  Publishing  Corporation,  1981) 


REMARKS  ON  NONLINEAR  EVOLUTION  EQUATIONS 
AND  THE  INVERSE  SCATTERING  TRANSFORM* 


Mark  J.  Ablowicz 

Department  of  Mathematics  and  Computer  Science 
Clarkson  College  of  Technology 
Potsdam,  N.Y.  13676 


*  this  work  was  partially  supported  by  the  Air  Force  Office  of 
Scientific  Research,  and  the  office  of  Naval  Research. 


83 


84 

TABLE  OF  CONTENTS 

I.  INTRODUCTION . 85 

II.  EXAMPLES  USING  THE  NONLINEAR  SCHRODINGER 

EQUATION . 86 

III.  THE  INTERMEDIATE  LONG-WAVE  EQUATION  .  89 


REFERENCES 


93 


REMARKS  ON  NONLINEAR  EVOLUTION  EQUATIONS  AND  THE  INVERSE  SCATTERING 
TRANSFORM 


Mark  J.  Ablowltz 

Department  of  Mathematics  and  Computer  Science 
Clarkson  College  of  Technology 
Pocsdam,  N.Y.  13676 


I.  INTRODUCTION 

In  recent  years  there  has  been  considerable  attention  devoted 
to  a  new  and  rapidly  developing  area  of  mathematical  physics,  namely 
the  Inverse  Scattering  Transform  (I.S.T.  for  short).  This  method- 
has  allowed  us  to  solve  certain  physically  interesting  nonlinear 
evolution  equations.  By  now  there  are  a  number  of  review  articles 
[for  example,  see  Scott  et  al,  1973;  Miura,  1976;  Ablowitz,  1978]  on 
this  subject  as  well  as  some  new  books  [for  example,  see  Zakharov 
et  al,  1980;  Ablowltz  and  Segur,  to  appear],  all  of  which  contain 
numerous  references. 

At  this  time  there  are  quite  a  few  areas  of  current  interest. 
Some  of  these  are  the  following: 

"Classical"  results  and  methods:  Namely, solltons ;  direct  and 
Inverse  scattering;  direct  methods  for  finding  solutions  via  Hirota’s 
bilinear  forma  or  direct  operations  on  Gel ' f and-Levitan-Marchenko 
integral  equations;  asymptotic  solutions  as  |t|  -*■  »;  prolongation 
structures;  periodic  and  other  types  of  boundary  conditions  (not  the 
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doubly  infinite  line);  perturbations;  discretizations;  physical 
applications;  numerical  simulations;  etc. 

Alternative  formulations  of  inverse  scattering  via  Riemann- 
Hilbert  Problems  [see  Zakharov  et  al,  1980;  Zakharov  and  Shabat, 

1979;  Zakharov  and  Mikhailov,  1978]. 

Multidimensional  problems:  Scattering  and  Inverse  scattering 
probleau;  some  multidimensional  nonlinear  evolution  equations 
solvable  by  I.S.T.  are  the  Kadomstev-Petviashvilli  equation,  Davey- 
Stewartson  equation,  three  wave  equations,  self-dual  Yang-Mills 
equation  and  others  [for  example,  see  Zakharov  et  al,  1980;  Ablowltz 
and  Segur,  to  appear;  Zakharov  and  Manakov,  1979;  Kaup,  1980; 

Proc.  of  Joint  U.S.-U.S.S.R.  Conf.  on  Sollton  Theory,  1979;  Zakhr  -ov 
and  Manaxov  (Crete  Conference) ] . 

Ordinary  differential  equations  of  Painleve  type;  monodromj 
preserving  deformations  [for  example,  see  Ablowltz  et  al,  1973; 

Sato  et  al,  1977;  Flashka  and  Newell,  co  appear]. 

Direct  and  inverse  scattering  problems  associated  with  cert 
nonlinear  singular  integro-dif ferentlal  equations,  namely  the 
Intermediate  Long-Wave  equation  and  Benjamin-Ono  equation,  [Satsuma 
et  al,  1979;  Satsuma  and  Ablowltz,  1980;  Kodama  et  al,'  to  be  published; 
Nakamura,  1979;  Bock  and  Kruskal,  1979]. 

In  this  lecture  I  intend  to  review  some  of  the  results  associated 
with  certain  continuous  and  discrete  (differential-difference,  partial 
difference)  nonlinear  evolution  equations  solvable  by  inverse 
scattering. 

II.  EXAMPLES  USING  THE  NONLINEAR  SCHRODINGER  EQUATION 


The  prototype  equations  we  will  study  are  for  the  nonlinear 
Schrodinger  (NLS)  equation. 


(a)  Partial  differential  equation, 

1U,.  -  U__  ±  2U2U* 

w  XX 

(U*  is  the  complex  conjugate  of  U) . 

(b)  Differential-difference  equations, 

...  1 


(2.1) 


iU 


nt 


(Ax) 


(U  .  +U  -2U  )  ±  U  U  (U  +U  )  . 
2  '  n+i  a-l  n'  n  nv  n+i  n-l' 


(2.2) 


i 


4 


I 


j 

t 


J 

1 
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(c)  Partial-difference  equations, 

IaV1 

SB 

At  2 (Ax) 


2  ■  ,£*  2  («  2 

*tRK*C  "  ^.’CXT*  tt 

L  —  ao 


+  Ua(Dm*Um  +Uffl+1*^>  +  U“  ) 

n  n  n+i  n  n+i  n  n-i  n  n-i  a 


-  'Z  z  f&C' £  • 

—  ao  ^  « 


where 

1±  (Ax)2U?+1U?+i  * 

A?1  *  K  K 

^  n<«2«K 

s*  •  • 


(2.3) 


Each  of  these  equations  has  solitons  and  an  infinite  number  of  con¬ 
served  quantities,  and  is  solvable  by  linear  integral  (for  continuous 
cases)  or  summation  (for  discrete  cases)  equations.  Each  of  the 
results  for  the  discrete  equation  relax  properly  to  the  continuum 
limit  as  Ax-*-0  and  At^O  (in  the  partial  difference  case).  It  chould 
be  stressed  that  these  are  only  prototype  results.  In  principle  one 
may  get  analogous  results  associated  with  any  continuous  equation 
(e.g.,  Korteweg-deVries  (KdV) ,  modified  Korteweg-deVries,  etc.). 

We  also  remark  that  recently  we  have  carried  out  some  numerical 
simulations  using  Eq.  (2.3)  as  a  difference  approximation  of  Eq.  (2.1) 
and  have  found  it  to  be  very  accurate  and  efficient  [Taha  and 
Ablowltz,  1980]. 


The  basic  point  of  view  is  to  work  with  the  associated  linear 
scattering  problem  and  its  respective  discretizations.  Namely,  for 
some  partial  differential  equations,  such  as  (2.1),  the  associated 
scattering  problem  is: 


vix  ■  -«vx+q^ 

V2x  -  iCV2+rVl 


(2.4) 


1 


I 
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and  for  differ an tial-diff trance  and  partial-dif ferance  equations, 
such  as  (2.2),  (2.3): 


V,  -  ZV  40  V 
ln+1  in  Ti  2n 

'  T  Wl.  ' 
««  ‘  “V  "r,  '  “*«>• 


(2.5) 


Following  the  methods  outlined  In  Ablowitz  [1978]  and  Ablowitz 
and  Segur  [to  appear]  one  can  find  classes  of  nonlinear  evolution 
equations  (both  continuous  associated  with  (2.4)  and  discrete  asso¬ 
ciated  with  (2.5)  where  each  equation  has  solitons,  an  infinite 
number  of  conserved  quantities,  and  is  solvable  by  I.S.T. 


Briefly,  the  main  results  may  be  summarized  as  follows: 


(a)  For  the  continuous  problem,  from  initial  conditions  we  may 
calculate : 


F(x) 


-  b(k,0)e"i(kX“"(2k>t)dk 

N  -i(c.x-al(2c.)t) 

-i£c.(0)e  3  3 

\  J 


(2.6a) 


where  w(k)  is  the  linearized  dispersion  relation,  obtained  by 
seeking  solutions  of  the  form 

,  i(kx-<ut) 
u  ^  •  • 

For  example,  in  the  NLS  equation  u(k)  *  -k2 ,  and  from  (2.4), 

(b(k,0) ,  (Cj  (0)  ,  Cj 

are  the  required  scattering  data  [for  example,  see  Ablowitz, 
1978;  Ablowitz  and  Segur,  to  appear].  If  we  can  solve  the 
linear  integral  equation  (y>x) 

K(x,y)-F(x+y)  t  ^  ^  K(x,s)F*(s+z)  F (z+y)dzds  -  0  ,  (2.6b) 

then  U  3  r  ■  t  q*  is  given  by 
0(x,t)  •  t  2K*(x,x)  . 


(2.6c) 
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(b)  For  the  discrete  problem,  the  results  may  be  summarized  as 
follows.  From  the  initial  data  we  must  calculate: 

F(n)  -  , 


(2.7a) 


where 

b(s;t/m)  -  b(z;0) 


C^t/m)  -  ^(0)  . 


-iw(z2)t  differential-difference 


(«(z2))“ 


#-iw(z2)t 

(<-(*2))“ 


partial-difference 


From  (2.5)  the  functions  (b(z,0),  (0^(0), 

are  the  required  scattering  data.  Then  we  must  solve 
the  linear  summation  equation  (&>n) 

ic(n,t)-F(n-Ht)  i  £  £  <(n,n,')F*(ri,'+n')F(n,+i)  -  0 

n '  ,a"*n+l 

and  find  the  solution  (Un  s  RqMx  *  +  Q^) 

II  -  t  ic*(n,n+i)/dic  . 

tl 


(2.7b) 


(2.7c) 


Since  the  details  of  soliton  calculations,  conserved  quantities, 
direct  and  inverse  scattering  are  worked  out  in  Ablowltz  [1978], 
Ablovltz  and  Segur  [to  appear]  and  Zakharov  et  al  [1980],  I  will  not 
pursue  these  matters  further  here. 

HI.  THE  INTERMEDIATE  LONG-WAVE  EQUATION 


In  the  remaining  portion  of  these  lectures  I  wish  to  make  some 
comments  on  a  problem  I  mentioned  earlier.  This  concerns  very 
recent  work  we  have  been  doing  on  the  intermediate  long  wave  (I.L.W.) 
equation,  namely, 


°t+2TO*+V5+*(u«>  “ 0 » 


(3.1) 


where 


coth  ~  (5  -x)U(5)dC 


(3.1a) 
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and  J  m  represents  Che  Cauchy  principal  value  integral.  Equation 

(3.1)  is  a  nonlinear  singular  integro-differential  equation.  As 
J  *  0  w*  have  the  KdV  equation, 

tJ  +  2UU  +  |  0 _  -  0  (3.2 

t  X  3  XXX 

and  »s  4  +  •  we  have  the  Benjamin-Ono  equation 

tTt  +  2TOx  +  H(Uxx)  -*  0  •  0-3 


where 


1 1’  m 

»  5-* 


is  the  usual  Hilbert  transform,  thus  it  is  intermediate  between  two 
Important  equations.  Physically  speaking,  it  has  been  derived  in 
the  context  of  long  internal  waves  in  a  stratified  fluid  [see 
Joseph,' 1977;  Kubota  et  al,  1978]. 


Recently  it  has  been  shown  that  there  are  solltons,  an  infinite 
number  of  conserved  quantities,  a  Backlund  transform,  an  associated 
novel  type  of  linear  scattering  problem,  and  solutions  via  linear 
Gel ' f and-Levitan-Marchenlco  type  integral  equations  (see  Satsuma 
et  al,  1979;  Satsuma  and  Ablowlcz,  1980;  Kodama  et  al,  to  be  published, 
Nakamura,  1979;  Bock  and  Kruskal,  1979;  and  associated  references). 

Z  shall  only  mention  Che  basic  results  here. 

To  appreciate  the  novelty  of  the  scattering  problem,  we  should 
recall  the  following  Plemelj  formulae  associated  with  Che  operator 
?.  Namely  let  l»4(x)  be  the  boundary  values  of  certain  functions 
4>±(x)  analytic  in  horizontal  strips  of  width  2d  (4>+(z)  analytic  for 
0<Imz<2d,  <tT(z)  analytic  for  -  2d  <  Imz  <  0)  and  periodically 


extended,  namely. 

p+(x)  -  lia 

51  l 

Imz+0 

d>~  (x)  •  11m 

*  L 

Imz+0 

By  periodicity  p”(x)  • 

coth  i  (5  -  z)  u  (5)d5 


coth  (5  -  z)  u  «)dC 


(i  +  f)  u  (x) 


(3.4a) 


(-i  +  T)  u  (x) 


(3.4b' 


associated  time  dependence  is  given  by 
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+  (u-A)iJ>+  -  ylT  ,  (3.5) 

i#t  +  +  +  CC+i-T)  0x  +  v]*4  -  0  (3.6) 

where  A  ,y  ,v  are  constants  appropriately  defined  by  the  lost 
functions . 

Sons  of  the  main  points  to  note  are  the  following: 

(a)  Equation  (3.5)  la  Interpreted  as  a  differential  Rieaann-Hilbert 
problea.  For  finite  5  It  also  is  a  differential -difference 
(for  complex  x)  equation. 

(b)  Compatibility  of  (3.5)  and  (3.6)  yields  Che  I.L.W.  equation 
(3.1). 

(c)  As  5  -*■  0  all  results  associated  with  KdV  and  the  Schrodlnger, 
scattering  problea  are  recovered. 

(d)  The  following  Gel* fand-Levitan  equation  produces  the  solution 
of  the  I.L.W.  equation 

K(x.y)+F(x,y)  +  J  S(x,s)F(s,y)ds  •  0,  (y>x) 

where, 

u(x)  •  i(K+(x,x)-K~(x,x))  , 

Tu(x)  »  -(R+(x,x)+K”(x,x))  , 

K“(x,y)  -  K+(x+2i4 , y+215)  ,  (3.7) 

and  F(x,y)  satisfies, 

LjF  -  (l3x+-^)F+(x,y)  +  (i3y-~)F"(x,y)  -  0,  (3.8a) 

1*2 F  -  («  +32-32)f(x,y)  .  0  .  (3.8b) 

N-soliton  solutions  can  be  constructed  by  assuaing  exponential 
solutions  for  F,  i.e., 

M 

F(x,y)  •  Cl(t)exp(ic_lx+i;+ty)  , 


(3.9) 
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where 

C±1  -  ix^lic^otlK^ -jg)  , 

C4(t)  -  C^OexpMic^i^cotliejd  -yj)t)  . 

A  one-soliton  solution  is  givsn  by 
2<isin2icii 

U  "  cosh2i«i  (x-xoTt)  )+coa2ie1  6  ’ 


vhsrs 


xo(t)  -  (2ie1)"1ln(C1Ct)/2ic1)  . 


It  should  bs  remarked  thst  ths  analytical  scattering  sad 
Inverse  scsttsring  analysis  yields  an  explicit  representation  fo. 
F(x,y)  [see  Kodama  et  al ,  to  be  published]; 


F(x,y) 


_L  f"  bOc.t)  Ujc+iC+y 

2lT  3-1/25  *(k,c) 


+ 


N 

z 


Cl(t)exp(iC_lx+iC+ty) 


(3.11) 


where 

b(k,t)  -  b(k,0)exp(-4ik(kcoth2k5+i)t)  , 

Zw 

e(k,t)  -  a(k,0)  , 

Ct(t)  -  -ib(kl-iieltt)/e,(k-iKl)  . 

These  results  are  valid  for  given  5  and  aax|u(x,o)|  chosen  smell 
enough.  When  6  ■  (the  Benjamin-Ono  limit)  new  singularities  may 

appear.  We  are  presently  investigating  this  situation. 
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1.  INTRODUCTION 

The  use  of  the  celebrated  Gel 1 f and-Levitan-Marchenko 
(GLM)  equation  C  1  3  for  both  obtaining  potentials  of  the 
Schrodinger  scattering  problem  as  well  as  for  solving  the 
initial  value  problem  of  the  Korteweg-deVries  (KdV)  equa¬ 
tion  [23  has  been  well  established.  However,  in  spite  of 
its  wide  applicability  the  GLM  equation  has  certain  limi¬ 
tations.  Namely  it  characterizes  only  those  potentials- 
solutions  which  decay  fast  enough  as  |xj-*-°°  [  3  3.  The  follow¬ 
ing  two  well  known  examples  readily  illustrate  the  above 
point: 

i)  Consider  the  problem  of  finding  solutions  of  the 

KdV  ut+6uux+uxxx~0  which  decay  like  0  (^)  as  Jx  |+-».  These 

x 

solutions  are  outside  the  range  of  applicability  of  the  GLM 
equation.  Ablowitz  and  Cornille  [43  analyzed  such  solu¬ 
tions  by  "perturbing"  the  GLM  equation  around  uo=-2/x2.  uq 

is  a  solution  of  KdV  (the  degenerate  solutions  of  this 
"perturbed"  GLM  equation  are  the  so-called  quasi-soli tons)  . 
Similar  "perturbed"  GLM.  equations  can  be  found  by  perturb¬ 
ing  around  any  "natural  state”  of  the  KdV  [53. 

ii)  Consider  the  problem  of  finding  the  self-similar 
solutions  of  the  KdV  (i.e.  the  solutions  of  KdV  invariant 
under  a  scaling  transformation) .  These  solutions  satisfy  a 
third  order  ODE;  this  ODE  is  of  the  Painlev4  type  and  its 
first  integral  is  related,  through  a  one  to  one  map,  to 
Painlev6  II  [63.  Using  the  ideas  of  Ablowitz  and  Segur  [73 
one  may  obtain,  via  the  GLM  equation  (properly  scaled) , 
a  one  parameter  family  of  solutions  of  this  third  order  ODE. 
Hov;  can  one  obtain  a  three  parameter  family  of  solutions? 

It  is  quite  clear  that  one  needs  a  more  general  equation 
than  the  GLM  equation. 

Recently  [  8  3  we  have  proposed  such  a  generalization 
to  the  GLM  equation.  Furthermore,  we  have  used  this  genera¬ 
lized  equation  to  characterize  a  three  parameter  family  of 
solutions  of  the  ODE  mentioned  in  ii)  above,  through  a  system 
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of  Fredholm  equations  [83.  The  sense  in  which  our  equa¬ 
tion  provides  a  generalization  to  the  GLM  equation  can  be 
best  understood  by  recalling  the  "direct  approach"  method 
of  Zakharov  and  Shabat  [93:  These  authors,  bypassing  the 
connection  with  inverse  scattering  and  using  certain 
linear  operators,  proved  directly  that  solutions  of  the  GLM 
equation  (i.e.  solutions  of  a  linear  integral  equation  of 
the  Fredholm  type)  are  also  solutions  of  the  KdV  equation. 
Similarly,  we  have  proved  directly  that  solutions  of  a 
rather  general  linear  integral  equation  (which  in  some  cases 
is  _ t  sj^gUjar  integral  equation)  are  also  solutions  of  the 
KdV  equation.  The  generality  of  our  equation  results  from 
the  fact  that  it  involves  an  arbitrary  measure-contour.  Actually 
for  a  specific  choice  of  the  measure-contour  it  reduces  to 
the  so-called  k-space  equation  recently  introduced  by  Newton 
[103,  and  shown  to  be  equivalent  to  the  GLM  equation. 

It  should  be  noted  that  in  the  linear  limit  our  approach 
yields  the  general  solution  of  the  underlying  linear  equation 
u.+u  *0  (this  is  a  consequence  of  the  so-called  Ehrenpreis 
principle) .  This  should  be  contrasted  with  the  linear  limit 
of  the  GLM  equation  which  yield  only  those  solutions  of 
u  +u  =0  which  arc  obtained  through  the  Fourier  transform. 

In  this  sense,  our  equation  can  be  thought  of  as  the  analogue 
of  a  generalized  transform  for  solving  a  nonlinear  PDE,  in 
the  same  way  that  the  GLM  equation  corresponds  to  the  Fourier 
transform. 

*  In  this  note  we 

a)  present  a  direct  proof  of  our  new  linearization 
and  comment  on  its  linear  limit; 

b)  present  the  analogous  generalization  to  the 
"perturbed"  GLM  equation  discussed  in  i)  above. 


2.  THE  MAIN  RESULTS 


Theorem  1 


Let  $(k,x,t)  be  a  solution  of 

(1)  M<$*  ♦(k;x,t)+iei(kx+k3t)^li|i|iil  dU*)»ei(kx+k3t)l 


Then 


(2)  u  *"  “  ■§£  /♦(kjx,t)dc(k) 


solves  the  KdV  equation 

(3)  ut+6uux+uxx)t  -0. 

Before  proving  this  result  we  make  the  following  remarks. 
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REMARKS 


1.  The  measure  dc{£)  and  contour  L  above  are  quite 
arbitrary-  The  only  assumption  made  is  that  equation  (1) 
is  well  defined  in  the  sense  that  one  can  interchange 
differentiations  w.r.t.  x  and  t  and  the  integral  along  L. 

2.  If  the  nonlinearity  is  absent  then  equation  (1) 

_  3 

yields  <J>  =  exp(i(kx+k  t) )  .  Hence  equation  (2)  implies 

(4)  "  =  “  hi  £el(kX+k3t)<*C(k). 

This  is  the  general  solution  (Ehrenpreis  principle)  of  the 
linear  equation: 


(5) 


ufc+u 


XXX 


0. 


3.  $(k;x,t)  is  directly  related  to  the  Schrodinger 
eigenvalue  problem 

(6)  $xx+u<f>“ik,<,x  “  °* 

Let  <J>  =*  tjjexp (J* (kx+k^t)')  and  equation  (6)  reduces  to  the 
usual  Schrodinger  ^quation 

(7)  *xx+((7)  +u),{'  *  °- 

4.  For  the  proof,  we  also  assume  that  the  homogeneous 
equation  corresponding  to  (1)  has  only  the  trivial  solution. 


PROOF 

Proving  that  u  as  defined  by  (2)  solves  the  KdV  is 
equivalent  to  proving  that  <J>  satisfies 

(8)  n($)  f  *t+<^cxx“3(/<{x()l)d?(Jt)),,'x  "  °* 

**  3 

However,  applying  the  operator  3. +3  to  (1)  one  easily 

t  X 

establishes  that 

(9)  m  *  3k[i<|>xx+k4)x-i{/0x{£)dC()l))*3  =  3kw, 

L 

where  the  linear  operator  M  is  defined  in  (1) .  Similarly, 

2 

applying  the  operator  i3  +k3  to  (1)  one  obtains 

X  X 

(10)  MW  -  0. 

Hence,  because  of  the  assumption  4  above,  w  -  0  and  hence 
equation  (9)  implies  U  -  0. 
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Particular  choices  of  the  measure-contour  in  (1)  yield 
C  § ]  i)  a  three  parameter  family  of  solutions  of  the  ODd 
mentioned  in  the  introduction;  ii)  the  class  of  solutions 
obtainable  through  the  usual  inverse  scattering  transform 
method . 

We  now  present  an  example  of  another  linearization  of 
KdV  corresponding  to  the  "perturbed"  GLM  equation  discussed 
in  the  introduction. 


Theorem  2 


Let  $(k;x,t)  be  a  solution  of 

3  2i  2i 

(11)  ip(k;x,t)+iel(kx+k  t)/ll+Ix*kx)  *  U;x,  t)dc  U) 

L  ^ 


Then 


-  ei(kx+k  11 . 


(12)  u  -  /*(k;x,t)  (l+§i)dt(k) 

x^  3x  L  kX 

solves  the  KdV  equation  (3) . 
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1.  INTRODUCTION 


The  Benjamin-Ono  (BO)  equation  Cl  3  is  a  nonlinear 
singular-integro-dif f erential  equation  which  describes 
long  internal  gravity  waves  in  stratified  fluid.  It  has 
been  established  that  the  BO  equation  possesses:  a)  N  soli- 
ton  solutions  [2],  [33;  b)  Backlund  transformations,  conser¬ 
vation  laws,  and  a  novel  Lax  pair  [4  3,  [5  3;  c)  two  non¬ 
local  linear  operators  which  generate  its  infinitely  many 
commuting  symmetries  and  constants  of  motion  in  involution C 6 3 . 

In  this  note  we  outline  a  method  of  solution  for  the 
initial  value  problem  of  the  BO  equation,  which  we  take  in 
the  form 


(1) 


u.+2uu  +Hu 

t  X  XX 


=  0;  Kv(x) 


_  1  fv£ 

h- 


U) 


where  H  denotes  the  Hilbert  transform  and  principal  value 
integrals  are  assumed  if  needed.  We  make  use  of  the  Lax 
pair 

(2) 


i$++A  (4>+-4>~)  =  -u*+ 
x 


(3)  id*  -  2iA4>'+0  -2i[u3~<!>~  =  -v4>  , 

t  X  XX  X  ' 

where  d+(x,t;A) ($  )  is  the  limit  of  a  function  analytic  in 
the  upper  (lower)  half  z-pla^e  as  z+x  (z  is  the  complex  ex¬ 
tension  of  x) ;  similarly  Cu3  ,  Cu3  are  the  (+)_and  (-) 
par£s  of  u(x,t)  respectively,  i.e.  u  =  Cu3  -Cu]  ,  where 
Cu3  ,  [u3  are.  analytic  in  the  upper  and  lower  half  z-plane 
respectively  (X  is  constant  and  is  interpreted  as  a  spectral 
parameter,  v  is  an  arbitrary  constant). 

Our  method  differes  substantially  from  the  inverse 
scattering  transform  method  as  applied  for  example  to  the 
Korteweg-deVries  equation.  We  think  that  the  "inverse  prob¬ 
lem"  associated  with  (2)  is  not  solvable  (in  the  usual  sense) 
and,  as  a  result  of  this,  equations  (3)~  (i.e.  the  time-part 
of  the  Lax  pair)  play  now  a  fundamental  role. 

The  method  we  propose  for  linearizing  (1)  consists 
essentially  of -the  following  steps  (we  only  state  the  results 
for  the  (+)  functions,  since  the  results  for  the  (-)  functions 
are  similar) : 
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a)  Use  equation  (2)  to  express  [u]  in  terms  of  4>  and  the 
"reflection  coefficient". 

b)  Use  equation  (3)  to  find  how  the  "reflection  coefficient" 
evolves  in  time  and  then  substitute  the  expression  obtained 
in  a)  in  equation  (3),  to  obtain  a  nonlinear  equation  for 

a+ 

V  *  + 

c)  Linearize  the  above  equation  for  $  to  its  linear  part, 
either  by  an  explicit  transformation  (in  the  case  of  solitons 
only)  or  by  a  linear  integral  equation  (in  the  general  case) . 

2.  THE  X-EIGENVALUE  PROBLEM 

Equation  (2)  should  be  interpreted  as  a  differential 
Riemann-Hilbert  problem  for  the  analytic  functions  4»-  ( z ,  t ,  X ) .  . 
Equation  (2)  describes  the  jump  condition  across  the  real 
axis  x;  it  yields  unique  solutions  for  O1  provided  one  im¬ 
poses  some  boundary  conditions  as  z-*-«>,  say  ,  in  the  upper 
half -plane.  Here  we  assume  that  either  4>+  (z ,  t,  X)  ->-o ,  or  1,  as 
IK(z)>o. 

i)  Left  and  right  eigenfunctions 

Consideration  of  the  equation  (2)  with  the  above 
boundary  conditions  yields  that:  a)  there  exist  continuous 
eigenfunctions  (x,t,X) ,  where  X  is  real  and  positive,  and 
these  eigenfunctions  satisfy  Fredholm  equations  of  th^ 
second  type;  b)  there  exist  discrete  eigenfunctions  $~(x,t,X.), 
where  X  .  are  real  and  negative,  and  these  eigenfunctions 
satis fy-Jhomogeneous  Fredholm  equations.  More  specifically, 
let  us  consider  only  the  (+)  functions  and  let  M,M  denote 
"left"  eigenfunctions,  while  N,N  denote  "right"  eigen¬ 
functions.  These  eigenfunctions  are  specified  by  the  follow¬ 
ing  asymptotic  behavior. 


(4)  M-l 


(5)  N-l 


fi->eiXxj  X'>-“ 


iXx;  x->+w 


Furthermore,  let  $ .  denote  the  descrete  (+)  eigenfunctions. 
Then 

/ M(x,t,X)\  /  -I  \  7  +  /M(y,t,X)\dy 

(6)  I  =  +  G  (x,y,  X)  u  (y ,  t)  _  , 

\M(x,t,X)/  \  iXxy  Jo  \M(y,t,X)/ 


N (x, t, X) 
N (x, t ,  X) 


■  J  *  1 


G~(x,y,X)u  (y,t) 


N(y,t,X)\  dy 
N(y,t,X), 


-  —ri 


CO 


-3- 


(8) 


(x,t) 


=  jG(x,y,X..)u(y,t)<i>..  (y,t)dy. 


In  the  above  expressions  G+,  G~  are  the  (+)  and  {.-)  parts 
of  the  sectionally  holomorphic  function 

i  7  ei(x~y)p 

(9)  G(x,y,c)  =  if  J  - 

o 

where  C  denotes  the  complex  extension  of  X,  i.e. 


(10)  G±(x/y,X) 


iim 

£->o 


_1  T  e1(x~ylp  dp 
2ir  J  p-(X±ie) 
o 


Equations  (6)  and  (7)  can  also  be  obtained  from  the  corre~ 
sponding  equations  associated  with  the  intermediate  long 
wave  equation  [  7  ]  in  the  appropriate  limit. 

The  line  of  discontinuity  of  G  is  given  by  the  positive 
X  axis,  hence  using  Plemel j ' s  formulae  [8] 


(ID 


G+-G~ 


I  ie 

Vo 


i (x-y) A 


A>o 
X  <o 


In  particular  for  the  discrete  eigenfunctions  X^, 
G+-G"-G(x,y,Xj) . 


ii)  The  relationship  between  left  and  right  eigen¬ 
functions" 

There  exists  the  following  relationship  between 
left  and  right  eigenfunctions 


(12)  M  »  N  +6  (X, t)N; X>c 


where 


M  *  N 


B(X,t) 


;  X<o 

CO 

iju  (y » t)M(y ,  t ,  X )  e  i?‘ydy 

-QO 
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PROOF 


Let  A  =  M-N.  Then  using  (6)  ,  (7) 

CO  CD 

A  =  1  + 

—  co  «co 

CO  CO 

=  |c+uMdy  - 

—  CO  —to 


|g”u (M-A) dy . 


G+uMdy 


-1-  |g  uNdy  = 


Hence  «®  « 

(13)  A  -  |G~uAdy  =  ielXx  Je“iXyUMdy, 

OO  CO 

where  we  have  used  (11) •  Equation  (13)  implies  that 
A  =  B(X,t)N. 


iii)  Some  analyticity  properties 

The  results  of  Fredholm  theory  imply  that  M  is  a 
(+)  function  in  the  c-plane,  except  for  possible  poles. 
These  poles  correspond  to  homogeneous  solutions  of  equation 
(6) .  Hence 


(14)  M 


p  c.$. 


M  is  a  (+)  function  in  X. 


Similarly 
(15)  N 


P  i 
1+  L 

1  A~ 


M  is  a  (-)  function  in  X. 


The  above  representations,  together  with  knov/ledge  of 
B,  are  inadequate  for  solving  the  "inverse  problem"  associ¬ 
ated  with  (12).  However,  using  equations  (12),  (14),  (15) 
one  obtains  the  following  important  relationship. 

CO 

(15)  Cu3+  =  |b  (X,  t) N (x, t, X) dX-?c^  (t)  (x,  t) 

o 


iv) 

that 

(17) 


The  time  evolution  + 

Using  equation  (12)  in  (3)  one  easily  establishes 

2 

Cj  (t)  =  constants,  B(X,t)  =  BQ(X)elX 
Xj(t)  =  constants. 


TT 
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3.  THE  t-PART  OF  THE  LAX  PAIR 
i)  Solitons 

Let  =  0.  Then  substituting  (1 6)  into  (.3)  one 
obtains  the  following  system  of  coupled  nonlinear  PDE's: 

P 

(18)  4> . . -2X  .  -i<5>.  +2(Ec-«-b)  *.  =  0. 

}t  ]  ]x  3XX  i  f,  I’x  3 


If  one  assumes  that 


p  ckj(t) 


”  £  X-X.(t)' 


one  is  led  to  the  Calogero-floser  system  [9] 


xk  =  8  I 


,,  k=l,...,p 


1=1  (xk-xt)- 


Hence,  using  (16)  (and  its  complex  conjugate)  one  recovers 
the  well  known  P-soliton  solution  of  the  BO  equation.  Thus, 
the  P- solitons  correspond  to  the  discrete  spectrum  of  the 
eigenvalue  equation  (2) . 

.  Recently  Clo3  we  have  been  able  to  linearize  equations 
(18) :  the  transformations 


(19)  $..(x,t)  -V..(x,t)  -  iEc^i^  (x,  t)W^  s  (x,  t)  , 


where 

(20)  W. 


x 

=  e1(Xj“X)l)x  Jv..  (C,t)e“iaj~Xy,)CdC 


+  B(t)ei(Xj"Xf)(x-a), 


(21)  Bt  +  i{*j[-X*)  B  =  (Xj.+Xj)  V (a, t, X) 

+  iVx(a,t,X),  a  arbitrary, 
relate  equations  (18)  to  the  linear  equations 

(22)  V..-2X.V.  -iv.  =  0. 

3t  ]x  3 xx 
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ii)  The  general  case 

Substituting  (16)  into  (3)  one  obtains 

CO 

(23)  '  0 

0 

Oft 

(24,  *jt-2«jx-i«;jxx-2C27l|60(T,(laT-K40]x'fj  *  °- 


where 


iX2t 


The  above  equations  can  also  be  linearized  to  their  linear 
parts  with  the  aid  of  an  integral  equation  C 1 0 1  -  This 
linearization  can  be  used  for  solving  the  initial  value 
problem  of  the  BO  equation.  Here,  we  only  prove  this 
linearization  (we  actually  prove  a  slightly  stronger  result 
than  the  one  needed  here) .  A  complete  discussion  of  the 
initial  value  problem  is  given  in  [10]. 

Theorem 

Let  \Mx,t,A)  be  a  solution  of 

(25)  <J>  (x,  t,  X)  =  V(x,t,X)-iji|>(x,t,t  )W(X,fc,x,  t)dp  (£) , 

L 

v/here  V(x,t,X)  and  W(X,£,x,t)  are  defined  by 
(25)  ^(X)V=Vt-2XVx-iVxx  =  0, 

x 

(27)  W  ( X ,  £ ,  x ,  t)  =  e1  {X_£)x[v(X,f;,t)e“;L(X~2'UdC 


+  B(t,X,£)el(X_i)  (x_a)  , 

(28)  B  +i(fc2-X2)B*(X+£)V(a,t,X)+iV  (a,t,X) . 
t  ^ 

Assume  that  the— homogeneous  equation  corresponding  to  (25) 
has  only  the  trivial  solution  and  that  one  may  interchange 
differentiations  w.r.t.  x,t  and  the  integral  along  L.  Then 
$  also  solves  the  nonlinear  equation 


i 


(29)  -2Xti-itJ,  +2  (  L  0t)dp(.O)e>B  o. 

u  X  XX  J  x 


PROOF 


Let  ^  satisfy  (25).  Then 


nw  (x)+ijn(*)  (2.)  w  (x ,  t)  dp  (a)  =  ;£(X)v 

L 

-iju/u)X(X)w(xf  nap  a) 


-2^(2)  [Wx(X,  &)+i(l-X)V7(X,l)-V(X)  3dP(f.)  -  0. 

L 

Hence,  ft(^)  =  0  provided  that 

(30)  <?f(X)V  -  0,  £(X)W(X,l)  =  0,  W  +i(£-X)W-V  *  0. 

X 

Equation  (30. a)  is  equation  (26)  and  equation  (30. c)  is 
equivalent  to  equation  (27,)  .  To  satisfy  equation  (30. b)  use 
equation  (27)  and  integration  by  parts,  this  readily  yields 
equation  (28) . 

It  is  clear  that  equations  (23) , (24)  are  a  special  case 
of  (2  9)  where  d?  U)  =  [Ec  .  5  (2.-X  . )-  ■=ir-S  U)  )dJ. . 

^  3  3  fciti  o 
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Note  on  Asymptotic  Solutions  of  the 
Korteweg-de  Vries  Equation  with  Soiitons 


By  Mark  J.  Ablowitz  and  Yuji  Kodama * 


The  long  time  asymptotic  solution  of  the  K.oneweg-de  Vries  equation  containing 
both  soiitons  and  the  dispersive  wavetrain  is  described.  It  is  shown  that  a  soli  ton 
interacts  elastically  both  with  the  dispersive  wavetrain  and  with  other  soiitons.  An 
explicit  formula  for  the  phase  shift  produced  upon  interaction  is  given.  These 
ideas  also  apply  to  other  nonlinear  evolution  equations  solvable  by  the  inverse 
scattering  transform. 


I.  Introduction 

It  is  by  now  well  known  that  the  Korteweg-de  Vries  (KdV)  equation  has  a 
solution  which  consists  of  soiitons  and  a  dispersive  wavetrain.  The  soiitons  and 
dispersive  wavetrain  are  associated  with  the  discrete  and  continuous  spectra, 
respectively,  in  the  related  SchrOdinger  scattering  problem  [1.2].  Aspects  of  the 
asymptotic  behavior  of  the  solution  have  been  discussed  by  numerous  authors. 
For  example,  pure  V-soliton  solutions  and  their  phase  shifts  have  been  discussed 
in  [1-5],  and  the  long  time  asymptotic  solution  of  the  dispersive  wavetrain 
without  soiitons  has  also  been  considered  in  the  literature  (see  for  example  [6, 7]). 
A  review  of  the  latter  work  as  well  as  the  connection  formulas  for  the  second 
Painleve  equation  was  presented  in  [8],  The  work  in  [8]  clears  up,  once  and  for  all, 
the  various  errors,  misstatements,  and  ambiguities  regarding  the  0(1)  asymptotic 
solution  of  the  dispersive  wavetrain.  However,  the  problem  of  long  time  asymp¬ 
totic  states  evolving  from  initial  data  containing  both  soiitons  and  dispersive 
wavetrain  remains  unresolved.  A  difficulty  that  must  be  overcome  is  that  the 
soiitons  and  dispersive  wavetrain  are  of  differing,  exponentially  small  asymptotic 


Address  tor  correspondence:  Professor  Mark  J.  Ablowitz,  Depart  mem  of  Mathematics.  Clarkson 
College  of  Technology.  Potsdam.  IVY  13676. 

’Present  Address:  Beil  Laboratories.  Murray  Hill.  NJ  07974. 

STUDIES  IN  APPLIED  MATHEMATICS  66:159-170  (1982)  159 

Copyright  c  1982  by  the  Massachusetts  Institute  of  Technology 

Published  by  Elsevier  Science  Publishing  Co..  Inc.  tX)22-2526/82/020l59~  12502.75 


160 


Mark  J.  Abiowitz  ana  Yu/i  Kodama 


orders  in  certain  regions  of  space.  Their  relative  magnitudes  change  drastically 
depending  on  spatial  location.  Our  aim  is  to  examine  this  question  and  show  how 
to  obtain  the  long  time  asymptotic  solution. 

A  related  question  is  the  following.  What  are  the  phase  shifts  of  the  solitons  as 
they  interact  both  with  other  solitons  and  with  the  dispersive  wavetrain?  This 
question  has  been  considered  in  the  literature,  the  only  useful  result  so  far  being 
given  in  [6]  for  the  case  of  one  soliton  plus  dispersive  waves  (see  also  [5]  and  [9]). 
Here  we  show  that  a  soliton  interacts  elastically  with  the  dispersive  waves  as  well 
as  with  the  other  solitons.  We  give  a  concrete  formula  for  the  phase  shift.  A 
corollary  to  this  result  is  the  definition  of  a  “perfect  soliton”  of  an  evolution 
equation,  i.e.,  one  which  in  the  asymptotic  limit  interacts  elastically  with  any 
sufficiently  localized  disturbance.  Solitary  waves  of  an  evolution  equation  without 
this  property  presumably  would  be  associated  with  evolution  equations  not 
solvable  by  the  inverse  scattering  transform  (1ST)  (if  this  is  indeed  true,  then 
equations  which  have  two  solitary  waves  interacting  nonelastically  will  not  be 
solvable  by  the  1ST).  Finally,  we  remark  that  the  ideas  and  methods  described 
herein  apply,  in  principle,  to  other  nonlinear  evolution  equations  solvable  by  the 
1ST. 


II.  Finite  perturbation  method 
We  consider  the  KdV  equation, 

u,+6uux  +  uxxx  =  0,  (2.1) 

with  arbitrary  initial  data,  decaying  sufficiently  rapidly  as  |x|  —  oo,  u(x,0)  =  <>(x). 
The  method  of  finite  perturbations  (see  for  example  References  [  10- 12])  allows  us 
to  seek  a  solution  to  (2.1)  of  the  form 

u(x,  t)  =  u0(x,r)  +  o(x,t),  (2.2) 

where  u0(x ,  t)  is  any  special  solution  of  (2.1)  and  o(x,  t)  given  by 

o,  +  6(u0v)x  +  6wx  +  vxxx  =  0.  (2.3) 

The  solution  of  v  is  obtained  via  the  following  Gei’fand-Levitan-Marchenko 
integral  equation  (see  Shabat  [10],  and  further  applications  of  this  idea  [11, 12]): 

K(x,y;t)+ F(x,y;t)  +  f°°X:(x,s;t)F(s,y,t)ds  =0,  y  >  x, 

JX 

(2.4a) 

v(x,i)  =  2-^K(x,  x\  t).  (2.4b) 

The  functions  K(x,y\t )  and  F(x,  y\  t)  satisfy  the  following  partial  differential 
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equations: 


-~  +  u0(x,t)-u0(y,t)  +  2^K(x,x-,t) 


K(x,  y\  r)  =  0, 


(2.5a) 


^+4(^?  +  ^T)+6(“o(jC’,)^  +  “o(^°^ 


9  y 


+  3{u0jt(x,f)  +  u0r(>.r)} 


F(x,y;r)  =  0.  (2.5b) 


Generally  speaking  the  above  method  is  very  difficult  to  carry  out  with  regard  to 
initial  values.  Whereas  the  transformation  [11] 


,  (2.5*)  ,  (2.4*) 

tf(x,x; 0)  -  K(x,y: 0)  -  F(x,  y, 0) 


<2. 5b)  (2.4»)  (2  4b) 

-  F(x,  y\  t)  -  K(x,y\t)  -  u(x.r) 


gives  a  method  of  solution  that  is  conceptually  clear,  the  concrete  application  of 
this  to  an  initial  value  problem  has  not  yet  been  successfully  earned  out. 
However,  in  the  case  where  u.  u0,  o  all  decay  rapidly  as  | jc |  — oo.  an  explicit 
formula  for  F(x,  y;  t)  in  terms  of  the  scattering  data  at  the  initial  time  can  be 
obtained,  thereby  giving  us  a  workable  method  of  solution.  In  the  appendix,  we 
derive  the  formula  (see  also  ( 13}) 


F{x,y\l)  {r*{k,t)-r^{k,()}g0(x,t\k)g0(y.t\k)dk 


N 

+  2  C*  (t)g0(x,iUK,)g0(y,t:iK,) 


/=  I 


*0 

“  2  CoJ(i)*oC x.t:  iK0/)g0(y,rjK0l),  (2.6) 

t=\ 

where  S‘"(t)s[r+(k,/),{Cr(t),it,)f=,l  and  5o‘(OS['o'(*,r).{Q(0.*0,}ivil] 

are  the  “right”  scattering  data  associated  with  the  potentials  u(x,t)  and  u0(x.t) 
respectively;  g0(x,t;k)  is  the  Jost  function  of  the  associated  scattering  problem 
with  u0(x,  t)  defined  in  the  appendix.  We  will  show  that  the  above  formulas  are 
particularly  useful  for  the  asymptotic  case  t  —  x.  The  following  formulas  are 
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also  important  (see  appendix  for  derivations): 

M(x,y;t)  +  G(x,y,t)  +  [  M(x,s;t)G(s,  y;  t)ds  =  0,  y  <  x, 

00 

(2.7a) 

v(x,  r)  =  —  2-^M{x,  x\ /),  (2.7b) 

where  G(x,  y;  t )  is  given  by 

G(x,y\t)  =  2~/_  {r~(k,t)-ro(k,t)}f0(x,r,k)f0(y,t;k)dk 

N 

+  2  Cr(t)f0(x,f,iKi)f0{y, t;iK,) 

/=  I 
*0 

~  2  (G}(t)/o(x,t;iKol)f0(y,t;iKol).  (2-8) 

/=  1 

Here,  5“(/)=[r~(fc,  r),  (CfCr),  ,)  and  Sb_(/)=(r0"(A:. /),  {Q(r),  are 

the  "left”  scattering  data  associated  with  u(x,t)  and  u0{x,  t),  respectively; 
f0(x,  t ;  it)  is  the  Jost  function  associated  with  u0(x,  t )  defined  in  the  appendix. 
We  now  use  the  above  method  to  describe  the  asymptotic  solution  of  the  KdV 


equation.  For  given  initial  data, 

S  =  (0)=[r  =  (fc,0),{Cf(0),x/}/y=l].  (2.9) 

we  choose  two  reference  potentials  «o  whose  scattering  data  have,  respectively, 
V(0)  =[0.{C,+  (0),  «,};=,],  (2.10a) 

So-(0)  =  [o.{CT(0).  «,}?„,],  (2-10b) 

i.e.,  pure  jV-soliton  solutions: 

«o  (■*,*)  =  4  2  */C,+  (0[*o  (x,r;/it,)]2,  (2.11a) 

/  =  I 

«0  (X’O  -  4  2  *,cr  (t)[fo~(x<r’i*/)]2-  (2.11b) 

i=  i 


Note  that  the  solutions  (2.1 1)  are  in  terms  of  the  squared  eigenfunctions  (see  [2]). 
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It  should  be  noted  that  Uq(s,i)  and  Ug(s,t)  are  different  unless  u(x,  t)  has 
discrete  spectrum  only.  With  (2.9)  the  kernels  of  the  integral  equations  (2.4)  and 
(2.7)  simplify  to 

F(x,y,t)  =  ^/_  r+(k.t)gZ(x,r.k)gZ(y,t;k)dk,  (2.12a) 
G(x,y,t)  =  r~  (k,t)f0~  (x,t;k)j0~  (y,t;k)dk.  (2.12b) 


Moreover,  the  Jost  functions  g0  and  /0  for  the  case  of  pure  A'-soliton  solutions, 
can  be  calculated  in  terms  of  determinants  (see  [2]  and  the  appendix  for  the 
general  form  of  g0  and  /0).  From  this  we  can  state  that 


F(x,y,t)  =  ~  C  r*  (k,0)aUk)e,l‘ix+y)*iik,'dk 


+  r-  (x%  y\ t)  r  R*  (k)elkix+y'+*ik*'dk,  (2.13a) 

-30 

G(x,y;t)  =  ~  (X  r~  (k,0)al(k)e-iklx+v)-mS' dk 
iir  J-x 

+  T~  (x,  y, t) /*  R-(k)e-,k,x+v)-tik,'dk,  (2.13b) 

■'-30 

where  a0(t)3[If,  ,(  k  -  iK,)/(k  +  /x,),  R~(k)  are  “nice”  functions  of  k.  and  the 
T  ~(x,  y;  t)  are  bounded  functions  which  decay  rapidly  behind  the  solitons. 

Let  us  order  the  solitons  via 

if,  >  k2  >  >  Ky  >0;  (2.14) 

i.e.,  the  soliton  u,  =2x,2sech2x,(;c  —  4x2r  —  x,0)  with  parameter  x,  moves  to  the 
right  with  the  largest  velocity.  Hence,  for  | / 1  —  oo,  in  the  soliton  region.  | x | >  x *  | / 1, 
we  see  that  F  and  G  decay  exponentially,  via  the  integral  equations  (2.4)  and 
(2.7);  v(x,  t )  decays  exponentially  in  this  region;  and 

u(x,  t)  ~  Uq  (x,  t)  for  t  —  ao,  x  >  xvr,  (2.15a) 

u(x,t)  ~  ug  (x,t)  for  t  —  —  oo,  x  <  xyr.  (2.15b) 

But  «q(x,  r)  are  the  well-known  soli* on  solutions.  All  results  associated  with 
Uo  (jc,  /)  are  well  known  We  shall  return  to  this  shortly  to  derive  the  formula  of 
the  phase  shifts  of  solitons.  First,  however,  we  remark  upon  the  simplicity  of 
describing  the  remaining  portion  of  the  solution. 

Behind  the  solitons  Ug(x,/),  T~(x,y;t)  decays  exponentially  fast.  The  only 
terms  which  contribute  significantly  are  where  we  approach  the  regions  rSil/3 
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(f  —  +  x),  .x: >  —  |: | 1/3  (t - oc).  As  the  boundaries  of  these  regions  are  ap¬ 

proached,  from  (2.3)  v  asymptotically  satisfies 

or  +  6wx  +  vxxx  -  0  (2.16) 

(exponentially  small  corrections),  and 

F f*  dkr+ (k,0)al(k)e‘kix+J’)+s‘k''  as  /  -  oo.  x  -  r1  \ 

(2.17a) 

G  ~4~  r  dkr~  {k,0)al(k)e-,Hx+y)'Slk’'  as  t - oo.  x - |r|1/3. 

Zir  j  _  x 

(2.17b) 

From  (2.4)  and  (2.7),  as  we  approach  these  regions. 

u  -  o  -2~F{x,x\t)  as  t  -»  +30,  x  —  il/}.  (2.18a) 

u  ~  v —2~£G(x,x\t)  as  t  — -oo,  x  —  —  |  r  | 1/3 .  (2.18b) 

This  can  now  be  taken  as  the  beginning  point  of  the  dispersive  wave  analysis  of 
Ablowitz  and  Segur  [6,8].  Hence  we  could  call  upon  all  of  these  results  with  the 
modified  reflection  coefficients 

p+(k,0)  =  r+ (k,0)a*(k).  f~+oo.  (2.19a) 

p~  (k,0)  =  r~  (k,0)al(k),  t  —  — oo,  (2.19b) 

[note  that  p~(k, 0)  have  no  poles  in  the  upper  half  plane). 

Let  us  turn  to  the  question  of  phase  shifts  between  solitons  and  the  dispersive 
wavetrain.  To  do  this,  we  need  only  call  upon  well-known  results.  As  t  —  +oo, 
from  (2,  p.  121]  we  have 


u  —  2ic(2sech2  K/(x  —  duft  —  ), 

t  —  +  X 

x  ^-4 K?t 


(2.20a) 

(2.20b) 
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As  f  —  —  ao.  from  {3.  p.  1408]  we  have 


u  —  2(c,2seclr  Kt(x  -4k,2  —  x^, ). 

i  —  -*> 
t  '4 «f( 


x0/  ~ 


(2.20c) 


(2.20d) 


(In  (2.20),  we  note  some  differences  in  notation  between  [1],  [2]  and  ourselves:  (a) 
our  norming  coefficients  are  the  squares  of  theirs;  (b)  in  [2]  they  order  k  v  >  *  v_, 
>  >  k,  >0,  which  is  opposite  to  (2.14).  So  (2.20)  reflects  the  appropriate 

modifications.)  Thus,  we  immediately  have  the  phase  shift  formula: 


x 


01 


^  =  i7,]°8 


c;cr 

(2«,)2 


(2.21) 


Special  cases  of  this  result  are: 
(I)  When  «V=1. 


x 


2k 


•log 


£T£L 

(2k,)* 


(2.22) 


This  agrees  with  the  result  given  in  (5]  (note  difference  in  the  definition  of  the 
norming  constant). 

(2)  Pure  (V-soliton  solutions:  Here 


c;c,-  =  - 


[«o( '«/)]' 


m¥-l  \  Kl  I 


so  that  (2.21)  yields 


/-i 

2  log 


m  ~  1 


K*  +  K> 


2 


m  =  /  +  \ 


log 


K,~  K 
K(  +  K 


m 


m 


(2.23) 


(2.24) 


III.  Asymptotic  solution  of  the  KdV  equation  with  one  soliton 

As  a  consequence  of  the  previous  section,  and  as  a  concrete  example,  we  discuss 
the  asymptotic  solution  which  contains  one  soliton  and  a  dispersive  wavetrain. 
Let  u(x,0)  be  an  initial  function  whose  scattering  data  are  given  by 


S^(0)=[r-(k,0).Cr(0),Kl]. 


(3.1) 


166 


Mark  j.  Abiowitz  and  Yuji  Kodama 


Choose  uj/x, 0)  such  that  the  scattering  datas  are  given,  respectively,  by 


V(0)  =[0,Cf(0).K,].  (3.2a) 

S0-(0)  =[0.cr(0).k,];  (3.2b) 

i.e.,  uq  (x,0)  are  pure  one-soliton  solutions, 

Uq  ( x,t )  =  2ic?sech2ic1(x-4icfr-Xoi ),  (3.3a) 

«o  (*.0  =  2xfsech2icl(x  -^icfr-Xo, ).  (3.3b) 


where  =  (2Kl)“llog{Cf(0)/(2icl)}.  [Note  that  if  u(x,0)  is  a  pure  one  soliton 
solution,  then  C * Cf  =  (2k,)2.  i.e.  x^,  =  x^,.)  The  relevant  Jost  functions  for  urj, 
go  (x,  r,  k),  and  /0" (x,  /;  k)  are  given  by 

gikx 

go  (X<  r,k)  =  [*  +  «  i  tanh  k,(x  -4k}i  -  xq,  )],  (3.4a) 

g-ikx 

/o'  (x,  /;  k)  =  --  .  -  [<:  -  he,  tanh k,(x  — 4>cfr  -  xp, )] ■  (3.4b) 

Note  that  go  (x,  /;  k)  may  be  rewritten  in  the  form 

go  (x, t;k)  —  a0(k)+  (l  +  tanhic,fl(x)}  e‘kx, 

6(x)  =  x  -4K}t  -  xo,; 
hence  F(x,  y;t)  is  given  by 

F(x,  y,  t)  =  J*  dkr*  (k,0)al(k)e,k'x+y)+*'k’' 

+  ^(x,  yi  0 !-Jkr+  {k.0)-f^e‘k^y^'k'' 

+  . ■. 

(3.5) 


where 


T,(x,  y,  t)  =  2  +  tanhK,0(x)  +  tanhx^y), 

Tj  (x,y\t)  =  [l  +  tanh  k,0(x)][1  +  tanh  >c,tf(y)] 
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(note  that  T,,  T2  are  bounded  and  7*,.  Tz  -0  as  6(x),  0(y)~-  »).  From  (3.5).  for 
i  -  so,  behind  the  soliton  F(x,  y,  t)  can  be  approximated  by 

F(x,y,t)-^~  I*  r+(k,0)al(k)e‘ki'+y)^‘k''  for  x,y  *  4Kji. 
lit  J-x 

(3.6) 


and  for  ail  other  regions,  F(x,  y;  t )  decays  exponentially.  For  /  -  so,  the  solution 
of  (2.3)  in  the  region  behind  the  soliton  can  be  given  by 

v,  +  6w)t  +  vxxx  =  0  (3.7) 

(i.e.,  the  term  uav  can  be  ignored).  Since  F(x.  y\  t)  is  given  by  (3.6)  for  t  —  so,  one 
can  find  the  asymptotic  solution  by  using  the  method  developed  in  [5]  with 
modified  reflection  coefficient  p+(k, 0)=  r"  (k.O)al(k). 


Appendix  A.  Scattering  problem 

The  scattering  problem  for  the  KdV  equation  (2.1)  is  given  by 

txx  +(u  +  k2)+  =  0, 

\p,  +  4\(/XXx  +  6u\px  +  3  uxt  =  4  ik3<p. 

The  Jost  functions  are  the  solutions  of  (A. la)  defined  by 

f(x,  t;k)  ~~  e~ik*  as  x  -  --so, 

g(x,t;k)  -  e‘kx  as  x  -  so. 

For  real  k,  there  are  relations  between  /  and  g, 

f(x,  t;k)  =  a(k,  t)g(x,  t;  —  k)  +  b(k,  t)g(x,  t;  k), 
g(x,t:k)  =  a(k.t)f{x,  r,  —  k)  —  b{- k,t)f{x,t\k), 

where  \a(k.  r)|z  —  | *( A:.  r)|2  =  l. 

The  bound  states  of  (A. la)  are  given  by 

a(iK,.t )  =  0, 

/(*.»;««,)  =  b,g(x. »;/«,).  I  =  1 . N, 


(A. la) 
(A. lb) 


(A.2) 


(A.3) 


(A.4) 


where  *,(/  =  ! . N)  are  real  and  positive.  Then  the  right  scattering  data  S*  are 
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defined  by 

S+(/)=  r+(*.0=^|.{C(0.*/}/=,  •  (A. 5a) 

and  the  left  scattering  data  5~  by 

S-(r)=  r~(k.t)=  (CT  <')'*,}£,  .  (A.5b) 

where  C*  =  b,/(ia',)  and  C*C~  ~  - 1  /(a,)1  [a’,  =  da(k)/dk j *=,«,]. 

From  (A. lb),  the  time  evolution  of  the  scattering  data  is  given  by 

a(k,t)  =  a(k,0)  =  a(k), 

b(k,  t)  =  b(k,0)exp(8ik3t),  (A.6) 

b,(r)  =  b,(0)cxp(8ic/t). 

For  an  tf-soliton  solution,  g(x,  t;  k)  and  f(x,  v,  k)  are  given  by  (see  for' example 

12D 

g{x,r,k)  =  |l  —  i  2  ~k^%(x'r'iK')  e<kx'  ’  (AJa) 
f(x,t;k)  =  jl-i  2  ~~-/(x,r,i (c,)j<r'*\  (A.7b) 


The  bound  states  g(x,  t\  in,)  and  /(x,  /;  /«,)  tend  to  one  soliton  forms  asymptoti¬ 
cally. 


g(x,r;iic/)  sech x,[x  — x,*(r)] 

t  /  2a  \,/2 

f{x,t,iK/)  -j  |  ~r  j  sechic,[x  — x,~(r)] 


for  t  -»  oo,  (A. 8a) 
for  t  -  -oo  (A.8b) 


where  jc*(r)  are  the  centers  of  the  solitons,  given  by 


*;(o 

*r  (0 


(A.9a) 

(A.9b) 
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Appendix  B.  Derivations  of  (2.4)-(2.7) 

Here,  we  derive  Equations  (2.4)-(2.7),  used  in  the  finite  perturbation  method. 

Let  u(x,  t)  and  u0(x,  i)  be  the  two  potential  functions  in  (A.l),  with  scattering 
data  corresponding  to  these  potentials:  S*  and  S0~.  Consider  the  following 
identity: 


f(x,k)g0{y,k) 

a(k) 


go(y<k){g(x,- k)+  r"(k)g(x,k)}, 


where  time  t  has  been  suppressed.  We  make  an  Ansatz 

g(x,k)  =  g0(x,k)+  (  K{x.s)g0(s,k)ds. 

J  X 


(B.l) 


(B.2) 


Substituting  (B.2)  into  (B.l)  and  integrating  (B.l)  with  respect  to  k  from  -  oo  to 
oo,  one  can  find  the  relation,  for  y  >  x. 


<2 


/  =  1 


b, 

a'i 


g{xjK,)g0(y,iK,) 


=  2 " /_  go(x,~k)g0(y,k)dk+±f_  r*(k)g0(x,k)g0( y.k)dk 
+  K(x,s)J  ^g0(s,-k)g0(y,k)dkds 

+  J^fx  K(x's)f  r*  {k)g0(s,k)g0(y.k)dkds  for  y  >  x.  (B.3) 


Here  we  have  used  the  fact  that  /(x,  k),  g0(x,  k),  and  a(k)  are  analytically 
continuable  to  the  upper  half  plane  of  k  and.  asymptotically. 


f(x,k)~e~,kx 
g0(x,k')~e,kx  ■ 
a(k)  —  1 


as  Ik  j—  oo,  hnk  >0. 


(B.4) 


On  the  other  hand,  there  is  a  completeness  relation. 


S(x~y)=  -i  2  -pi-goiX'ix^gob’iKi) 

i=  i  aoi 


(B.5) 
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Taking  (B.5)  into  account,  (B.3)  gives  the  Gel’fand-Levitan-Marchenko  equation 
(2.4a)  with  F(x,  y)  given  by  (2.7a). 

From  (B.2),  we  have  (2.5a)  and  (2.6a),  i.e.. 


il 

9*2 


£ 

3 


-  —  +  u(x,t)-u0(y,t) 


K(x,y,t) 


=  0, 


u(x,t)~  m0( jc, r )  =  2 -^K(x.x;t). 

It  is  obvious  that  F(x,  y;  t)  satisfies  (2.5b).  To  derive  the  other  expression  (2.4b), 
consider  the  identity 

S^X'ka{t)  'k>>  ~  +  (B-6) 

Then,  in  a  similar  way  as  before,  one  can  derive  (2.4b)-(2.7b). 
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The  inverse  scattering  transformation  method  associated  with  a  nonlinear  singular 
integrodifferential  equation  is  discussed.  The  equation  describes  long  internal  gravity  waves  in  a 
stratified  fluid  of  finite  depth,  and  reduces  to  the  Rorteweg-de  V ries  equation  as  shallow  water 
limit  and  the  Benjamin-Ono  equation  as  deep  water  limit.  Both  limits  of  the  method  and  novel 
aspects  of  the  theory  are  also  discussed. 
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1.  INTRODUCTION 

In  recent  years,  there  has  been  considerable  physical 
and  mathematical  interest  in  a  certain  nonlinear  singular 
integrodifferential  equation,  1-6 

u,  +  (1  /6)u,  +  2uux  +  Tu„  —  0,  (1.1) 

where  T( •)  is  the  singular  integral  operator  given  by 

(77)(x)=  ~P^~  coth  "i-?-*\f(y)dy  (1.2) 

{PSZ  m  represents  the  principal  value  integral).  Physically, 
Eq.  ( 1.1)  describes  the  long  internal  gravity  waves  in  a  strati¬ 
fied  fluid  with  finite  depth  (characterized  by  the  parameter 
6 ).  Depending  on  the  parameter  8,  ( 1 . 1 )  reduces  to  the 
Korteweg-de  Vries  (KdV)  equation  as  6—0  (shallow- water 
limit), 

u,  +  2  uux  +  (6/3)11^,  =■  0,  (1.3) 

and  the  Benjamin-Ono  (BO)  equation  as  6— so  (deep-water 
limit), 

u,  +21111,  +  tfii„  -0.  (1.4) 

Here  H  (•)  is  the  Hilbert  transform  given  by 

(/f/X*)«  lf»r  -J—f(y)dy.  (1.5) 

ir  J-my  —  x 

Hence  Eq.  ( 1. 1)  is  an  intermediary  equation  between  those 
two  very  interesting  nonlinear  evolution  equations,  (describ¬ 
ing  certain  long  wave  motion).  It  is  now  known  that  ( 1. 1)  has 
an  JV-soliton  solution, 14  infinite  number  of  conservation 
lows,  a  Biicklund  transformation  and  a  novel  type  of  inverse 
scattering  transform  (1ST)  to  solve  the  initial  value 
problem.4,7 

In  this  paper,  we  discuss  in  detail  the  direct  and  inverse 
problems  of  this  new  scattering  problem.  This  paper  serves 
to  amplify  and  extend  the  results  of  our  previous  note.7  In 


“Pfwnt  kddf—  Okfwrai  Education,  Miyazaki  Medical  Collet*.  Miya¬ 
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Sec.  2,  we  reformulate  the  1ST  scheme,  originated  in  Ref.  6, 
with  a  specific  analytical  requirement  in  the  complex  x 
plane,  say  z  plane.  Specifically,  the  scattering  problem  may 
be  viewed  as  a  differential  Riemann-Hilbert  problem.  In 
Sec.  3,  we  discuss  the  direct  scattering  problem,  and  define 
specific  Jost  functions  in  terms  of  a  Green  function.  Then  we 
show  that  the  Jost  function  satisfies  a  Fredholm  type  integral 
equation.  This  is  unlike  the  usual  situations  where  we  have 
local  scattering  problems  (e.g.,  Schrodinger  equation)  and 
where  the  Jost  function  satisfies  the  Volterra  integral  equa¬ 
tion.  Several  remarkable  features  of  the  Green  function  cor¬ 
responding  to  the  limits  6—0, 6—  oo  are  discussed  in  Appen¬ 
dix  A.  Using  the  results  obtained  in  the  previous  sections, 
Sec.  4  is  devoted  to  solving  the  inverse  problem  within  a 
certain  class  of  initial  conditions.  For  this  class  of  initial  con¬ 
ditions  we  construct  the  linear  integral  equation  (i.e.,  a  Gel- 
’fand-Levitan  type  equation)  and  hence  give  the  direct  con¬ 
nection  between  the  solution  of  ( 1. 1)  and  the  scattering  data 
defined  in  Sec.  3.  In  Sec.  5,  using  the  Gel’fand-Levitan  equa¬ 
tion,  we  obtain  an  explicit  form  of  the  JV-soliton  solution,  and 
in  Sec.  6,  taking  the  analyticity  of  the  scattering  data  into 
account,  we  give  the  trace  formula  for  the  scattering  func¬ 
tion,  and  we  express  the  conserved  quantities  in  terms  of  the 
scattering  data.  In  Secs.  4-6  we  keep  6  finite  in  order  for  use 
to  be  sure  of  the  appropriate  analyticity  of  our  Jost  functions. 
We  discuss  the  case  6  =  oo  (the  BO  limit)  in  Sec.  7,  and  we 
illustrate  several  remarkable  properties  of  the  scattering 
problem  in  this  case.  Our  basic  philosophy  regarding  the  BO 
equation  is  to  obtain  the  information  by  taking  the  limit  pro¬ 
cess  6—  oo .  However,  we  are  careful  to  point  out  that  we  do 
not  present  here  the  solution  to  the  initial  value  problem  of 
the  BO  equation.  Nevertheless  we  feel  that  the  analysis  pre¬ 
sented  here  should  be  a  basis  for  extension  to  the  BO 
equation. 

2. 1ST  SCHEME 

The  1ST  Scheme6  for  ( 1 . 1)  is  given  by 

+(«•-> (2-D 
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(3.1) 


a,*  +  2iU  +  U2SW?  +  rp£  +  [  q fiux  -  Tu ,  +  v]** 

=  0,  (2.2) 

where  A  and  p  are  constants  given  by  A  =  —  k  coth  2 kS, 
fi^k  cosech  2 kS,  and  v  is  a  constant  determined  by  fixing 
the  Jost  functions  of  (2.1)  (see  Sec.  3).  Here  ip  ±  (x)  represent 
the  boundary  values  of  functions 

[i.e.,  i>  *  (x|  =*  lim  tp±  (z)  analytic  in  the  horizontal  strips 

Im  «0  J 

between  lmz  =  0  and  Imz  =  ±  16,  and  periodically  ex¬ 
tended  vertically.  By  using  the  operator  T (•),  ip  ±  (x)  may  be 
written  in  the  form 

=  lim  HA  =  J(1  -  *T)iP(;e),  (2.3a) 

Im  xiO 

lim  $z)  =  -J(l  +  iT)¥(x),  (2.3b) 

Im  xtO 

where  IP  (x)  defined  on  the  real  axis  is  a  proper  fuction  for  the 
operator  7»(i.e.,  |J*  ,  !P(x)  dx|  <  oo ,  and  V  (x)  satisfies  the 
Holder  condition  on  the  real  axis,  i.e.,  there  exists  constants 
C  and  h  such  that  |  'V  (x)  —  V(y) |  <C|x  —  y|\0<h<l),  and 
for  Im  z^0(mod  25 ),  ip(z)  is  given  by 

*  ~t.  f  *  ( y)  dy  (2-4) 

45«  J  -  .  26 

From  (2.3)  and  (2.4),  we  have  a  relation 

7v+-<n=#+  +  tn-  (2-5) 

It  should  be  noted  that  the  relation  (2.3)  due  to  the  analytic- 
ity  requirement  is  weaker  than  condition  (27)  in  Ref.  6  in  a 
sense  (i.e.,  if  In  is  analytic,  then  so  is  ip*).  Furthermore, 
from  the  periodicity  (period  4 6 )  of  (2.4),  we  have  the  relation 
between  ip  *  (x)  in  the  form  of  difference 

lfr~(x)  *»  ip+[x  +  2/5).  (2.6) 

We  also  note  that  the  same  constant  can  be  added  to 
ip  ±(x)  without  violating  the  analytically  requirement.  With 
regard  to  the  limits  6—0  and  6—  oo ,  we  make  some  remarks. 

Remark  1 :  As  mentioned  in  Ref.  6,  for  5— *0,  the  scatter¬ 
ing  problem  (2.1)  tends  to  the  Schrodinger  equation  with 

^  (x)  *  lim  *  (x),  i.e., 
a—o 

+*V)  +  «^~0.  (2.7) 

and  for  6—  oo , 

+(K  +  *)*+»2Atf-,  fork>0,  (2.8) 

where  ip  ±  (z)  are  the  functions  analytic  in  the  upper  and  low¬ 
er  half  z  plane. 

Remark  2:  The  formula  (2.4)  with  the  limit  6—  ao  is  just 
the  Plemelj  formula,  that  is,  as  5-*  «,[(!  iT  )(•)  in  (2.3)  tend 
to  the  usual  projection  operators  P  *  (•)  *  J(  1  ^  iH  )(•)  that 
decompose  a  function  into  two  functions  analytic  in  the  up¬ 
per  and  lower  half  z  plane. 

3.  DIRECT  SCATTERING  PROBLEM 

Here  and  in  Secs.  4-6  we  assume  for  convenience  that 
the  initial  condition  w(x,0)  decays  sufficiently  rapidly  as 
|x|— *» .  In  order  to  analyze  the  direct  scattering  problem  of 
(2.1),  it  is  convenient  to  define  a  new  function, 


W[x\k  )*a^x;fc )  txp{ikx). 


where  we  have  defined  ^xjk)*^*  (x  ±  i5;k)  and 
W (x;Ar  )m  W  ±  (x  ±  i6\k )  by  taking  (2.6)  into  account.  Here¬ 
after,  for  functions/  *  (x),  we  shall  frequently  use  the  notion 
/(x)  in  which /  *  (x)  =  /(x  ^  i5). 


From  (3.1)  Eqs.  (2. 1 )  and  (2.2)  become 
iWf  +(f+  +  l/25)(W--H'-)=  -uW+,  (3.2) 

-2 V+Wf+W* 

+  [^iux-Tux  +p]W*  =0, 

(3.3) 

where  p  =  -2  Jc£+  +  k2  +  v,  £  ±  =  £±(*) 

—  k  ±{k  coth  2k6  —  1/2 6)  (we  shall  need  the  definition  of 
£_  subsequently).  The  solution  to  (3.2)  can  be  given  by  an 
integral  equation, 

W  \x;k )  =  W0[x-k )  +  P  G  (x,  y-k  )u(  y)fV*(y;k)  dy, 

J  —  ao 

(3.4) 

where  W0(x\k )  is  the  solution  of  the  homogeneous  equation 
of  (3.2)  [i.e.,  u(x)  =  0],  and  G \x,y\k )  is  a  Green  function 
satisfying 

i—  G  +(*-M  )  +  (£+  +  1/25)  [G  +{x,y,k ) 
ox 

-G“(x,M)]=  -5(x-y).  (3.5) 


Here  G  *  (x,  y;k )  =  G  (x  qr  i5a,  y,k ).  From  (3.5),  we  have  the 
Fourier  representation  of  the  Green  function  G  (x,  yk ), 


G (x, y,k ) *  -L  \dpG[p-,k)e>«*-» 
2ir  Jc 

in  which  (2  ( p\k )  are  given  by 


G(y,k) 


sinh  p6  c2^|  ~ 1 
sinh  2 kS 


(3.6) 


=.  £cosech(p5){p|£+^-£+(*)j|  ', 

(3.7) 


where  the  contour  C  is  taken  to  be  a  contour  (from  —  oo  to 
ao )  determined  by  choosing  the  specific  solution  to  (3.2)  (see 
below).  In  Appendix  A,  we  discuss  the  properties  of  the 
Green  function  in  both  limits  6— *0  and  6—  oo .  From  (3.7), 
we  see  that  G\p\k )  have  poles  atp  =*  0,p  *  2£  ~  '[£+(£ )]. 
Since  £  "  '(•)  is  the  multivalued  function,  we  have  an  infinite 
number  of  poles  for  which  we  shall  define p_  (  *  0,  pQ  =  2k 
and p.,p,  (n>  1)  such  that,  for  1,  {2n  —  1  )v/{26 )  <  Im  p„ 
<(2n  +  3)ir/(2 6 )  and  similarly  for  —  Imp, .  Moreover  dou¬ 
ble  zero  poles  occur  at  special  values  of  £+(k )  satisfying 
SJk )  =  0  andp,  -  £+(*),  p,  *  £+(* )  («>  1)  [i.e., 

P,  -p,_,(«>0)].  We  call  these  values  =0 

and  (f  +  ^  +  I i(Im  £  +  >0,lm£'!’.  <0).  Considering 
the  equations  of p,  (n>0), 


dp,  _  _ P, _ 

d£+  ”  25(p,  — £+K£+  +  1/25) 


(3.8) 


(p,  satisfy  same  equation),  one  can  see  that  there  are  logarith¬ 
mic  branch  points  at  £_  =*  —  1/25  forpo, p,  and  f,  («>  1), 
and  square  root  branch  points  at  j£(\l  ,£'!/  )  forp„,  at 
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FIG.  1-  The  k  plane  (or  p/1  plane).  For  given  Ir,  x  and  O  denote  the  poles 
F-i  i.  and  the  double  poles  ,  of 

Eq.  (3.7),  respectively.  Each  branch  is  surrounded  by  the  dotted  line,  and 
branch  A  is  the  principal  branch  IPB).  The  shaded  regions  correspond  to  the 
upper  half  (  „  plane  (multisheet ed). 


(f  +  £ 'l*  "i  for p„ ,  and  at  (f  <*•  /';+  "j  forp„,  respective¬ 
ly.  It  should  be  noted  that  from  the  multiplicity  of  k 
(  =  £  +  '(•)),  3ve  are  required  to  define  an  appropriate  branch 
in  k  plane.  We  show  in  Fig.  1  the  several  of  the  branches  in  k 
plane,  and  in  Fig.  2  the  fundamental  sheet  (abbreviated  here¬ 
after  as  FS)  corresponding  to  the  principal  branch  (as  PB), 
which  is  the  portion  A  including  the  real  k  axis  in  Fig.  1. 

From  (3.2),  one  can  see  that  if  W  (x;k )  is  a  solution,  then 
W{x\  —  k)  exp(2ifcx)  is  also  a  solution.  Taking  this  into  ac¬ 
count  we  now  define  specific  Jost  functions  of  (3.2).  For  real 
k,  the  Jost  functions  are  defined  as  the  solution  to  (3.2)  with 
the  boundary  conditions 


Ai[x*  00 


(3.9a,b) 


FIG.  2.  Th*  fundamental  sheet  (FS)  corresponding  to  the  principal  branch. 
The  wave  lines  show  the  branch  cuts  corresponding  to  the  edges  of  PB 


N{x;k  )-+*“**, 
N(x*h~l,  . 


as  x-*ao. 


(3.10a,b) 


Here  note  that  M {x;k )  =  M{x\-k)  exp(2iVbe)  and 
N  [x;k )  as  N  (x;  -  k )  exp(2/fcx).  Then  in  terms  of  the  Green 
function  (3.6),  these  Jost  functions  are  given  by 


G,[x,yk)u(y) 


(3.11a,b) 


G^x,yk)u{y) 


(3.12a,b) 


where  the  contours  CX1  for  Gu(x,  y;k )  are  taken  to  be  the 
lines  Re  (p  —  fO),  Re(  p  +  fO),  respectively  [this  is  necessary 
in  order  to  preserve  the  boundary  conditions  (3.9)  and 
(3. 10)].  Note  that  by  taking  these  contours  the  Green  func¬ 
tions  Gu(x,  yk )  are  bounded  as  |x|-*oo .  It  is  important  to 
remark  that  (3.11)  and  (3. 12)  are  Fredholm  type  integral 
equations,  unlike  the  usual  case  of  the  local  scattering  prob¬ 
lem  (e.g. ,  Schrodinger  equation)  where  the  Jost  functions  sat¬ 
isfy  the  Volterra  type  integral  equations.  In  addition,  we  note 
that  by  using  residue  calculus  (3. 1 1)  and  (3. 12)  can  be  repre¬ 
sented  in  an  explicit  manner  useful  for  the  proof  of  existence 
and  analyticity  of  the  solution  (see  Appendix  B).  As  shown  in 
Appendix  B,  we  hiave  the  following  propositions: 

(i)  M  [x;k ),  N  [x\k )  have  convergent  Neumann  series  in 
certain  region  of  the  FS  for  given  8  and  max|  u  |  chosen  small 
enough. 

(ii)  Despite  the  fact  mentioned  below  Eq.  (3.8)  (i.e.,  the 
poles  have  square  root  branch  points  in  the  FS),  M  (x;k )  and 
N{x;k )  are  holomorphic  in  the  upper  and  lower  half  plane  of 
the  FS,  respectively.  Moreover  they  are  analytic  in  these  re¬ 
gions,  whenever  the  Neumann  series  converges  in  this  re¬ 
gion.  In  addition,  we  have  the  asymptotic  form  of  M(x\k )  and 
H  \x\k ), 

M(x;k  H-I  +  O  (  i-)  as  |£J— »,  Im  $+  >  0,  (3.13) 

tf(x;*)—  l+<?(i-)as|f+|-vao,  Imf+  <0.  (3.14) 

We  now  define  the  appropriate  scattering  data  corre¬ 
sponding  to  the  Jost  functions  (3.1 1)  and  (3.12).  For  real  k 
[i.e.,  $+>  —  1/(25 )],  by  virtue  of  the  fact  that 

G\{x,yk)~  G2(x,  yk ) 


I 


1 


....  ....  exp(2fk (x—y)  —  2k8\,  (3.15) 

we  have  alternative  representations  for  M  {x\k )  and  N(x;k ), 
respectively, 

M{x;k)~a(k)  +  b(k  ^ 


+  J  G2(x,  yk  )u(  y]M  +[y\k\Hv, 
N [x\k )  *  a[k  )e2ila  +  6(k) 

+  J"  Gx(x,yJc)u(y]N*(yk)dy. 


(3.16) 


(3.17) 


see 
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Here  a{k ),  b  (k ),  a[k )  and  b  (Ac )  are  given  by 

dyu(y)M+(y,k ), 


«k)-l+w:F- 


(3.18a) 


m~'+isrS- 


dyu(y]M+{y\k)e-1‘k{’-m, 
(3.18b) 

dyu(y)N+(y,k)e-1‘k^-us', 
(3.19a) 

£(*)-  f  dyu(y]N*(y,k).  (3.19b) 

2iS£+  J  —  go 

When  the  solutions  of  the  integral  equations  (3. 16)  and  (3. 17) 
are  unique  (or  having  a  convergent  Neumann  series  as  a 
stronger  condition),  then  we  have 

M  (jc;At  )  =  a(k  ]N(x\k )  +  b  (k  )N(x;k )  '  (3.20) 

and 

N(x\k )  =  S(k  ]M(x\k )  +  b(k  )M(x-,k ),  (3.21) 


which  are  considered  as  “right”  and  “left”  scattering  equa¬ 
tions,  respectively.  Moreover,  as  shown  in  Appendix  C,  one 
finds 


S[k )  =  a*(  —  A: ),  (3.22a) 

-(**•)(£)' Wi. 

(3.22b) 

<323> 

From  (3. 1 8a),  we  note  that  a(k )  takes  on  the  same  analyticity 
uAf{x;k ),  and  a(Ac ) — ►  1  as  |f+[— ■«>,  Im  f+>0. 

On  the  other  hand,  for  f +  +/0withf+<  —  1/(26  )and 
real  [i.e.,  A:  is  in  the  upper  half  plane  at  the  edge  of  the  PB 
where  f +(Ac )  »  f  +  f  +(Ac  *)]  we  have  a  relation 

G,lx.  yjc )  -  Qfr,  yk  *)  *  -J— ,  (3.24) 

from  which  we  have 


Af(x;*)«a(Ac)  +  J"  GAc.y,k*WyW+[y,k)dy,  (3.25) 

j?W)  «5(-A:*)  +  H  G,(x,yk)u(y)J7*(y,kVdy. 

(3.26) 

Here  we  have  used  the  relation  JV(x;k  J  *  AV(x;  —  k )  exp 
(2 ikx).  From  (3.25)  and  (3.26),  we  obtain 

A/(x;*)«fl(*)tf(x;*'),  (3.27) 

tf(x;Ac*)-<i(-*«)il/(x;*)  (3.28) 

[i.e.,  a{k  )d(  —  k  •)  —  1],  whatever  the  solutions  of  (3.25)  and 
(3.26)  are  unique. 


The  bound  states  defined  as 

Af(x;Ac)— »0  as  x-*+oo 

(3.29) 

ff{x-Jc  HO  as  x— ►  —  oo 

(3.30) 

are  given  by 

a(At/)  *■  0, 

M(x-k,)  =  b,N  (x;A:() 

(3.31) 

and 

5f*“)-0, 

N(x\kl)  =  blM(x-,kl), 

(3.32) 

with  k,  =  —  Ac  f  for  /  *  1,2,. ..Jf.  As  shown  in  Appendix  D, 
a{k )  has  only  simple  zeroes  and  they  lie  on  the  imaginary  k 
axis,  i.e.,  k,  —  ue,  =  kt,  0  <k,  < ir/2S  in  the  PB,  and  b,b, 

=  1.  The  right  and  left  scattering  datas  are  now  given  by 

^-[a(A:)^(A:),{/r„6,)(v_1],  (3.33) 

SL  =  [S(k)Mk),[KlJbl\7_i).  (3.34) 

Let  us  now  find  the  time  evolution  of  the  scattering 
data.  By  virtue  of  the  boundary  condition  (3.9),  the  constant 
p  in  (3.3)  is  taken  to  be  zero.  From  (3.3),  (3.20),  and  (3.27),  we 
obtain 

a(k,i )  =  (Ar,0),  (3.35a) 

b  ( k,t )  =  b  (A:,0)  exp[  -  4 4k  (X  +  l/2<5)r  ],  (3.35b) 

b,(t )  =  6,(0)  exp  [4*, (/l,  +  l/2S)t  ],  (3.35c) 

where  X,  =  A  («r,)  =  —  *,  cot2/r,<5. 

Before  closing  this  section,  we  offer  several  remarks: 

Remark  1 :  Although  there  are  infinitely  many  solutions 
to  (3.2)  corresponding  to  the  poles  of  (3.7),  we  have  chosen 
only  a  finite  set  of  solutions  as  the  lost  functions  where  the 
Green  functions  are  bounded  as  |x|-*oo  for  real  k,  that  is, 
(3.9)  and  (3. 10).  As  shown  in  Appendix  E,  however,  when  we 
have  a  unique  solution  to  the  integral  equation  (3.4)  [e.g.,  in 
the  case  that  the  Neumann  series  of  the  integral  equation 
(3.4)  converges],  our  set  of  the  Jost  functions  (3. 1 1)  [or  (3. 12)] 
consists  of  a  complete  set  of  the  functions  in  the  sense  of 
L2(  —  oo  <x  <  oo). 

Remark  2:  In  order  to  define  the  scattering  data  (3.33) 
[or  (3.34)],  we  have  assumed  that  the  solution  of  the  integral 
equation  (3.4)  is  unique  (and  we  have  given  sufficient  condi¬ 
tions  on  S,  maxju|  for  this  to  hold),  mathematically  speak¬ 
ing,  there  is  to  be  no  nontrivial  solution  of  the  homogeneous 
equation  of  (3.4),  i.e., 

fy*{x;k)»j'm  G+(x,y-k)u(y)W?(y,k)dy.  (3.36) 


However,  in  general,  the  solutions  Wf  [x;k )  may  exist  for 
some  k  [certainly  for  &— ►oo  (see  Sec.  7)  we  refer  to  such  val¬ 
ues  of  A:  as  “eigenvalues”  of  the  Fredholm  integral  equation]. 
In  this  case,  the  solution  to  (3.4)  may  have  a  singularity, 
unless  {x;k )  satisfies 

J"  [WUx-MW^k)}*  dx  =  0, 

where  W*(x-,k )  is  the  solution  of  the  adjoint  equation  of 

(3.36), 

[ Wfak )]*  -  «wj"  0 +(*x;* )[W*(yk )]+  dy, 

and  we  must  add  this  eigenvalue  into  the  scattering  data  (it 
may  be  a  new  kind  of  bound  state).  We  shall  discuss  briefly 
such  situations  in  Sec.  7. 
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4.  INVERSE  SCATTERING  PROBLEM 


We  now  discuss  the  inverse  scattering  problem  associ¬ 
ated  with  (3.2)  in  the  case  when  the  integral  equations  for  the 
Jost  functions  have  a  unique  solution  and  the  Joat  functions 
are  analytic  in  certain  region  of  the  FS. 

For  N  [x;k ),  from  the  analyticity  and  the  asymptotic  be¬ 
havior  (3. 14),  the  following  integral  representation  is 
suggested: 

N[x;k )  *  1  +  ds  K[xj]e*J*~*  forlmf,.<0. 

(4.1) 


Substituting  (4.1)  into  (3.2)  and  (3.3),  one  finds  that  the  kernel 
K  (x,  y)  satisfies 

(<<9,  +  1/25  +  u(x)|flf  *(x,y)  +  [id,  -  1/25  (JC  ~[x,y)  -  0, 

(4.2) 

( id,  +  d2,  -  cf1,  +  2(dtK(xs))  | K(x,  y)  -  0,  (4.3) 

with 

u(x)  =■  iK  ^(jc^c)  —  iK  ~(xjc),  (4.4) 


where  K  ±  (x,  y)  *  K  (x  ^  id,  y  ^  id)  and  K  (x,  y)—Q  as 
y—  ao .  It  is  important  to  note  that  (4.4)  is  a  decomposition  of 
u(x)  (see  Sec.  2),  and  from  (2.3)  we  also  have  the  relation, 

(7aKx)«  -  (Ar+(x,x)  +  fi:-(x,x)|.  (4.5) 

Subject  to  (4.4)  and  (4.5),  one  can  see  that  the  compatibility 
between  (4.2)  and  (4.3)  gives  Eq.  ( 1 . 1 ).  _ 

From  (4.1)  and  the  relation  N[x\k )  =*  jV(x-,  —  k  | 
exp(2tkx),  we  also  have 

N[x\k )  *  *»*[  1  +  f’dr  K (X4k  " *-•* “ "I ,  (4*6) 


which  is  analytic  in  the  upper  half  £_  plane  [note 

—^_(k)].  By  virtueofthetriangular  representa¬ 
tions  (4. 1 )  and  (4.6)  one  can  derive  the  linear  integral  equa¬ 
tion  (i.e.,  a  GePfand-Levitan  type  equation)  and  hence  solve 
the  inverse  problem  as  follows:  dividing  (3.20)  and  (3.27)  by 
a[k )  and  operating  with  (  1/2jt)J"  m  df  +  exp[/f +( y  —  x)] . 
(i.e.,  Fourier  transform)  for  y>x,  we  have 


i  r- + 

2ir  J  -  m  +  n 


M(x;k) 


«(*) 


-Lf"  dftf(x;*)e*-<'-*' 
2ir  J-.-o 

2ir  J- 1/23  ) 


(4.7) 


From  the  analyticity  arguments  for  Af  [x;k  )anda(/c  )(i.e.,ana- 
lytic  on  the  upper  half  plane  of  the  FS),  the  left-hand  side  of 
(4.7)  can  be  written  in  the  form 


-  £  C,Ar(x^r,)exp[^+,(/-x)]I  (4.8) 

/-  1 

where Qt  *  —  ifij/d/, dj  ■  +. *■  £•*■(**»)• 

Then,  using  (4.1)  and  (4.6),  we  obtain  the  GePfand-Levitan 
equation, 

K[x,y)+F[x,y)- (  K[xj]F{s,y)ds -Q  for y>x, 

(4.9) 


^(x.y|  = 


+  £  C,  exp(£  _  ,x  +  i£  „ ,  y),  (4. 10) 

j-  i 

(note  SI*  dk  (d$+/dk  )•  -  /  *  l/2id£+  •)•  In  Sec.  5,  by  using 

(4.9) ,  we  c  ruct  the  W-soliton  solution  as  an  example  of  an 

explicit  solution  of  ( 1. 1). 

To  close  this  section,  we  briefly  discuss  an  alternative 
method  of  the  inverse  problem  which  is  a  direct  method* 
based  upon  the  GePfand-Levitan  equation  (4.9).  From 

(4. 10) ,  taking  (f  +  +  1/25 )  -  (  -  $  _  +  1/25 )  exp(4A6 )  into 
account,  one  finds  that  F(x,  y)  satisfies 

[id,  +  \/ld\F*(xyy)  +  [id,  -  \/2S)F~[x,  y)  =  0. 

(4.11) 


From  (3.35),  we  also  have 

[id.+d2,  -dl\F[x,y)  =  Q.  (4.12) 


From  (4.9),  (4. 1 1),  and  (4. 12)  one  can  derive  (4.2)  and  (4.3) 
with  (4.4)  whose  compatibility  yields  (1.1)  with  (4.5).  Then 
the  direct  method  based  upon  (4.9)  is  given  as  follows:  For 
given  u(x,0), 

( 1 )  find  K  *  (x,  y,0)  from  (4.2)  with  the  boundary  condi¬ 
tion  K  *  (x,x,0)  -  T-iu*  (x,0|  [u(x,0)  =  u+(x,0)  +  u~(x,0) 
from  (4.4)3, 

(2)  find  F  *  (x,  y,0)  from  (4.9), 

(3)  find  F  *  (x,  y,l )  from  (4. 12), 

(4)  find  K  ±  (x,  y,t )  from  (4.9), 

(5)  then  u(x,f )  **  iK  +(x,x  ,t )  —  iK  ~(xjc,t ). 


5.  /V-SOUTON  SOLUTION 

In  the  case  of  an  iV-soliton  solution,  F(x,  y)  in  the 
GePfand-Levitan  equation  is  given  by 

XC'exP0f -/*  +  £,.//),  (5.1) 

lm  1 

where  C,  is  a  positive  real  function  of  t  (see  Appendix  D).  In 
order  to  solve  (4.9)  with  (5.1),  we  assume  K  [x,y)  to  be  of  the 
form 


K[pey) 

Then  (4.9)  becomes 


£  (C/),/1/' ,(x)  exp(/f + ty). 
/-  1 


(5.2) 


r.+iz 


A  (C.C^'V 


S-.+5+, 


■r,  -  -c; 


(5.3) 


Here  we  note  that  the  matrix  A  (x)  defined  by 


MW1* 


HC.C,)1'1 


(5.4) 


is  positive  definite.  Namely,  for  an  arbitrary  column  vector 
V  •  the  inner  product  (V4  V)«(Vr)*d  V  takes 

positive  value,  i.e.,  noting  (f+/)*-  — 
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see 


(\A  V)  =  u 

-f 


exp(/£+,j)  :dr>0.  (5.5) 

m 

Therefore,  for  T we  have 

r  =  (/  +  Jr'E  (5.6) 

where  E»(£„...,£JV)r  with  the  element  E, 

=  —  C,,/J  exp(if  _  ,x).  From  (5.6),  we  obtain 

K (x,x)  *  In  det  \I  +  4  (x)|,  (5.7) 

ox 

which  leads  to 
u(x,t 


/  —  In  det 
dx 


(5.8) 


/  4-  4  (x  —  #,/ ) 

/  +  d  (x  +  /5,/ ) 
where  /  is  the  identity  matrix.  For  example,  a  1  -soliton  solu 
tion  is  given  by 

sin(2jc,<$) 


u(x,r) 


(5.9) 


cosfTx^)  +  coshj 2x,  (x  -  x,(f )] )  ’ 
where  x,  is  an  eigenvalue,  k  =>  <x„  and  from  (3.35)  x,{t )  is- 
given  by 


*l(f): 


-L  !»£<'> 


2X|  2x, 

^(M.+rf-'Jr  +  x^O).  (5.10) 

For  W-soliton  solution,  following  the  method  developed  in 
Ref.  9,  one  can  calculate  the  phase  shift  formula  for  /  th- 
soliton. 


**  (0)  —  x,~  (0) 


£  1  £  +  m 


I- 1 


(5.11) 


Here  we  have  ordered  x,  >  x2  >  —  >  x*  >  0,  and  x,*  (0)  are  the 
phases  of  the  soliton  at  t— ►  ±  oo ,  respectively. 

It  is  interesting  to  note  that  the  iV-soliton  solution  (5.8) 
can  be  written  in  terms  of  the  squared  eigenfunctions.  From 
(5.3)  we  have 

C,N,m -crr,tx p(if  +  ,x)  (5.12) 

and 


JV„-e 
where  Af,(x) 


fl-r  j 


S  (x;ix,).  Then  we  obtain 
u(x) *■ iK  +(xpc)  -  K  ~{xjc) 


(5.13) 


-  -i  f  C,[tf,+  (x)-iVf(x)] 

lm  1 

*  2  2]  C,  sin(2x,5)|fV ,+  \1e2r,‘.  (5.14) 

■ 

On  the  other  hand,  from  (2. 1)  or  (3.2),  one  finds  that  the 
equation  for  *«|*T  -  |  W  +  exp{  -  ik\x  -  f5)]|J  with  k 
rad  or  pure  imaginary  satisfies 

+  (1/5)*,  +  2i/*,  +  7*„  -  0,  (5.15) 


which  is  the  associated  linear  equation  of  ( 1 . 1 ).  Note  that  this 
result  is  similar  to  the  case  of  the  KdV  equation.9  In  fact,  the 
results  obtained  in  Ref.  9  for  the  KdV  solitons  are  derived  by 
taking  lim  6—0  in  our  results. 


6.  CONSERVATION  LAWS 


As  shown  in  Ref.  6,  ( 1 . 1 )  has  an  infinite  number  of  con¬ 
servation  laws.  Here  we  give  the  direct  connection  between 
those  conserved  quantities  and  the  scattering  data  defined  in 
the  Sec.  3.  We  first  show  that  the  function  defined  by 


****)"  h  A# -!*hi  ,6-l) 

M  (x;X ) 

is  directly  related  to  the  scattering  dataa(A: ).  Noting  that,  for 
large  in  the  upper  half  plane  of  the  FS,  At ±  (x;k )  are  not 
zero,  we  have  a  relation 


(7<7)(x;* )  =  -  i  ln[A/  +(x;*  ]M  ~(x;k  ]A  ],  (6.2) 

for  large  1,  Im  f  +  >  0,  where  we  have  used  the  fact  men¬ 
tioned  below  Eq.  (2.6),  and  the  constant  A  can  be  determined 
by  the  boundary  condition  (see  below).  It  should  be  noted 
that  a(x) — *0  as  |x|-»oo ,  since  for  Im  f  +  >  0  in  the  FS, 

M  ±(x\k )— »1  asx— ►  —  oo  and  Af  ±(x;k )— *a{k)asx— ►  +  oo. 
From  (6.1)  and  (6.2),  (4.2)  and  (4.3)  become 

e"  -  1  =  [  y  (1  “  O  “ iff.  ~  Tor.  +  2«/j,  (6-3) 

<r,  -  2£+ox  -io„+o,  To,  +  2i/x  =  0.  (6.4) 


Taking  /“  „  a.  To,  dx  —  0  into  account,  from  (6.4),  one 
finds  thatofx)  is  a  conserved  density.  For  large  |£+|,  (6.3)  has 
an  asymptotic  expansion 


<Hx;k) 


A.M 


(2 t+r 

The  first  two  d,(x)  are 


(6.5) 


5,  =  2i/. 


(6-6) 


*2  “  -  2u2  -  —  u  -  Hu,  -  lT(u,). 

On  the  other  hand,  from  the  definition  of  7'(-),  we  have 
-  o\y,k)dy  as  x—oo, 


(To^x\k  )— 


o[r,k)dy  asx— -co, 

(6.7) 


and  from  the  boundary  conditions  of  M  ±  (x-k )  for 

Imf  +  >0, 

(ln[jJ(k)A)  as  x—+  oo. 


ln(3f  +[x;k)M-(x-,k)A 


Comparing  (6.7)  with  (6.8),  we  obtain 


as  x—  —  oo . 


(6.8) 


In  a(k )  ~  —  —■  J*  o\y,k)dy.  (6.9) 

Next  we  derive  a  closed  form  expression  for  a(k )  by  us¬ 
ing  the  analyticity  requirements  of  the  previous  sections. 
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Namely,  we  employ  the  following  facts: 

(i)  a(k )  is  analytic  for  Im  >  0. 

(ii)  a\k )  has  only  a  finite  number  of  simple  zeros. 

(iii) a(k)-*l,  as  |£+|-*oo  forlm£^>0. 

(iv)  a\k )  =  a*(  —  k  *)  for  real  f +(fc ). 

In  this  case,  a{k  j  can  be  written  in  the  form 


ft 

S*  +S-i 


(6.10) 


where,  for  Im  £+  >0,  d(k )  has  no  zeros  and  a{k )— »1  as 
|f*.|-*ao.  From  (6.10)  we  obtain 

-»*- (Aferfe) 

forlm£*>0,  (6.11) 

a{k )  =  lim  a\k ),  for  real  f*. 

Imf.iO 

For  large  |f + 1,  we  have  the  asymptotic  expansion, 

to  ** 1  “  ^ [ » J-\r* r  ‘tow‘ ^  - 

1«  *  ‘Mi  *  1 

+  — 1  2  .  (6.12) 

Him  l  J 

Comparing  (6. 5)  with  (6. 1 2),  we  now  obtain  the  trace  formula 


/.-J"  *.(*)*-  - 


ln|a(* ) 


-  —  <*  2  (6.13) 

n  /_i 

From  the  first  two  terms  of  /„ ,  we  have 

f*  udx  ~A  Y  K'S  -  —  P  ln|a(fc  )|2,  (6.14a) 
J-m  i - i  ir  J  -  . 

J  U1  dx  m  8  £  K'S  ^  -  K,  cot(2x,8)J 


+  ~  f  df+  in|a(*  )|2.  (6. 

IT  J-m 


14b) 


7.  NOTES  ON  THE  BENJAMIN-ONO  EQUATION 

In  Secs.  4-6,  we  developed  a  method  associated  with  the 
1ST  problem  of  ( 1 . 1 )  in  the  case  where  the  Neumann  series 
corresponding  to  the  integral  equation  (3.4)  converges.  Suffi¬ 
cient  conditions  for  this  to  hold  are  to  have  8  finite  and 
max|u|  chosen  small  enough  (see  Appendix  B).  We  now 
briefly  consider  the  scattering  problem  in  the  case  8  *  « , 
and  we  find  several  results  associated  with  the  BO  equation 
by  solving  the  scattering  problem.  Our  basic  philosophy  re¬ 
garding  this  case  is  to  obtain  information  by  taking  the  limit 
process  <5— ►  * . 


From  (3.2)  and  (3.3)  with  8— *« ,  the  1ST  scheme  of  the 
BO  equation  is  given  by 

iwf  +  2k(w+  —  w~)  =  — uw +,  (7.1) 

iw?  -  Aikw  *  +  u>  *  +  [  q:  2i/>  *  [Ux )  +  p  ]w  ±  =  0,  (7.2) 

where  P  *  (•)  are  the  usual  projection  operators  given  by 
P±{-)  =  J(1  iH  ](•),  and  ui ±  (jc)  are  the  boundary  values  of 

the  functions  analytic  in  the  upper  and  lower  half  z  plane, 
respectively.  Here  we  require  that  the  derivatives  ofw±  (x;k ) 
satisfy 

Hw*  =  ±  ho*  (7.3) 

With  (3.11)  and  (3.12),  we  define  the  Jost  functions  of 
(7. 1)  as  follows.  For  real  k  >  0, 


m  ±  (x;k  )  =  lim  M  *  (x;k  ), 

(7.4a) 

3— »eo 

m  *  (x;k )  =  lim  M  1  (x\k )  exp(  —  2k8), 

(7.4b) 

n  *  {x\k )  =  lim  N  ±  [x\k )  exp(  —  2k6), 

S—T 

(7.5a) 

n±(x;k )  =  lim  N  *  (x;k ). 

(7.5b) 

As  mentioned  in  Appendix  A,  these  Jost  functions  are  the 
solutions  of  the  split  equations 

iw*  +  2k  (iu+  -  w0)  *  -  P  '’■(mw-),  (7.6a) 

2k  |ur  —ui0)  —  P  “(MUJ-),  (7.6b) 

where  w0  is  a  constant  determined  by  the  boundary  condi¬ 
tion.  The  Green’s  functions  associated  with  (7.4)  and  (7.5), 

defined  by  g,f2(x,  y,k )  =  lim  G  ,f2  (x,  yk ),  are  given  in  the 

6—  aa 

explicit  form,  for  real  k>0, 

g  *  (*.  y,k )  «  ie“k  '*  "  *  ( d  (x  -  y)  -  -j-  E,  [  2ik  (x  -  y )  ]  J , 


(7.7a) 

g2+  (x,  yk )  =  /e2'* w  ~  ■ »  +  g*  (a:,  y\k ), 

(7.7b) 

g,-(x,MI®  —  -■■■  1 - — . 

4 mk(x  —y  —  r0| 

(7.8a) 

gi\x,y\k)  =  g^(x,yk ), 

(7.8b) 

where  ff(-)  is  the  usual  Heaviside  step  function,  and  £,(z)  is 
the  exponential  integral, 

E,(z)  =  f  - — dt,  for  jargz|  <ir,  (7.9) 

Jt  t 

and  asymptotically  Ei(z\-+Q{e~,/z)  as  (z|-»«c.  The  integral 
equations  for  m  *  and  n  *  are  found  in  the  same  way  as  in  Sec. 
3;  hence,  from  (7.7),  we  have,  for  real  k  >  0, 

m+(x;*)~  1  +0{k\etikx 

+  J  gi*[x.y,k)u{y)m*[y,k)dy,  (7.10) 
n*(x;fc)  =  al*)e2,'u‘ 

+  J  g*\x,y\k  \u{y)n  *{y\k )  dy,  (7.11) 
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■1 


which  leads  to 

m*(x;k )  =  ii+(x\k )  +  0{k  ]n*(x;k ),  (7.12) 

n{x;k)^a[k)m*(x;k),  (7.13) 

whenever  the  solutions  of  (7. 10)  and  (7. 1 1 )  are  unique.  Here 
0[k )  and  a\k )  are  given  by 


0  (k )  *  lim  b(k)  exp(2k£) 

5—  *40 

-/J*  u(y]m^{y-k]e-^dy, 
a[k )  =  lim  S\k ) 

6- *  oo 

=  I  —  i  J"  u(y\n^(y,k  \e~2J*'dy 


(7.14) 


(7.15) 


[note  that,  for  real  k>0,a(k)-*l,  A  (k;— 4)  as  6— ►«:]. Sofar 
we  have  discussed  the  Jost  functions  for  real  k  >  0.  A  re¬ 
markable  feature  of  the  scattering  problem  (7. 1)  may  arise 
for  real  k  <  0.  In  this  case,  the  Green  functions  become 

8i"  (*,  y,k )  =  g*  (x,  yk )  =  ( l/2ir]E,  [ 2 ik  (x  -  y)  ]e2/k  '*  ~ *, 

(7.16) 

andg ,72  (x,  yk )  are  the  same  as  (7.8).  Then,  the  Jost  functions 
are  given  by 


+(x;fc)«H-  -L  f"  elik'x-» 

2ir 

E,  [ 2ik  (x  -  y)  ]  u(  y)m + ( y;k )  dy, 


(7.17) 


5,(jc)—J  \K\x,yJt)\idy<<o, 

S7( y)mj  |AT(x, yk  )|J  dx  <  « , 
So— J  J  \K  (x,  yk  )|J  dx  dy 


(7.19) 


<  oo, 


and  if  S0  <  1,  then  there  is  only  the  trivial  solution  to  (7. 18), 
i.e.,  n*(x;k )  ■  0.  For  real  k,  the  condition  S0  <  1  gives 


i: 


[•*♦*)!*  dx  <4ir|k  \. 


(7.20) 


This  im^ies  that,  for  given  u(x),  one  may  expect  to  have  a 
nontrivial  solution  for  those  k  satisfying 
|*  |  <(4 ir)~ .  [u{x)]2dx.  In  order  to  illustrate  some  of 
those  features  {e.g.,  the  existence  of  nontrivial  solutions  of 
(7. 18)]  of  the  scattering  problem  (7.1),  we  discuss  a  simple 
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example.  Namely  consider  the  following  initial  condition, 
2ve 


«(*)  = 


l  +  * 


(7.21) 


where  v  and  e  are  constants,  and  without  loss  of  generality  e 
can  be  taken  1  by  virtue  of  the  scaling  asymmetry,  x—ex, 
t-^t,  u-*u/e  (the  BO  equation  with  this  initial  a  edition 
has  been  discussed  numerically  in  Ref.  11).  The  method  dis- 
cused  below  can  be  applied  to  the  case  in  which  «(x)  takes 
more  general  form  of  a  rotational  function.  Fora  bound  state 
(i.e.,  real  k  <0),  by  virtue  of  Cauchy’s  theorem,  we  immedi¬ 
ately  obtain  n~[x;k ),  from  (7.6b), 

n~(x\k )  =  -5-/>~(un  +  )(x;k) 

2k 

=  — f  - - - f ~^—)n+(yk)dy 

4irik  J  -  *  x  —  y  —  /0  \  y2  +  1  / 

=  —  Resf - ^ - (-—-Wf.y;*)! 

2k  [x-y-nKf  +  l)  J 


ivn+\i;k ) 
2k  [x  -  i) 


(7.22) 


«-(*;*)*:  -j-j  euk{*-*E,[2ik(x-y)]u{y\n+[yk)dy, 

(7.18) 

where  we  have  omitted  the  term  exp(2/kx)  in  (3. 12a),  since 
this  function  is  not  analytic  on  the  upper  half  z  plane 
(Re  x  *  x)  for  k  <  0  in  the  sense  of  (7.3).  We  note  that  if  there 
is  a  nontrivial  solution  of  (7. 18),  then,  by  the  asymptotics  of 
E<{x).n+\x-Jc  }—0(l/x)  as  |x|— ►«  [i.e.,  this  solution  may  be 
considered  to  be  a  bound  state  for  (7. 1 )].  By  the  method  of 
successive  approximations,10  one  can  find  that  if  the  kernel 
K  (x,  yk  M2jt)  '  ( 2ik  (x  -  y)  ]  u(  y)  exp  [  2 ik  (x  -  y)  ]  satis¬ 

fies  the  following  square  integral  conditions. 


where  we  have  used  the  requirement  that  n  *(  y\k )  is  analytic 
on  the  upper  half  plane.  It  should  be  noted  that  n-(x;k )  can 
be  calculated  explicitly  and  the  degree  of  singularity  in  the 
upper  half  plane  is  the  same  as  the  one  of  u(x)  when  u(x)  is  the 
rational  function.  Then  the  solution  n  *[x\k )  can  be  found 
directly  from  (7. 1 )  in  the  form 

fz+iv 

n+(i\k )  V  x  +  / /  J-.Vy  —  i) 

X“P  m*Z2±dy,  (7.23) 

y-i 

with  the  boundary  condition  (n+(x;k )— 4)  as  |x|— *oo) 

D.(*|-J"  0.  17.241 

which  determines  the  discrete  eigenvalues  (see  below).  For 
v  <  0,  integrating  (7.23)  by  parts,  one  may  see  that  n +\yk ) 
has  a  singular  point  at  z  /,  and  there  is  no  bound  state.  Asa 
special  case  of  v  >  0,  we  first  consider  the  case  v  =  n  =  in¬ 
teger.  By  a  residue  calculation,  one  can  see  that  (7.24)  is  the 
La  guerre  polynomial  of  degree  n,  i.e., 

Dm{k )  *  (2 ui)~ '£„(  —  4k )  exp(4k )  =  0  for  k  <0.  Hence 
there  are  n  real  distinct  eigenvalues,  e.g.,  for  n  =  1, 
k,  =*  —  \,for  n  —  2,  k,  j  =  —  (2  ±  \/2)/4,  and  so  on.  On 
the  other  hand,  (7.23)  can  be  written  in  the  form, 

n+(x;kj 
n*(i;k ) 

(7.25) 


TABLE  I.  The  eigenvalues  of  the  Fredholm  integral  equation  |7. 1 S). 


V 

"aT*1 

1.0 

IS 

2.0 

2.5 

3.0 

0.48 

1.0 

0.12 

0.59 

0.085 

0.42 

-4* 

1.97 

3.41 

1.28 

2.29 

_ 

4.69 

6.29 
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■  t*  r  .v* 


where  I'?'\x;k )  is  given  by 

/'/"Ml  =  j 


e»p(-2 iky) 

y  _/)»-'+  1 


1 


n-l 


exp(  —  2ikx) 

(*-iT“# 


-  likl'rl ,  (x;/c ) 


-  £ 


(*-iT 


( -  a*  r  - 

(n-/)! 


■CM)- 

(7.26) 

Here  ym  is  the  constant  to  be  calculated  recursively,  and 
I  ["\x-,k )  is  the  exponential  integral  E,  [  2 ik  \x  —  /)  ]  which  has 
a  logarithmic  singularity  at  x  =  i.  However,  the  coefficient 
of  in  n*(x-,k )  is  just  the  Laguerre  polynomial,  i.e.. 


:-<*)-  S 


(4 *r 


(7.27) 


{!)  (n-l)] 

which  is  required  to  be  zero  by  the  condition  (7.24).  Namely, 
the  condition  (7.24)  corresponds  to  the  requirement  that 
n  ~'(x;k )  is,  in  fact,  analytic  in  the  upper  half  plane.  Thus  we 
expect  to  find  an  n-soliton  solution  when  v  =  n  (in  agree¬ 
ment  with  Ref.  1 1).  By  direct  calculations,  one  can  show  that 
the  solution  (7.25)  with  (7.27)  =  0  satisfies  (7. 18)  [i.e.,  this 
shows  the  existence  of  the  nontrivial  solution  to  the  homo¬ 
geneous  integral  equation  (7.18)].  For  the  situation  with 
v#  integer,  we  note  that  (7.24)  can  be  expressed  by 


(1 


-•“>1 


.  (y+i )V 


-1 


a,y 


■dy  =  0,  (7.28) 


hand,  for  <5—  oo ,  we  have 


G(p;k ) 


1 


p  —  Ik 


&{p). 


1 


G  [p\k)-+  —  6(p), 
2k 


(A3a) 


(A3b) 


where  6  (•)  is  the  usual  Heaviside  step  function.  It  should  be 
noted  that  f + (k  }-*2k8  ( k )  for  real  k,  and  the  negative  eigen¬ 
value  in  (7.1  (corresponds  to  what  happens  to  <  —  1/(245  ) 
(i.e.,  k  is  on  the  edge  of  the  PB)  for  finite  <5.  From  (A3),  we 
have 


G*(x,y,k)—  -i-  f 

Lit  Jr' 


e‘»- 


ip\x  -  y  +•  JO) 


2 ir  Jc-  p  —  2k 


■dp. 


G  (x,y;k)~ 


— r 

4 irk  J_  , 


,  -  fpu  -  y  -  iO) 


dp, 


(A4a) 


(A4b) 


where  the  contour  C  *  is  taken  to  be  a  positive  half p  line 
avoiding  the  singularity  p  —  2k  (see  Sec.  7).  It  is  remarkable 
that  (A4b)  is  just  the  usual  projection  operator 
/>-(•)  =  [(1 +/#)(•),  i.e., 

G~(x,y,k\-  1 


4irik  (x  -  y  -  f0) 

1 


4  k 


Six  -y)-  —  p- 


1 


x-y 


=  —  P“(x -y) 
2k 


(A5) 


where  [v]  denotes  the  Gauss’ssymbol  (i.e.,  maximum  integer 
less  than  v),  and  the  series  2}^  oattf  » ‘he  first  [v]  +  1  terms 
of  the  Taylor  expansion  of  ( y  +  1  )v  exp(4/cy)  around  y  *  0. 
From  (7.28),  we  find  that  there  are  n  roots  of  (7.28)  when  v  is 
in  the  range  n  —  1  <  v<n.  We  have  listed  the  values  of  k 
versus  v  in  Table  I. 
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APPENDIX  A:  GREEN’S  FUNCTIONS 

We  give  here  the  form  of  the  Green’s  function 
G  *  (x,yk )  in  the  limits  of  5— »0  and  6— ►»  for  real  k. 

For  &-*0,  taking  (+-*k  into  account,  the  Green's  func¬ 
tion  (3.6)  with  (3.7)  becomes 

1  f 

G(x,y,k)—  —  - — -dp,  (Al) 

2 irS  Jc  p{  p  -  2Jc ) 

which  is  the  Green’s  function  of  the  Schrddinger  equation  of 
V(xjc )  —  lim  W{x\k ),  i.e., 

4-0 

5(F„+2/*Kj  +  i<»'-0  (A2) 

[note  exp(  —  ikx)  where  5  is  in  (2.7)].  On  the  other 


[note  that  P  “(•)  =  „dyP~(x  —  y)(-)].  Indeed,  the 
Green’s  functions  G  *  (x,  y;k )  decompose  the  scattering 
problem  into  two  equations. 

iG;  (x,y\k )  +  (f  +  +  1/245)0  +(x,yk  ).  -A  +|x -y), 

(A6a) 

(f  +  +  1/245)0  ~(x,  yk)=A~(x-  y),  ( A6b) 

where  the  functions  A  ±  (x  —  y)  satisfying 
A  *(x  —y)  +  A  “(x  —  y)  =  (5(x  —  y){i.t.,A  ±  isadecomposi- 
tion  of  5-function)  are  given  by 

A*(x-y) 

1/25) 


-L  (+—l=1L 

2  rr  Jc  p-(£+  +  1 


1/245)11  -e-2*) 


A  “(x-y) 


_l  r  dp — ski 

2  ir  Jc  p  -  (£  +  + 


1/2 5)e 


■ISf 


1/2<5)(1  —  e“**) 


gt** 

(A7a) 


gV**  -/-*» 


(A7b) 

Here  we  note  that  for  5-*  so ,  ( A7)  tend  to  the  usual  projec¬ 
tion  operators, 


A  ±(xy)-*P  *(x  —y)  ■■ 


±i 


ln\x-y±K )) 


(A8) 


APPENDIX  B:  ANALYT1CITY  OF  THE  JOST  FUNCTIONS 

Here  we  discuss  the  analytical  property  of  M  *(x;k )  in 
the  fundamental  sheet  (FS).  [The  analyticity  of  N  +(x;k )  can 
be  discussed  in  a  similar  fashion  to  that  considered  here.]  In 
order  to  do  this,  it  is  convenient  to  write  0  ,*  \x,y,k )  in  the 
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explicit  form  calculated  by  the  residue  theorem,  i.e., 

G  *  (x,  yk ) 

=  ~  £  - -exp [ip„(x-y)]0(x-y\ 

i*  -  1  Pn  "* 

"  TT  £  exp  [ip,  |  x-y)]9{y-x). 

Lb  1-1  P,  + 

(Bl) 

Herep,  («>  —  1),/.  ;«>1)  are  given  below  (3.7). 

Firstly,  we  show  that  in  the  upper  half  plane  of  the  FS, 
G  *  { x ,  yk )  [and  therefore  M  *[x-,k )]  is  holomorphic  at  the 
points  on  the  branch  cut  corresponding  to  the  edge  of  the 
principal  branch  (PB)  in  1m  k  >  0. 

Let  £  „  „  be  the  point  on  the  branch  cut  in  the  upper  half 
plane  of  the  FS.  Then  there  are  two  points  k„  k2  (say,  Re  k, 
<  Re  k2)  on  the  edge  of  the  PB,  such  that  $  +  Jk,) 

—  £  +  Calculating  the  two  limits  of  G  ,*  [x,  y;k )  in  the 
FS  (or  PB), 

lim  G  *  (x,  y,k )  =  lim  G  *  (x,  yk  j  (B2a) 

Im  {.  ilm  f  .  .  ' *> 

and 


lim  G ,+  (x, yk)  =  lim  G  *  |x, yk ),  (B2b) 

Imf.Mm;.,  *— *1 

we  obtain  (B2a)  =  (B2b),  since  at  k„p0  =  2 k„p,  =  2 k2,  at 
k1,p0  —  2k2,pl  -2k,,  and  the  other  poles p„ ,  p„  (n>2)  re¬ 
main  the  same.  Hence,  G  *  (x,  yk )  does  not  have  the  branch 
cut  in  the  upper  half  plane  of  the  FS.  It  should  be  noted  that 
for  Im  £+  <0,  G  *  (x,  yk )  has  a  branch  cut  corresponding 
to  the  lower  edge  of  the  PB.  For  G  2  (x,  yk )  [associated  with 
Nix* )],  similar  reasoning  suggests  that  G  2  (x,  yk )  does  not 
have  the  branch  cut  in  the  lower  half  plane  of  the  FS. 

Now  let  us  discuss  the  analyticity  of  M  *[x;k )  for 
Im  f  +>0.  In  the  case  f  +  (n>0)  (i.e.,  there  is  no  double 

zero),  one  can  estimate,  from  (Bl), 


J  \G  f(x,yk)u[y)\dy 

,  2max|u|  a  l 

+  - !_L  y  - ma,  <  oo. 

ir  „£■  <2n-l)|p. -fj 

(B3) 

(i.e.,  the  kernel  can  be  estimated  by  a  constant  which  depends 
on  S,  max  ju|  and  j*"  .  |u|  dx).  Then,  by  the  method  of  suc¬ 
cessive  approximation,  we  have  the  Neumann  series  for 
| M  *{x\k  )|  in  the  form 

\M  +{x*  )|<  1  +  J’  | <7,<x. yk )u( y)\  dy 


+  J  dy'\  w* )«( >i)<?i( y{,y2,k  )u( y2) 


<1  +a,  +of  -) - 


(B4) 


Ifa,(^,<5)is  less  than  1,  then  (B4)  converges  and  \Af  *{x\k  )|  is 
uniformly  bounded.  For  the  case,  />„,  =  p„n  *  ,  *  £ „  (n>0) 
for  a  certain  n0  (i.e.,  there  is  a  double  zero  in  the  upper  half 
plane  of  the  FS),  we  have 

J  \G*[x,yk)u(y)\dy 

<7; — f  W(y)\dy 

|2 n0  -  1| irJ-m 

26  max|n|  f  _1_  *  ,  1 _ 

n  l  <5  »-o  \2n  -  I||p„  -pj 


4 

+  3|2n0  —  1| 


6 

(2n0  -  1  )V 


(B5) 


where  X'“.  0  expresses  the  sum  over  »> 0  except  n  =»  n0  and 
n0  +  1 .  Thus,  the  convergence  of  the  Neumann  series  is  giv¬ 
en  by  a2  <  l,and  |  M  *(x;k  )|  is  also  uniformly  bounded.  In  the 
case  f  +  =  0  (A:  =  0),  we  need  a  different  way  to  estimate 
|  M  +  [x\k )  ( .  Here  the  estimation  of  the  kernel  G  *  (x,  y;k )«( y) 
depends  on  x.  We  write  the  integral  equation  for  M  +|x;/fc )  in 
the  form 


M*[x;k )  ®  1  +  J"  V(x,y,k)u(y)M  *(yk)dy 

+  f  F[x,y,k)u(y)M*(yk)dy.  (B6) 

J  —  « 


where 


1 


^  u  —  yt 

r  t 


r{x-r-k)- we.  we. 

F\x,y;k | .  G  ,*l x.y-Jc)-  K| x.y.k |. 
Define  &(x;k)  to  be 


(B7a) 

(B7b) 


<P(x; 


— j: 


F{x,y,k)u(y)M*(y,k)dy,  (B8) 


from  which  we  have 

M+[x;k)  =  <P  [x-.k )  +  J  V[x,  yk )«( y\M  *(yk)  dy.  (B9) 


Noting  that  (B9)  is  a  Volterra  integral  equation,  we  have  a 
resolvent  kernel  r  (x,  yk )  given  by 

/'(x,M)=  £*'"'(*.  **),  (BIO) 

1  -  l 

with 

K '">(x, yk )  -  J *ds  V(x*k  ]K'"-  "(s, yk ), 
K"'[x,yk)=V[x,yk)u{y),  (BU) 

and  M  *{x;k )  is  given  by 

M  *{x;k )  -  <P  (x;k )  +  J*  r[x,yk)4>(yk)  dy.  (B12) 

From  (B12),  (B8)  can  be  written  as  a  Fredholm  integral  equa¬ 
tion  in  the  form 

*(*;*)«  1+J  K{x,yk  )<P\yk)dy,  (B13) 
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whose  kernel 


where 


K  (x,  yk )  =  F(x,  yk  )u{y)  +  j  F(xs,k  )u{s]T  ( s,yk)ds 

(B14) 

[notethatFpc,  yk  )(andthereforeAT  (x,  yk  )]hasaIogarithmic 
singularity  at  x  =  y.  By  the  method  of  successive  approxima¬ 
tions  for  (B13),  if  K  (. x ,  yk  j  satisfies  the  following 
conditions,10 


J  \K  {x, yk)\2  dy  ^ 0 ^x) <  oo,  for  all x,  (B15a) 
J*  |fir(x,y,/c)|1dx^2(y)<  «,  for  all y,  (BISb) 

J*  \K (x, yk W1  dxdy<\,  <B15c) 

then  the  Neumann  series  of  (B13)  converges.  In  the  case 
k  =  0,  we  have  the  estimation  | K  (x,  >;0)|,  for  x  ^y, 

\K(x,yfS)\<\F(x,ymy)\ 


+  —  l«(3')l  f  <&|F(x,s;0)u(r)/'(r, y;0)|  ds 
2 ir  J-  » 

(B16) 


with 


|r(x,y,0)|<  j[l+  -^-(W  +  W 

Xexp^  +  ~x0(x)j  |u(s)|dsj,  (B17) 
1  +exp[  —  (-»r/2^)|x  —  y|] 


<  — ln- 

lv  1  —  exp(  —  (rr/25)|x  —  y  |  ] 


(B18) 


j /",(* +  ■jj-mJm*)!  ^  <B19» 

From  (B16),  one  can  see  that,  for  finite  5,  if  u(x)  decays  suffi¬ 
ciently  rapidly  as  |x|-*oo ,  then  |JC  (x,y#)|  is  square  integra- 
ble.  Moreover  the  Neumann  series  converges  for  given  5  and 
max|»|  chosen  small  enough.  Namely,  the  solution  of  (B13) 
exists  for  all  x,  and  therefore  M*[x,0)  exists.  It  is  interesting 
to  note  that,  for  the  limit  6—0  with  u(x)/5  remaining  finite, 
F{x,  yk )  tends  to  zero  and  (B6)  becomes  the  Volterra  equa¬ 
tion  of  the  Schrodinger  equation  (see  Appendix  A).  Conse¬ 
quently,  these  results  imply  that  M  *{x;k )  is  analytic  in  the 
upper  half  plane  of  the  FS  whenever  the  Neumann  series 
converges  in  this  region. 


APPENDIX  C:  RELATIONS  BETWEEN  (**),**))  and 

(J**),**)) 

For  real  k,  we  derive  the  relations  (3.22)  and  (3.23).  In 
order  to  do  this,  it  is  convenient  to  consider  the  following 
form  of  the  scattering  problem, 

+  (“  +  (Ct| 


6  {x;k  \w*W{x\k )  exp(  -  i£ +x), 

and  r {k  )■(£  +  +  1/25)  exp(  -  25f  J 
« (  —  f  _  +  1/25)  exp(25£_)  =  /'(  —  £).  Then,  for  real  k, 


the  Jost  functions  are  defined  by 

f{x,k  \—€  "  **',  as  x— ►  —  oo ,  (C2a) 

g(x;k  )-**** ~x,  as  x—  -j-  so ,  (C2b) 

[note  that  from  rtk  )  =  /'(  —  <: ),  ifd  (x-,k )  is  a  solution,  then 
d  (x;  —  k )  is  also  a  solution].  Then  the  relations  (3.20)  and 
(3.21)  become 

f{x;k )  =  a{k)gix;-k)  +  blk  )g^x;k ),  (C3) 

g(x;* )  =«  a[k  ]f(x\  —  k)  +  b{k  ]f{x;k ),  (C4) 

from  which  we  have 

a(*)o(-/c)  +  5(*)5>)«l,  (C5a) 

a(k)a(  —  k)  +  b(k  ]b[k )  =  1,  (C5b) 

and 

a{k)b{-k)  +  b{k)a{k)  =  0'  (C6a) 

a(*)5(-fc)  +  5(fc)a(A:)  =  0.  (C6b) 


On  the  other  hand,  from  (Cl )  and  its  complex  conjugate 
equation,  we  have 

OX 

(C7) 

By  virtue  of  the  relation  [$  *■  ]  *  =  [^  •  ]  * ,  we  obtain 

+  r(A)limfr  1+14 dx +  f+l>dx)  |d  |*.  (C8) 

*— •  \J~l-iS  Jl-H  / 

Using/'(x;A:  )a sd  (x;k  )in(C8),  and  taking  the  boundary  condi¬ 
tion  of/(x;£ )  into  account,  we  obtain  (3.23).  Also  comparing 
(3.23)  with  (C5)  and  (C6),  we  have  (3.22). 

APPENDIX  D:  BOUND  STATES 

Here  we  show  that  the  zeroes  of  a{k )  are  pure  imaginary 
and  simple. 

From  (2.1),  we  have 

i  4-  l*r  i  i>t ) 1 *  ]  -  (* ,  -  /I  T)  W  l  *.+ )  *  ] 

OX 

(#.")•.  (di> 

where  ^,*i(x;A:1),^,  =  (A,), /x,  =  /*(*,)  and  lm*,>0.  By 
virtue  of  that  (t#*  ]*  =  [?£*]  *,  we  have 

|^,+  |Jdx  +  (/«,-  |*,|2dx«0. 

(D2) 

From  (D2),  using  the  formula  of  A  and  fi  in  terms  of  the  k  [see 
below  (2.2)],  we  obtain  k,  » ix,. 

In  order  to  prove  a{k , )  #  0  (i.e.,  k ,  is  a  simple),  we  show 
the  following  relation,  for  the  bound  state  k**ii c, 

C~'mua/b  =■  J  \g(x-je)\2  dx,  (D3) 

where g{x;uc)  is  given  by  (C2b),  and  C is  defined  in  (4.8).  From 
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(Cl)  and  its  derivative  with  respect  to  i.e., 

it?  +(«  + 1/25#  *«/>-+/>-  (D4) 

[here  the  dot  denotes  the  derivative  with  respect  to  f+,  e.g., 
t=  —  2&£+  exp(  —  2££ +)],  we  have,  for  k»ix. 


-2£$^e~^t -{**\*.  (D5) 

where  i  =  &t  /<% *.  |*  _  *,  and  we  have  used  r  *(ix) »  r  (ix). 
Integrating  (DS)  over  —  oo  to  oo,  we  have 


^  +  +  f  '  ‘*dx+  f*“dxW 

<— «  KJ-i  +  it  Ji-is  ) 

Um  ^  J  dx  +  J*  dx  +  J*  dxj|d  |\ 

(D6) 


where  we  have  used  [t  ±  ]*  =*  It  *3 *  ■  From  (D6)  with 
t  =* /and  the  boundary  condition  of/,  we  have 


(D7) 


Consequently,  from /(x;ur)  =  bg\x\uc),  we  obtain  (D3). 


APPENDIX  E:  CLOSURE  OF  THE  JOST  FUNCTIONS 

Under  the  condition  of  the  analyticity  for  the  Jost  func¬ 
tions  considered  in  Secs.  4-6,  we  show  that  the  set  of  the  Jost 
functions  defined  in  (3. 1 1)  or  (3. 12)  consists  of  the  closure  for 
the  eigenvalue  problem  (3.2).  We  use  the  scattering  problem 
(Cl)  for  convenience. 

Let  us  define  the  adjoint  problem  of  (Cl)  in  the  form 
-fW4).-  +(«  +  \/mt*)-=r\k)\t'')+,  (El) 
where  tA  =tA  [x,k )  is  the  adjoint  solution  of  t  [x;k ).  For 


real  kA he  Jost  functions  of  (El)  are  given  by 

fA\x,ky+e~lt*,  asx— ►— oo,  (E2a) 

g*  {x-Jc  y-*€ie~x,  as  x— ►  +  oo .  (E2b) 

From  (C2)  and  (E2),  one  can  see  that 

t4[x;k)mt*{x, -k)  forreal*.  (E3) 

By  virtue  of  the  analytical  continuation,  we  have 

^4(x;A:)«^*(x,  —  k*)  for  complex  k.  (E4) 

Let  {k  (A ')  be  an  inner  product  defined  by 

t\x;k)tA{x-,k')dx 

»J"  (k  \x)(x\k')dx,  (E5) 


where  the  Dirac  symbols  are  defined  by  (k  |x)  <mt  [x;k )  and 
<x(*  )»[<*  I*)]'*  mt4{x;k ).  Then  for  real  k,  from  (Cl)  and 
(El),  we  have 

[/■((t)-n*  ')]<*!*'> 

mi[4*\k)[tA\k'))-\\xZ-m 

-r(*)Jun(J"^d*+  £ *"dx)*(*# *(*•) 


+  T{k  ')lim 

<—  m 


dx  + 


*(k\tA(k'). 

(E6) 


Defining 

/(x,A:)-<*,t|x>|  (E7a) 

gSxJt  )»(fc,2|x)  1*  (E7b) 

and  by  virtue  of  the  boundary  conditions  of  /  and  g,  we  have 
the  following  orthogonality  relations. 


<*,1|*  ',2>  -  lrra(k  -£\)  for  real  k,k ',  (E8a) 
( k,  1  |wr„2>  *  <«r„  1 1 kj.)  =  0  for  real  k,  (E8b) 
(uc„l\iiem,2)  **id,Slm.  (E8c) 


If  the  set  of  the  functions  [( f[x;k ),  —  oo  <  k  <  oo ) , 

S/(x;ur, )){'_,  ]  is  complete  in  the  sense  of  L2(  —  oo  <x  <  <»), 
then  an  arbitrary  function  h  (x)  in  £}  can  be  expanded  in  the 
following  form  (that  is,  the  expansion  theorem), 

k  (x)  *  — —  P  dSJ{k)f\x-k)+  f  A,/(x;ur,),  (E9) 

IK  J  -  <*>  v  /  -  l 

where  h  (k )  and  h ,  are  determined  by  using  (E8),  i.e., 

k{k)=  f  h(x)g?(x-,k)dx,  (ElOa) 

«(*) 

h  (xlg^1  (x;ix, )  dx.  (ElOb) 

J  —  «# 

In  order  to  verify  the  expansion  theorem  (E9)  it  is  sufficient 
to  show  that,  for  this  case,  there  is  an  identity  operator  given 
in  the  form12 


f *  ~~  P  ^-\k,2)(k,l\+  f -i-|«c„2><«r„l|, 

2ir  J  -  m  a{k)  /.  i  la, 


or 


(y\I\x)  **6{x-y) 

2 ir  a{k) 

+  X  -4-  ) 

i- 1  ta, 

gA{y,k)g[x-,~k)dS+ 

+  y-  f  ^?gA(y,k)gix;k)d^ 
2ir  J-iru  a{k) 


+  X  cig4(y>i*iWx<i*i)- 

i-i 

By  using  the  triangular  representation  of 
N  (x;* )  -  gix;k )  exp (£+x), 

faxk  ).«*-*  +  J"  K{xj)t*-’ds, 


(Ell) 


(El  2) 


(E13) 
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(E12)  becomes 


<  y\Ix)  =  6(x-y\  +  K  (xj>)  +  F(xy) 

+  K  {xj\F (i«y)  ds 

+  £*  K  *(  jtf  |[/f  M  +  f|W) 

+  |*  K  (x,t  ]F[tj)dt  |  ds.  (E14) 

By  virtue  of  the  Gel’fand-Levitan  equation  (4.9),  we  have 

(y\I\x)  =&{x-y).  (E15 
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Abstract.  We  discuss  some  properties  of  a  certain  physically  interesting  nonlinear  integro- 
differential  equation  with  periodic  boundary  conditions.  It  is  the  natural  periodic  analogue 
of  the  intermediate  long  wave  equation,  and  it  provides  a  periodic  analogue  of  the 
Benjamin-Ono  equation  in  the  appropriate  limit.  Due  to  the  speciality  of  the  integral 
operator,  the  equation  admits  a  Backlund  transformation,  an  infinity  of  motion  constants, 
etc.  Two  simple  periodic  solutions  are  exhibited.  Finally  we  note  that  the  equation  may  be 
transformed  into  more  than  one  kind  of  bilinear  equation. 


The  so-called  intermediate  long  wave  (ilw)  equation  (Joseph  1977,  Kubota  etal  1978) 
can  be  written  in  the  form  ( S  >  0) 

u,  +  6~,ux  +2uuM+(Tu)xx  =  0  ( 1 ) 

on  -ao  <  x  <  oo,  where 

T"  ”  “  f  oo  coth  55  U  -  *)«(«)  d(  (2) 

and  the  integral  is  eyaluated  in  the  principal-value  sense.  The  equation  can  be  solved  on 
(-oo,  oo)  via  an  inverse  scattering  transform  (ist)  (Kodama  et  al  1981),  and  has  the 
analytical  structure  associated  with  such  equations  (Joseph  and  Egri  1978,  Satsuma  etal 
1979). 

The  physical  derivation  of  (1)  and  (2)  as  a  model  of  the  evolution  of  long  internal 
waves  of  moderate  amplitude  assumes  that  u(x)  has  a  classical  Fourier  transform,  and 
that  u  vanishes  as  |x|-*oo.  Even  so,  one  may  ask  whether  (1),  (2)  admit  spatially 
periodic  solutions.  This  was  done  by  Joseph  and  Egri  (1978),  Chen  and  Lee  (1979),  and 
Nakamura  and  Matsuno  (1980),  using  formal  algebraic  methods.  Unfortunately,  the 
solutions  so  obtained  either  contain  errors  or  are  subject  to  a  limitation  that  was 
obscured  by  these  formal  methods. 

Alternatively,  one  may  seek  an  evolution  equation  for  long  internal  waves  of 
moderate  amplitude  that  are  spatially  periodic.  Then  a  derivation  similar  to  the  usual 
one  leads  to  (1),  but  in  the  periodic  case  (2)  is  replaced  with 

1  tL 

Tum2ii  Lf{x~('s'L)u[()d(  (3a) 
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where 


(32>) 


(Actually,  the  physical  derivation  naturally  leads  to  the  Fourier  representation  of  T, 
given  in  (3c),  which  is  then  transformed  into  {3b).)  This  derivation  also  requires  that 
f-L  u  dx  *  0,  which  we  always  may  impose  on  (1)  with  (3),  because  any  non-zero  mean 
may  be  removed  by  a  Galilean  transformation:  w'  =  u  +  a,  x'-x  +  2at.  In  (3*),  K 
denotes  the  complete  elliptic  integral  of  the  first  kind,  Z  (a )  is  Jacobi’s  zeta  function,  and 
dn(a),  cs(a )  are  Jacobian  elliptic  functions.  These  all  have  modulus  k,  determined  by 
the  condition  that  K'(k)/K(k)  =  8/L,  where  K'(k)  is  the  associated  elliptic  integral  of 
the  first  kind.  (All  of  these  functions  are  discussed  by  Byrd  and  Friedman  (1971).)  The 
purpose  of  this  note  is  to  discuss  some  of  the  mathematical  structure  of  (1)  with  (3). 

An  alternative,  but  very  useful,  representation  of  f  is  its  Fourier  series, 

t{x\  <5, 1)  =  i  £  coth(”£")  exp(^~)  ^3c) 


so  that 


(3d) 


where  {«„}  are  the  Fourier  coefficients  of  u.  This  representation  follows  from  the 
identities  (cf  Byrd  and  Freidman  1971,  §§  905.01  and  908.51) 


Z(a)^~  £  . 

AT  m»l  1  ““^7 


.  /mira\ 

^  Sm\  K  J 

ira  2n  £  q™  .  jmira\ 


cs(a)  dn(a)  -  —  cot  ---  £  —  sm(— 


where  q  *  exp(~irK’/K)  =  cxp(-n8/L),  and  from  the  formal  representation  (Gel’fand 
and  Shilov  1964,  p  32) 


cot  ko  *  2  £  sin  m6. 

m- 1  ' 

The  usual  operator  on  (-co,  ao)  may  be  recovered  simply  by  replacing  the  sum  in  (3d) 
with  an  integral  and  rescaling.  Similarly,  we  may  recover  (2)  from  (3)  by  letting  L  -*  ao,  5 
fixed.  Then  k-*l,K-»  irL/28,  and  one  may  show  that 

o.hg  (*.> 

which  reproduces  (2).  On  the  other  hand,  for  5  -*  oo,  L  fixed,  we  have  k  •*  0,  K  •*  iir, 
and 

f(x;  8  -*oo,  L)-»  -cot  nx/2L.  (4b) 

This  is  the  well  known  Hilbert  kernel  on  (-L,  L).  With  this  kernel,  (1)  is  the  natural 
periodic  extension  of  the  Benjamin-Ono  equation  (Benjamin  1967,  Ono  1975).  As 
one  would  expect,  (1)  with  (3)  reduces  to  the  (periodic)  kuv  equation  if  8  -*  0,  L  fixed. 

If  h(jc)  is  periodic  with  period  2 L  and  with  zero  mean,  then  (Tu)  according  to  (2)  and 
to  (3)  are  identical.  That  this  is  so  may  be  seen  by  rewriting  (2)  in  its  Fourier  transform 
representation,  and  recalling  that  the  ft  of  a  periodic  function  is  a  sura  of  Dirac  delta 
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functions  (Gel'fand  and  Shilov  1964).  Thus  (1)  with  (3)  may  be  regarded  simply  as  the 
most  natural  way  to  write  the  tlw  equation  when  periodic  solutions  are  of  interest. 

The  operator  7  given  in  (3)  is  the  most  general  periodic  operator  we  have  found 
which  satisfies  the  ‘7  conditions’: 


T(uTv  +  vTu)  —  TuTv  -  uv 

(71) 

[  (uTv  +  vTu)dx  =*0 

J— 00 

(72) 

where  u,  v  have  zero  mean.  We  find  that  (7T),  (7 2)  are  necessary  conditions  on  the  7 
operator  in  order  for  (1)  to  have  more  than  the  standard  number  of  conserved 
quantities.  With  these  conditions  the  above  evolution  equations  can  be  expected  to  be 
in  the  ist  class.  Condition  (72)  follows  from  the  fact  that  T(x)  is  an  odd  function.  To 
establish  (71)  we  use  the  representation  (3c).  Calling  f„  =  i  coth  n-trS/L,  and  w„,  v„,  the 
Fourier  coefficients  of  u,  v  respectively,  assuming  do=vo-0  (i.e.,  zero  mean)  and  using 
the  convolution  theorem,  then 


T(uTv)=  It  E  t„v„-mun-mcxp(±f) 

*->-oo  *»--oo  \  L>  / 

m  *i  \  L*  / 

=  “£  «*  £  eXp(1‘~T^)  “Z  £  tmtnVn-m 

m  n  \  L*  *  m  n 


m  n 


- -u(x)v(x)~  T(vTu)  +  (Tu){Tv) 


(5) 


where  we  have  used  the  identity 

coth  A  coth  B  ~  1  +  coth(A  -  £)(-coth  A  +  coth  B). 

The  order  of  summation  in  (S)  may  be  interchanged  if  £|u„|,  £|t?„|  exist.  This  establishes 

(Tl). 

The  need  for  the  T  conditions  can  be  seen  from  the  following.  The  usual  ilw 
equation  on  (-oo,  oo)  was  considered  by  Satsuma  et  al  (1979).  They  showed  that  the 
derivations  of  the  constants  of  motion  and  of  the  B&cklund  transformation  do  not 
depend  on  the  specific  kernel  of  T,  so  long  as  T  satisfies  conditions  ( Tl)  and  ( 72).  This 
implies  that  these  formulae  will  remain  valid  for  equation  (1)  with  (3)  since  the  7 
conditions  are  satisfied.  Actually  one  easily  verifies  (by  differentiation)  that  the 
constants  of  motion  given  by  Satsuma  et  al  (1979)  are  also  constants  of  motion  of  (1) 
with  (3). 

One  may  use  the  generalised  Miura  transformation,  u  =  £(A  -  Vx  +  i TV,  +  (L  e'v)  to 
derive  a  generalisation  of  the  so-called  modified  ilw  equation.  Namely  if  £[u]  =  0 
represents  (1),  and  V,  +  (l/5  +  A)V„  +(TV)„  +/2Vt  e'v+iV,(7V),  =0,  then 

using  the  7  conditions  we  have 

£[u]~eth[v]  (6) 

where 

0-(-d«+iT3x+iM  e‘v). 
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Similarly  it  can  be  proven,  by  using  the  results  of  Fokas  and  Fuchssteiner  (1980)  (which 
also  apply  to  the  above  Miura-type  transformation)  that  (1)  admits  an  auto-Backlund 
transformation  if  and  only  if  (FI),  (72)  are  satisfied. 

The  ist  pair  used  by  Kodama  et  al  (1981)  is  also  valid  in  the  period  problem. 
However,  the  simple  compatibility  argument  does  not  indicate  the  importance  of  the  7 
conditions.  Namely,  consider  a  linear  scattering  problem  and  a  sequence  of  associated 
time  evolutions  of  the  form 

iipx+(u-\)ip*  =  nip~  (7a) 

n  =  1,2,...  (7b) 

(7a)  is  to  be  thought  of  as  a  differential  Riemann-Hilbert  problem  to  find  (i.e.,  <b* 
are  the  boundary  values  of  certain  analytic  functions)  given  an  appropriate  function 
u(x).  For  each  n,  compatibility  of  (7a)  and  (7b)  yields  an  evolution  equation;  namely, 
requiring  *  ipu ;  and  setting  all  coefficients  of  if*,  <l>~ ,  t/'J.  ipxx,  etc,  to  zero  after  using 
(7a)  to  eliminate  derivatives  of  ip*,  gives  an  algorithmic  procedure  to  determine 
compatible  equations.  The  equivalent  to  the  first  two  equations  of  the  Kdv  hierarchy 
are  obtained  as  follows.  First,  Q*  =«  9,  +  A*,  whereupon  we  find  A”-A~  =*0.  Taking 
A*=* ,40  =  constant,  the  compatible  evolution  equation  is  «,=>«..  Second,  Q*  = 
id*  +  iB*a„  +LA*.  we  find  B*-B~  =  0,  A*  ~A~  => -2iw,.  Taking  fl*  =  f?0  = 
i(2A  + 1/5)  =»  constant,  A*  =  ±iux—(Tu)x,  the  compatible  evolution  equation  is  (1), 
without  need  for  the  7  conditions.  The  underlying  reason  why  such  conditions  must  be 
added,  and  whether,  in  fact,  (3)  is  the  most  general  singular  integral  operator  satisfying 
(71),  (72)  are  open  questions.  Matsuno  (1980)  has  given  a  different  algorithm  to 
derive  such  a  hierarchy  of  equations. 

Next  we  consider  some  special  solutions  of  (1)  with  (3).  For  a  wave  of  permanent 
form,  d,-»-cdx,  and  (1)  may  be  integrated  once  to 

(8~l-c)u+u2  +  (Tu)x+A  =0  (8) 


with  A  constant.  It  has  been  claimed  (Joseph  and  Egri  1978,  Chen  and  Lee  1979)  that 


u(x-ct) 


-(nir/L)  sinh(nrr5/f.) 
cosh(nir8/L)  +  cosfnirU  -  ct)/L ] 


(9a) 


is  a  solution  of  (8).  Its  Fourier  series  representation  is 

«(»  ~=[l  +  2  f  (-I)"  «p(-=fS)  «(==*)]. 


That  (9)  does  not  solve  (8)  may  be  seen  by  computing  du/98  from  (9a )  and  (9b),  and  Tu 
from  (3d),  because,  as  the  reader  may  verify  by  direct  calculation:  du/d8  =  -d(Tu)/dx. 
The  correct  solution  is 


_ -( nir/L )  $inh(nir6/L) _ 

UX  Cl  cosb(nir6/L)+coal(nir/L)(x -ct-\4>)] 

where  <p  <  -8.  Its  Fourier  series  is 

...  2 nirS.  .  ,  /mntr8\  /imnir((~\&)\ 

«<«-—?<-»  »“h(—M — r — ) 


(10a) 


(10b) 


and  its  validity  may  be  verified  by  computing  du/d8  from  (10a)  and  (10b).  This  solution 
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is  complex  valued.  (The  Fourier  representations  in  (9b)  and  1106)  differ  because  the 
transformation  x  -*x  -i^,  <b  <  5,  moves  £  outside  the  radius  of  convergence  of  (96).) 

More  generally,  periodic  solutions  may  be  obtained  systematically  via  Hirota's 
method,  revising  slightly  the  methods  of  Chen  and  Lee  (1979),  Nakamura  and  Matsuno 
(1980)  and  Satsuma  and  Ablowiti  ( 1980).  Let /*(*)■  f(x  i5),  let  f(x)  be  periodic  (2 L) 
and  let  f(z)  be  analytic  in  the  rectangle:  -L  =;  Re(z)  L,  -5  « Im(z)*;<5.  Then  by 
integrating  J  f(x  ~{  +  i6)f(()<l(  around  this  rectangle,  one  finds  that 

^^fU-z;6,L)trU)-rU)]dz=i[rU)+r(jr)]+/0  (H) 

where  /0  is  an  unimportant  constant.  It  follows  that  if 

u(x)-itrU)-rU)]  (12) 

where 

/*(*)- Min  F% 

and  if  f(x)  is  properly  analytic,  then  (1)  with  (3)  becomes  a  bilinear  equation 

(iD,  +  i8-'D,-Dl  +  A)f+F'=*0  (13) 

with  the  usual  notation  (e.g.  D,  a.6«(d, -5,)a(jt)6(x’)|Jt  -«),  and  A  =  A(r).  We 
emphasise  that  only  those  solutions  of  (13)  that  are  analytic  in  the  rectangle  yield 
periodic  solutions  of  (1),  a  fact  that  was  overlooked  previously. 

The  simplest  real-valued  solution  of  (1)  with  (3)  was  given  by  Nakamura  and 
Matsuno  (1980).  It  may  be  written  in  the  form 

«(f ;  m)»^^[z(^^(f-i«);  m))  -Z(~5*(f +  M);  m)J  (14«) 

where  (  =  x-ct+x0,  and  m  is  the  modulus.  The  anaiyticity  condition  is  that 

S/L<K\m)/K(m)  (146) 

or,  because  S/L  «  K'(k)/K(k),  that  the  modulus  of  T  exceeds  the  modulus  of  the 
solution.  The  wave  speed  is  a  complicated  function  of  m,  S  and  L,  and  is  given  implicitly 
by  Nakamura  and  Matsuno  (1980). 

Finally,  we  note  that  (13)  is  not  the  only  ‘bilinear’  equation  that  may  be  obtained 
from  (1),  (3).  For  example,  let  f(z)  have  a  real  period  (2 L),  and  be  analytic  in 
-L*Re(z)<L,  ~S  «Im(z)*6  except  for  two  poles  at  z  =z0  and  z* (0<Im(zo)<6) 
with  residues  6  and  6*.  Then  the  integral  of  J  f  (x  ~{  +  iS)f(C)d(  around  the  rectangle 
yields 

jL  fix  -  z  tnz ) -n*)]  dz  -  itru) +r  u)  Wo 

-~[6f(x-z0  +  i«)  +  6*f(x-zS+id)]  (15) 

instead  of  (11).  In  this  case,  (12)  changes  (1)  with  (3)  into 

{iD,  +  (i/8)D*-D*  +  A  +  (ir/L)[6dIf(x-Zo  +  i6)  +  6*5If(x-zo  +iS)]}F*  •  F~=0. 

(16) 
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The  analyticity  requirement  is  that  F(z)  should  be  analytic  in  the  usual  rectangle  except 
for  simple  branch  points  at  z0  and  z*,  so  that/*  has  poles.  We  have  not  determined 
whether  (15)  yields  any  solutions  of  (1),  (3)  that  are  not  available  via  (13). 

This  work  was  partially  supported  by  the  Air  Force  Office  of  Scientific  Research,  USAF 
and  by  the  Office  of  Naval  Research,  Mathematics  and  Fluid  Dynamics  Programs. 
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ON  A  UNIFIED  APPROACH  TO  TRANSFORMATIONS  AND  ELEMENTARY 
SOLUTIONS  OF  PAINLEVE  EQUATIONS 

by 

A.  S.  Fokas  and  M.  J.  Ablowitz 
Department  of  Mathematics  and  Computer  Science 
Clarkson  College  of  Technology 
Potsdam,  New  York  13676  U.S.A 

Abstract 

An  algorithmic  method  is  developed  for  investigating  the  transformation 
properties  of  second  order  equations  of  Painleve  type.  This  method,  which  utilizes 
the  singularity  structure  of  these  equations,  yields  explicit  transformations 
which  relate  solutions  of  the  Painleve  equations  II-VI,  with  different  parameters. 
These  transformations  easily  generate  rational  and  other  elementary  solutions  of 
the  equations.  The  relationship  between  Painleve  equations  and  certain  new  equa¬ 
tions  quadratic  in  the  second  derivative  of  Painleve  type  is  also  discussed. 


§1,  Introduction 

We  say  that  an  equation  is  of  PainlevS  type  if  all  its  solutions  possess 
the  Painleve  property,  i.e.  their  only  singularities  are  poles  or  nonmovable  critical 
points  [1].  The  most  well  known  second  order  equations  of  Painleve  type  are 
the  so  called  six  Painleve  equations,  PI-PVI  [1],  discovered  by  Painleve  [2]  and 
his  school  [3]  at  the  turn  of  the  century.  They  classified  all  equations  of  the 
form  w"  ■  F(w',w,z)  where  F  is  rational  in  w',  algebraic  in  w,  and  locally  analy¬ 
tic  in  z,  which  have  the  P; ini eve  property.  They  found  that,  within  a  Mobious 
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[4]  transformation,  there  exist  fifty  such  equations.  Distinguished  amongst  these 
fifty  equations  are  PI-PVI.  Any  other  of  the  fifty  equations  can  either  be 
integrated  in  terms  of  known  functions  or  can  be  reduced  to  one  of  these  six 
equations.  Although  PI-PVI  where  first  discovered  from  strictly  mathematical  con¬ 
siderations,  they  have  recently  appeared  in  several  physical  applications  (see  for 
example  [5],  [6],  [7]). 

Explicit  transformations  and  relevant  exact  solutions  admitted  by  the  Painleve 
equations  first  appeared  in  the  Soviet  literature  [8]  and  are  summarized  in  [9]; 
the  main  points  are  as  follows: 

i)  For  certain  choices  of  the  parameters,  PII-V  admit  one-parameter  families  of 
solutions  expressible  in  terms  of  the  classical  transcendental  functions  Airy 
[3],  [10],  Bessel  [11],  Weber-Hermite  [12]  and  Whittaker  [13]  respectively. 

ii)  PII-V  admit  transformations  (see  [14]  to  [17])  which  map  solutions  of  a  given 
Painleve  equation  to  solutions  of  the  same  equation  but  with  different  values 
of  the  parameters. 

iii)  Using  ii)  one  can  construct  (for  certain  choices  of  the  parameters)  various 
elementary  solutions  of  PII-V.  These  solutions  are  either  rational  or  are 
functions  which  are  related  (through  repeated  differentiations  and  multiplica¬ 
tions)  to  the  above  mentioned  classical  transcendental  functions. 

/ 

iv)  For  PVI  it  was  only  known  that,  for  a  certain  single  choice  of  its  parameters, 
it  admits  a  one-parameter  family  of  solutions  expressible  in  terms  of  hyper¬ 
geometric  functions  [18] . 

However,  the  above  results  apparently  were  obtained  by  rather  adhoc  methods. 
Moreover,  it  spite  of  the  extensive  amount  of  research  on  Painleve  equations, 
the  transformation  properties  of  PVI  were  not  found.  Also,  no  other  one-parameter 
family  of  solutions  of  PVI  was  found,  save  for  the  one  mentioned  above.  It  is 
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important  to  note  that  PVI  is  in  a  sense  the  most  general  Painleve  equation  since 
it  contains  the  other  five  as  limiting  cases  [1]. 

In  this  paper: 

1)  We  develop  an  algorithmic  method  for  systematically  investigating  the 
transformation  properties  of  second  order  equations  of  the  Painleve  type.  This 
method  yields  explicit  transformations:  a)  Between  a  given  Painleve  equation 
and  the  same  Painleve  equation  but  with  different  values  of  its  parameters.  6) 

Between  two  different  Painleve  equations  (for  example  PHI  and  PV) .  y)  Between 

a  Painleve  equation  of  the  type  investigated  by  Painleve  (i.e.  linear  in  the  second 
derivative)  and  an  equation  of  the  Painleve  type  which  is  quadratic  in  the  second 
derivative . 

2)  As  an  application  of  this  method  we  rederive  the  known  transformation 
properties  of  PII-V  and  also  derive  the  transformation  properties  of  PVI.  The 
latter  are  used  to  obtain  (for  various  choices  of  parameters)  one-parameter  families 
of  solutions  of  PVI.  Amongst  these  solutions  are  rational  solutions  as  well  as 
solutions  which  are  related  (through  repeated  differentiations  and  multiplications) 
to  hypergeometric  functions. 

3)  We  relate  PHI  and  PVI  with  certain  new  equations  quadratic  in  the 

second  derivative  and  of  the  Painleve  type. 

/ 

Some  of  the  results  concerning  PVI  have  been  announced  in  [19]. 

The  connection  with  inverse  scattering  and  monodromy  preserving  transformations. 

In  recent  years  considerable  interest  has  developed  in  Painleve  equations. 
Ablowitz  (Ramani)  and  Segur  [20] ,  (  [21])  have  discovered  a  deep  connection  between  equations 
of  PainlevS  type  and  the  PDE's  solvable  by  the  inverse  scattering  transform 
[22].  For  example  PII  and  special  cases  of  PHI  and  PIV  may  be  obtained  from  the 
similarity  reduction  of  the  modified  Korteweg-deVries,  the  sine-Gordon  and  the 
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nonlinear  Schrcdinger  equations  respectively.  It  is  interesting  that  proper  re¬ 
ductions  of  the  Korteweg-deVries  (KdV)  equation  lead  to  both  PI  and  PII: 

i)  KdV  and  PI I 

Consider  the  KdV  equation  in  the  form 

u_  ♦  6uu  +  u  »  0.  (1.1) 

t  x  xxx  v  ' 

Equation  (1.1)  is  clearly  invariant  under  the  group  of  transformations  x'  =  Xx, 

3  -2 

t'  =  X  t,  u'  =  X  u,  where  X  is  some  arbitrary  parameter.  The  solutions  of  (1.1) 

invariant  under  this  group  of  transformations  (the  so  called  similarity  solutions) 

-2/3  -1/3 

are  characterized  by  u  =  (3t)  U(z),  z  «  x(3t)  ,  where  U(z)  satisfies 

KX(U)  =  U'M  +  6UU'  -  (2U  +  zU')  =  0.  (1.2) 

Whitham  (23]  has  noted  that  equation  (1.2)  is  related  to  PII.  Actually  there  is 

a  one  to  one  correspondence  between  the  integrated  form  of  (1.2)  and  PII.  Equation 
(1.2)  can  be  integrated  once  using  the  following  indentity 

[(2U-z)K2(U)]’  =  (2U-z)K1(U),  (1.3) 

where 

2 

2  u+ll'-U* 

K^U)  =  U"  +  2U  -  zU  +  —  .  (1.4) 

Equation  (1.4)  is  essentially  equation  XXIV  of  [1]  and  is  related  by  a  one  to  one 

map  with  PII  (see  §3). 

ii)  KdV  and  PI 

Equation  (1.1)  is  also  invariant  under  the  group  of  transformations 

x*  ■  x  +  6tX,  tf  ■  t  +  ^  ,  u'  *  u  «•  X,  (1.5) 

where  X  and  ct  are  arbitrary  parameters.  Regarding  a  fixed,  one  immediately  [24] 

obtains  the  following  characterization  for  the  solutions  of  (1.1)  invariant  under 

(1.5): 


2 

u  *  at  +  U(z),  z  *  x  -  3at  , 


(1.6) 
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where  . 

U”'  +  6UU»  ♦  a  »  0.  (1.7) 

Equation  (1.7),  upon  integration  yields  PI. 

Using  the  ideas  of  Ablowitz  and  Segur  one  can  characterize  a  non-elementary 
one  parameter  family  of  solutions  of,  say,  (1.2)  through  a  Gel 'fand-Levitan  linear 
integral  equation  of  the  Fredholm  type.  Recently  we  have  proposed  a  new  method 
[25]  for  linearizing  the  Painleve  equations,  using  singular  integral  equations 
and  Riemann -Hilbert  theory.  In  this  way  we  have  characterized  a  three  parameter 
family  of  solutions  of  (1.2).  This  work  suggests  that  the  transformations  given 
in  this  paper  may  be  useful  in  obtaining  the  general  solution  of,  say,  PII 
using  our  method.  Important  is  the  fact  that  using  these  transformations  one  can 
find  the  general  solution  of  a  given  PainlevS  equation  for  arbitrary  values  of  its 
parameters  a,  provided  one  knows  the  general  solution  of  this  equation  for  a 
range  of  a  only.  For  example,  for  PII  one  needs  to  know  the  general  solution  only 
for  -1/2  <  a  <  1/2. 

We  also  note  that  there  is  a  close  connection  between  ODE's  of  PainlevS  type 
and  mondoromy  preserving  deformations.  This  was  emphasized  and  used  by  Flaschka 
and  Newell  [26]  and  by  Sato,  Miwa,  Jimbo  and  their  cower! *rs  [27].  In  particular, 
Flaschka  and  Newell  derived  a  formal  system  of  linear  singular  integral  equations 

from  which  the  solutions  of  PII  and  of  a  special  case  of  PHI  are  to  be  found. 
However,  they  did  not  investigate  in  general  the  question  of  existence  of  solutions 
of  their  integral  equations. 

From  the  above  comments  one  sees  the  richness  and  broad  mathematical  content 
associated  with  the  investigation  of  Painlevl  equations.  Undoubtedly,  consider¬ 
able  research  will  continue  in  this  area. 
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§2.  A  Method  for  Investigating  the  Transformation  Properties 
of  Second  OrdeT  Equations  of  the  Painleve  Type 


Suppose  we  are  given  one  of  the  fifty  equations  found  by  Painleve  and  his 
school,  which  we  WTite  in  the  form 

v"  »  Pxv«2  ♦  P2v  ♦  P3,  (2.1) 

where  P^,  depend  on  v,z  and  a  set  of  parameters  denoted  here  by  a  . 

The  first  problem  is  to  find  the  discrete  Lie-point  symmetries  of  (2.1), 
i.e.,  to  find  transformations  of  the  form 


v(z;a)  *  F(v(z;a),z), 


(2.2) 


where  the  function  F  is  such  that  if  v(z;a)  solves  (2.1)  with  parameters  a,  then 
v(z;a)  solves  (2.1)  with  parameters  a.  Using  the  singularity  structure  of  (2.1), 
the  procedure  of  finding  such  transformations  is  immensely  simplified:  Since  the 
only  transformation  of  the  type  (2.2)  preserving  the  PainlevS  property  is  the 
Mobious  transformation,  one  immediately  replaces  (2.2)  by 


v(z;a) 


V  *  a2 


-  V  +  V 


(2.3) 


where  a1#...,a4  are  functions  of  z  only.  Using  (2.3)  the  Lie-point  discrete 
symmetries  of  (2.1)  are  easily  obtained. 

Having  obtained  the  Lie-point  symmetries  of  (2.1)  one  may  look  for  generalized 
discrete  symmetries  of  (2.1)  [28],  i.e.  for  transformations  of  the  form 


v(z;o)  =  F(v* (z;o) ,  v(z;a),  z)  .  (2.4) 

However,  since  we  are  not  only  interested  in  finding  transformations  relating  the 
same  equation,  but  also  relating  two  different  equations  of  Painleve  type,  we 
replace  (2.4)  by 

u(z;a)  *  F(v'(z;o),  v(z;a),z),  (2.5) 

where  F  is  such  that  u  satisfies  some  second  order  equation  of  the  Painleve  type. 
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The  only  transformation  of  the  type  (2.5),  linear  in  v1  [29],  preserving  the 
PainlevS  property  is  the  one  involving  the  Riccati  equation,  i.e. 


u(z;a) 


v'+av^+bv+c 

2  ’ 
dv  +ev+f 


(2.6) 


where  a,b,...,f  depend  on  z  only.  Equation  (2.6)  plays  a  central  role  in  our 
analysis. 


The  algorithm 

Given  equation  (2.1)  determine  a,,..,f  by  requiring  that  (2.6)  defines  a 
one  to  one  invertible  map  between  solutions  v  of  (2.1)  and  solutions  u  of  some 
second  order  equation  of  the  Painleve  type.  In  this  process  the  latter  equation 
is  completely  determined. 

Let  us  be  more  specific.  Introducing  the  notation 

2  2 

J  a  dv  ♦  ev  ♦  f,  Y  »  av  +  bv  +  c,  (2.7) 

differentiating  (2.6),  and  using  (2.1)  to  replace  v"  and  (2.6)  to  replace  v',  one 
obtains 

Ju*  -  [PjJ2  -  2dJv  -  eJ]u2  +  £-2PxJY  +  JP2  +  2avJ  +  bJ  ♦  2dvY  ♦  eY 

(2.8) 

-  (d'v2  +  e'v  +  f’)]u  ♦  [PjY^  -  P2Y  P3  "  2avY  -  bY  +  a'v2  +  b'v  +  c’]. 

/ 

There  are  two  cases  to  be  distinguished: 

A)  Find  a,...,f  such  that  (2.8)  reduces  to  a  linear  equation  for  v, 

A(u',u,z)v  ♦  B(u',u,z)  ■  0.  (2.9) 

g 

Having  determined  a,...,f  upon  substitution  of  v  *  -  y  in  (2.6)  one  determines 
the  equation  for  u,  which  is  of  the  same  type  as  (2.1)  (i.e.  it  will  be  one  of  the 
fifty  equations  mentioned  above) . 

B)  Find  a,...,f  such  that  (2.8)  reduces  to  a  quadratic  equation  for  v, 
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A(u',u,z)v2  +  B(u',u,z)V  ♦  C(ur,u,z)  *  0.  (2.10) 

Then  (2.6)  yields  an  equation  for  u,  which  is  quadratic  in  the  second 
derivative.  These  types  of  equations,  having  the  Painleve  property  have  not 
previously  been  considered  in  the  literature. 

Note  that  i)  It  turns  out  that  PII-V  admit  transformations  of  both  types 
A)  and  B) .  However,  PVI  does  not  admit  a  transformation  of  the  type  A)  above. 

ii)  Utilizing  the  way  that  the  parameters  a  enter  in  the  equation  for  u  one  can 
find  a  transformation  relating  equation  (2.1)  with  different  a' s. 

iii)  When  equations  (2.9)  and/or  (2.10)  break  down  (i.e.  A  =  B  *  C  =  0) ,  they  de¬ 
fine  one-parameter  families  of  solutions  of  (2.1).  Using  these  solutions  and  the 
transformation  properties  of  (2.1)  new  one-parameter  families  of  solutions  can  be 
obtained. 

These  points  will  be  clarified  after  applying  the  above  method  to  PII. 


§3.  Painleve  II 


In  this  section  we  use  Painleve  II  to  illustrate:  a)  How  the  transformation 
(2.6)  can  be  used  for  investigating  the  transformation  properties  of  a  given 
equation.  8)  How  certain  of  these  transformation  properties  can  be  used  for 
obtaining  elementary  solutions. 

Note  that  i)  Here  we  look  only  for  transformations  of  the  type  A),  i.e.  we 
invoke  (2.9),  This  is  only  for  convenience.  We  stress  that  transformations  of 
the  type  B),  (see  (2.10))  exist  for  all  PII-PVI.  In  this  paper  shall  consider 
such  transformations  By.  necessity  for  PVI  (since  transformations  A)  do  not  exist 
in  this  case)  and  for  an  aid  to  the  reader  for  PHI. 

ii)  Painlevl  and  his  school  found  that  some  of  the  fifty  equations  mentioned  in  §1 
are  related  to  PI-PVI.  For  example  equations  XXXIV,  XXXV,  XLV,  XLVI,  XLVII  of  [1] 
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are  related  to  PII.  An  exhaustive  investigation  of  transformations  A),  not  only 
establishes  this  relationship,  but  also  gives  a  one  to  one  correspondence  between 
PII  and  each  of  the  above  equations.  However,  here  we  only  present  the  relevant 
result  for  XXXIV  and  also  comment  on  XXXV.  We  note  that  if  one  is  simply  interested 
in  finding  a  transformation  mapping  PII  to  PII  then  any  of  the  above  transforma¬ 
tions  may  be  used. 

Theorem  3.1 

Let  v(z;ct)  be  a  solution  of  PII 

v"  *  2v3  +  zv  +  a.  (3.1) 

Then  v(z;a)  are  also  solutions  of  PII,  where 

v(z;ci)  =  -  v(z;a) ;  a  =  -a,  (3.2) 

v(z;a)  ■  -  v(z;a) - 5^* -  ;  a  »  a+l,a/  -  y  .  (3.3) 

2v  +2v'*z 

The  case  a  *  -  1/2  is  considered  in  Lemma  3.1. 


Theorem  3.2 

Let  v(z;a)  be  a  solution  of  PII  and  let  u(z;v)  be  a  solution  of 

2 

u"  +  2u2  -  zu  +  •  s  V  =  a(a+l) .  (3.4) 

Then  there  exists  the  following  one  to  one  correspondence  between  solutions  of 
(3.1)  and  (3.4) 

„  ■  -v  -  v  •  v  *  STT  •  <3-5> 

Equation  (3.4)  under  the  transformation  w  ■  (u  -  z/2)/(4a+l)  reduces  to  XXXIV  of  [lj. 


Lemma  3.1 

PII  admits  a  one-parameter  family  of  solutions  characterized  by 

v’  ♦  v2  ♦  z/2  -  0,  (3.6) 


iff  a  -  -1/2. 
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Derivation  of  the  above  results 

Compering  (3.1)  and  (2.1)  one  finds  that  Pi  a  p2  s  0  and  *  2v  +  zv  ♦  o. 

In  considering  equation  (2.8)  one  has  to  consider  separately  the  two  cases  of 
d  0  or  d  i  0.  Here  we  only  consider  d  =  0.  Then  (2.8)  becomes 

u'  =  -eu2  +  [3aev2+(2af+2eb-e,)v+(bf+ec-f,)jul 


r2(l-a2)v^+(al-3ab)v2+(z+bt-b2-2ac)v+(a-bc+cl)  i 
1  ev+f  J  * 


Our  goal  now  is  to  choose  a,b,c,e,f  in  such  a  way  that  (3.7)  becomes  a  1 inear 

equation  for  v.  It  is  clear  that  this  will  be  the  case  if  each  of  the  above 

brackets  (i.e.  the  coefficient  of  u  and  the  term  independent  of  u)  is  linear  in  v. 

2 

Then,  it  is  obvious  that  a  *1  and  that  also  ev+f  must  devide  each  numerator  appear 
ing  in  the  above  brackets.  Demanding  this  to  be  the  case  with  e  ^  0,  one  is  lead 
to  establish  a  one  to  one  correspondence  between  PII  and  XXXV  of  [1],  However, 
a  simpler  possible  case  is  e  «  0.  Then,  it  is  clear  from  equation  (2.6)  that  one 
may  take,  without  loss  of  generality,  f  *  -1  (the  minus  sign  is  only  for  relating 
u  directly  to  (1.4))  and  c  *  0,  since  one  can  always  "absorb”  them  in  u  by  a 
Mobious  transformation.  Hence,  inserting  c  *  d  ■  e  =  0,  f  *  -1  in  (3.7),  this 
equation  reduces  to 

u'  *  (2av  +  b)u  +  3abv2  -  (z  +  b'-b2)v  -  a.  (3.8) 

Thus  necessarily  b  *  0.  Hence,  equations  (2.6)  and  (3.8)  imply 

2  2 

(u'+a)  «  v(2au  -  z) ,  u  »  -(v'+av  );  a  *1.  (3.9) 

Taking  for  convenience  a  ■  1  and  substituting  v  ■  (u'+a)/(2u-z)  in  the  above  ex¬ 
pression  for  u,  equation  (3.4)  follows. 
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i)  a  *  -  1/2 

The  transformation  (3.5b)  breaks  down  iff  u  ■  z/2.  But  then  a  +  u'  must  be 
zero,  or  a  *  -  1/2.  (Actually  one  can  easily  check  that  u  *  z/2,  a  =  -1/2  solve 
(3.4)).  Hence  equation  (3.5a)  implies  Lemma  3.1. 


( 


ii)  The  transformation  from  PI I  to  PI I 

Using  the  above  results  (i.e.  the  results  of  Theorem  3.2)  one  can  easily 
derive  (3.3).  The  basic  idea  is  to  exploit  the  fact  that  v  in  (3.4)  is  quadratic 
in  a.  Therefore,  there  exist  two  values  of  the  parameter  a,  namely  ci  and  -(a+1) 
which  give  the  same  value  of  v  and  hence  the  same  value  of  u,  i.e. 
u(z;a)  *  u(z;  -  (a+l)).  But  then 


v(z;  -  (a+l)) 


u'(2;-(a+l))-(a+l)  =  u' (z;a)-(a+l) 
2u(z;-(a+l))-z  "  2u(z;a)-z 


v(z;a) 


(2a+l) 

2u(z;a)-z 


2  - 

Hence,  replacing  u  by  -(v  +v’)  and  v(z;-(a+l))  by  -v(z;(a+l)),  equation  (3.3) 
follows. 


( 


How  to  obtain  elementary  solutions 

The  transformations  (3.2)  and  (3.3)  can  be  used  to  obtain  all  known  elementary 
solutions  of  PII.  Similarly,  one  can  use  transformations  (3.5)  to  obtain  element¬ 
ary  solutions  of  equation  (3.4).  First  note  that  (3.3),  (3.5)  imply  that 


u(z;-a)  *  u(z;a-l) 


u(z;a+l)  ■  -u(z;a) 


,  rU'U'.oQ  -  (a+l)-, 2 
^  2u(z;a)-z 


(3.10) 

(3.11) 


i)  Rational  solutions  of  PII. 

It  is  clear  that  v*0,  a»0  solve  PII.  Then  using  (3.3)  one  can  obtain  a 

rational  solution  of  PII  for  every  positive  integer: 

i  ,  2 

v(z;0)  -  0,  v(z;l)  -  -  ±,  v(z;2)  .  i  (3.12) 

*  z  zJ+4 
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Then  equation  (3.2)  generates  a  rational  solution  for  every  negative  integer. 

ii)  Rational  solutions  of  (3.4). 

u  ■  0,  a  ■  0  solve  equation  (3.4).  Then  (3.10),  (3.11)  imply  similar  re¬ 
sults  as  i)  above: 

3 

u(zjO)  -  0,  u(z;l)  -  -  u(z;2)  «  -  .  (3.13) 

z  (z  +z) 

Note  that  the  hierarchies  of  solutions  (3.12)  and  (3.13)  are  related  by  the 
transformations  (3.5). 

iii)  Airy  type  solutions  of  PII. 

Lemma  3.1  implies  that  v(z;  -  j)  =  y'/y  is  a  solution  of  PII,  where  y  is  any 
solution  of  the  Airy  equation  y"  ♦(z/2)y  »  0.  One  can  not  use  directly  this  solu¬ 
tion  in  (3.3)  to  generate  new  solutions,  because  in  this  case  (3.3)  breaks  down. 
The  trick  is  to  first  use  (3.2)  and  then  (3.3).  In  this  way  one  generates  the 
following  hierarchy  of  solutions: 

11  3 

v(z;  -  j)  *  y'/y,  v(z;±)  *  -  y'/y,  v(z;|)  =»  y'/y  -  - 1 j  ....  .(3.14) 

2y'  +zy 


iv)  Airy  type  solutions  of  (3.4). 

Similarly  as  above 

2 

u(z;  -  y)  »  Z/2,  U(z;y)  *  -  -  -  !>,...  .  (3.15) 

y 

Remarks 

1.  The  results  of  Theorem  3.1  and  Lemma  3.1  were  first  given  in  [14]  and  [3] 
respectively.  The  result  of  Theorem  3.1  was  rederived  later  in  [30]  and  [31]  by 
exploiting  the  connection  with  the  inverse  scattering  of  the  KdV  equation. 

2.  We  emphasize  that  the  logical  steps  used  here  for  a)  deriving  (3.4)  and  (3.5), 
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8)  exploiting  the  quadratic  dependence  of  v  on  a  to  obtain  (3.3),  y)  character¬ 
izing  one-parameter  families  of  solutions  of  PII  when  the  transformation  (3.5) 
breaks  down  and  6)  generating  elementary  solutions,  remain  valid  for  considering 
all  Painleve  equations  PII-PVI. 


§4.  Painleve  III 


In  this  section  we  consider  PHI.  Having  familiarized  the  reader  with  our 
method  we  now  present  both  types  of  transformations  A)  and  B) . 

(  Theorem  4.1 

Let  v(z;a,8,y,6)  be  a  solution  of  PHI 

v»2  1  1  5  t 

v"  „  .  iy.  ♦  i.(av%8)  ♦  yV*  ♦  £  .  (4.1) 

Then  v(z;a,8,Y,S)  are  also  solutions  of  Pill,  where 


v(z;6t,B,y,S)  »  -v(z;a,8,y,6);  a  =  -a,  8  »  -6,  y  =»  y,  3  *  6,  (4.2) 

v(z;o,8,y,5)  »  [v(z;a,8,y,5)]"1;  a  ■  -8,  B  *  -a,  Y  »  -<5,  5  *  -y,  (4.3) 

vezii.S.Y.S)  •  •)=  (4'4*> 


a  -  -[2+6(-(5)’1/2]y‘1/2,S  -  -[2*oy-1^](-6)1/£(iT75-)f(-S)A/^(-6)1^  fy yj 


•1/2,  ,  ^1/2,Y1/2y  ,  t,l/2_,  ^1/2  y_1/2 


(4.4b) 


In  (4.4)  we  have  assumed  that 


y  M  and  2  ♦  a(y)"1/2  ♦  6(-$)1/2  /  0. 


(4.4c) 


If  Y  ■  0  then  (4.4)  is  replaced  by 
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v(z;a, 8,0,5)  -  2  ^  -  (l+B(-<5)  1/2)v  ♦ 

V  V 


O  »  (-6)1/2,  £  »  a^-BM)1'*),  5  =  -a 


1/2, 


The  case  2  8(-6)^2  +  a(Y)  *^2  ■  0  is  considered  in  Lemma  4.1, 


(4.5a) 

(4.5b) 


Theorem  4.2 


Let  v(z;a,6,l,6)  [32]  be  a  solution  of  PHI  and  let  w(x;a,£,Y,0)  be  a  solution 


of  PV, 


dfw  „  _3w^l___  (dw,2  .  1  dw  +  Iw-1)2  A  +  J_  +  _(-5)1/2w 
2  2w(w-l)  Mx^  x  dx  2  M*  4w'  v  ’  (  •  J 


dx 


where 


£  a  =  XiiSirHli  g  s  .  c  = 

o  *  u  %*)  *  p  >  y  v 


2» - 32  '  ^  -  -  32  »  >  "  v-6)  ‘ ,  U  -  -[HB(-6)A/‘] 


1/21 

(4.6b) 


Then  there  exists  the  following  one  to  one  correspondence  between  solutions  of 
(4.1)  and  (4.6) 


V(w-l)  ♦  (w+l)v2  ♦  [|v  +  (-5)1/2](w-l)  =  0 

z v  »  -  +  (l+a-p)w  -  ^  . 

w  v  2  w 


(4.7) 


Theorem  4.3 

Let  v(z;o,B,Y»<5)  be  a  solution  of  Pill  and  let  <|>(z;d,o,t)  be  a  solution  of 

2 

(♦"  +  P$  ♦  y)2  *  ^K$'2  ♦  P$2  ♦  <7$  +t);  (4.8a) 

z 

P  -  4y1/2(-6)1/2,  o-4  [a(-5)1/2-BY1/2],  t  -  -4(aV/2)  16-*- C-6) 1/2 ] . 

(4.8b) 

Then  there  exists  the  following  one  to  one  correspondence  between  solutions  of 
(4.1)  and  (4.8) 
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1 

z 

V 


1/2 


11  +  y1/2v  +  1-6  L_ 

V  '  V 

♦  1(4>»+P<p  ♦  |) 

2(Y1/24>  +  ct  +  Y1^2)* 


(4.9) 


provided  that  neither  $  *  6  ■  0,  nor  a  »  y  =•  0,  nor  2  +  ay-1^2  +  ^(-d)"1^2  <*  0. 
These  exceptional  cases  are  considered  below. 


Lemma  4.1 


Pill  admits  a  one-parameter  family  of  solutions  characterized  by 


IL-aX."1-2!  a  v!  +  1/2  +  .(-6) 

Z  V  '  V 


(4.10) 


iff 


2  ♦  ay-1/2  +  6(-6)‘1/2  »  0. 


Lemma  4.2 

The  general  solution  of  PHI  in  the  case  that  B  *  6  =  0  is  given  by 


r 

YiyV  a  +  Y1>2 


-I: 


ii 
2  + 


=  In  z  +  c. 


(4.11) 


<J>  +  c. 


where  c^ ,  C2  are  arbitrary  constants. 

Using  (4.3)  similar  results  are  obtained  for  the  case  that  a  *  Y  =  0. 


Remarks 

1.  The  results  of  Theorem  4.2  and  the  above  Lemma's  were  first  given  in  [15], 

[11],  and  [33]  respectively. 

2.  One  can  clearly  combine  the  transformations  (4.2)'  to  (4.4)  to  obtain  new  trans¬ 
formations.  For  example  combining  (4.3)  and  (4.4)  one  can  derive  the  corresponding 
result  of  [15].  Also  note  that  a  finite  number  of  products  of  (4.2)  and  (4.3) 
yields  the  identity. 
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3.  Elementary  solutions  of  PHI  can  be  derived  in  the  same  manner  as  in  PI I. 


Derivation  of  the  above  results 

In  this  case  P.  *  P_  =  -  ^  P.  *  i(av2+B)  +  yv^  +  Thus  the  coefficient 
of  u2  in  (2.8)  is  -(dv2+f)/v. 


a)  Requiring  (2.8)  to  be  linear  in  v. 

2 

Then  the  above  coefficient  of  u  implies  that  either  d  =  0  or  f  «  0.  In  what 
follows  we  shall  consider  only  the  case  f  =  0.  (The  result  of  [15]  is  derivable 
by  considering  the  case  d  *  0) .  With  f  »  0  equation  (2.8)  becomes 


u'  =  (-dv)u2  ♦  [2a<*y 3^(:M♦ea^-J.»-d2l^^(e,_^e^1)3L-^]u  +  ^  (4.12) 

dv^  +  ev 

where  the  last  bracket  is  independent  of  u.  The  coefficient  of  u  in  the  above  will 

2 

be  linear  in  v  iff  dv  +  ev  is  a  root  of  the  numerator.  This  implies  that  e  *  0. 

Then,  without  loss  of  generality  we  can  take  d  *  1  and  a  =  0,  since  one  can  always 

"absorb"  them  in  u  with  the  aid  of  a  Mobious  transformation.  If  e  =  a  *  0  and 

2 

d  *  1  then  the  term  in  (4.12)  independent  of  u,  is  linear  in  v  iff  c  +6=0  and 

b  »  -(0+c)/cz.  Thus,  with  the  above  choices  of  a, _ ,f  equations  (2.6)  and  (4.12) 

yield 


(-6) 


1/2 


-(Sis.) 

cz  J 


(4.13) 


v 


u'  + 


,  -1  . ,  -1 

(z  -b)u  -  az 

Y-u 


(4.14) 


Substituting  (4.14)  into  (4.13)  one  obtains  an  equation  for  u,  namely 


u  -y 

It  is  then  clear  that  y  ■  0  is  of  special  interest. 


(4.15) 
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i)  Y  g  0 

Then  (4.15)  becomes 


Let  u  ■  —  to  obtain 
z 


>i  u'2  u’  ot  ^  ^  a  ,,  c-g..  2 

u  =  —  “  t  -  ~r +  ~C1  +  ~)+  cu  • 

z  u  z 


-  ,2  -2  D  2 

.cv_  ,  a(l  .  . 

;  2  2  c  V 


Equations  (4.13)  (wth  u  =  v/z)  and  (4.16)  imply  (4.5) 


(4.16) 


ii)  Y  i  0 

Without  loss  of  generality  take  y  =  1.  Equation  (4.15)  must  be,  within  a 
Mobious  transformation,  one  of  the  fifty  equations  mentioned  in  the  introduction. 
Thus  let  u  *  (Aw+B)/ (Cw+D)  to  transform  (4.15)  to 


w"  >  [2C  +  - — = - -]w'2  +  .. 

[(Aw+B)  -  Y  (Cw+D)  ] Cw+D 


(4.17) 


Hence,  if  A  ■  B  ■  z,  D  *  -C  *  1  then  w”  =  (l/2w  -  l/(w-l))w'2  ♦  ... 
under  the  transformation 

u  - 

w-1 


.  Therefore, 


(4.18) 


equation  (4.15)  becomes 


w"  *  fW~i ^  -  P*'  +  P— (aw  +  — )  +  2cw, 

2w(w-l)  z  2  v 


(4.19) 


1/2 

where  ct.S  are  defined  in  (4.6b).  Letting  z  =  (2x)  '  in  (4.19)  and  using  (4.18) 
in  (4.13)  and  (4.15)  the  result  of  Theorem  4.2  follows. 


iii)  2  +  g(-<5)1/2  -  aY~1/2  «  0 

1/2  -1 

The  transformation  (4.14)  breaks  down  iff  u  *  Y  •  Then  u’  +  (z  -b)u-az 

1/2  1/2 
oust  be  zero  when  u  *  y  .  This  implies  2  +  8(-<5)  -  oy 


0.  Hence,  using 
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(4.13)  one  obtains  the  result  of  Lemma  4.1. 

Using  Theorem  4.2  one  can  obtain  (4.4)  in  a  similar  way  as  in  obtaining  the 
corresponding  result  for  PII.  However,  wechooseto  obtain  (4.4)  using  Theorem  4.3, 
which  is  now  derived. 


fl)  Requiring  (2.8)  to  be  quadratic  in  v. 

Take  for  example  d  *  f  *  0.  (We  remind  the  reader  that  our  investigation  is 
not  exhaustive.)  Then,  without  loss  of  generality  b  =  0  and  e  =  1.  Hence,  (2.8) 


becomes 


2  -1 

,  2rav  -  z  v  -  c,  r  ■,  r  ^ 

U  I  -  U  t - y - ]  +  [  ]  U  ♦  [  ]. 

The  two  brackets  [  ] ,  in  the  above  equation  contain  v  quadratically  iff 


a^  -  y,  c^  +  &  *  0. 


(4.20) 


Therefore,  with  the  above  choices  of  a,...,f  equations  (2.6)  and  (2.8)  yield 


1  =  IL  ♦  1/2V  +  Xiir 

2  V  '  V 


(4.21) 


(Y1/2-mx+Y1/2<J>)v2  -  <p '  v  +  (B+(-6)1/2-(-6)1/2<(>)  =  0,  (4.22) 


where  we  have  used  for  convenience  the  substitution  u  =  <p/z.  Equation  (4.22) 
yields 

1/2 

v  -  '*1-/2  ~A  1/2"  ’  *  *  <P'2  +  P *2  +  Of  +  T,  (4.23) 

2(y  ) 

where  p.o.x  are  defined  in  (4.8b).  Noting  that  A'  =  2$'ft,  where 

ft  »  <J>"  +  p<)>  +  j,  (4.24) 

and  substituting  (4.22)  into  (4.21)  one  obtains  an  equation  for  $.  This  equation, 
using  the  fact  that 


P<J>2kj<J>+t  «  4(Y1/Va+YV2)[(>6)1'/2<t)-6'(-«)1/2] 


takes  the  form  (A*^2  ♦  4)')  (A^^/z  -  Q)  »  0,  which  implies 

.1/2, 


(4.2S) 


Therefore,  the  transformations  (4.21)  and  (4.23)  relate  PHI  and  equation  (4.25). 
Using  (4.25)  in  (4.23)  one  obtains  the  result  of  theorem  4.3. 

i)  0  =  5  =  0 

Then,  using  (4.21),  (4.23)  and  (4.25)  (where  we  pick  the  positive  root  of 
A1^2)  we  have 


i  .  vl  +  vi/2 

Z  V  1 


v  v-  V  =  T7217I  *  ♦ 


..  -  *1  -  0. 
z 


(4.26) 


However,  the  equation  for  4>  is  now  very  simple  and  it  can  be  immediately  integrated 
to  z4>'  *  <j)2/2  +4>+c1>  Thus  Lemma  4.2  immediately  fallows. 

ii)  2  ♦  ay~1/2  ♦  g(-6)'1/2  »  0 

1/2  1/2 

The  transformation  (4.23)  breaks  down  iff  y  4>+“+Y  *  0.  But  then 

4>'  +  A1^2  =  0  which  implies  2  +  ay"^2  +  g(-6)_1//2  =  0.  Then,  using  equation 
(4.21)  the  result  of  Lemma  4.1  is  again  derived. 

iii)  The  transformation  from  PHI  to  Pill 

This  transformation  is  easily  obtained  by  finding  two  sets  of  {a,0,y,6} 
which  give  the  same  values  for  p,a, T.  Solving  the  equations  defining  p,0,x 
for  a, 0,6  (keeping  y  fixed)  one  finds 

(-5) 1/2  *  f(Y)'1/2,  Ha(-5)1/2  -  j](Y)‘1/2,  5  =  kj  -  \  t/jb  -  ¥  1C^1/2  ‘ 


(4.27) 


However,  using  the  definitions  of  p,a,T  it  follows  that 


m  .  [a(-6) 1/2  ♦  0y1/2  ♦  2y1/2(-6)1/2]2. 
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Using  the  positive  root  if  (4.27)  one  finds  the  trivial  result 


v1/2  v1/2  i n 

a  *  a(*~),  B  =  S^j),  (-5) 1/2 


However,  using  the  negative  root,  one  obtains  the  expressions  for  ci,B,Y  appearing 
in  (4.4b).  Then  using 

<p'  +  A1/2 


v  = 


vCY^^+ct+Y1/2) 


..-1/2.  -  —1/2.  -1/2 ,  -  -1/2 

2(y  $+a+Y  )  7  4>+a+Y 


and  replacing  <p  by  (4.21),  equations  (4.4)  follow. 


§5.  Painleve  IV  and  V 


Using  our  method  one  can  easily  find  transformations  which  map  PIV  and  PV 
to  themselves,  but  with  different  values  of  the  parameters.  These  transformations 
were  first  given  in  [16]  and  [17]  respectively.  Here,  for  completeness,  we  give 
these  transformations  and  advise  the  interested  reader  to  derive  them  himself  as 
a  simple  exercise  of  our  method. 


Theorem  5.1 


Let  v(z;<*,B)  be  a  solution  of  PIV 

'•2  3  3  ,  2 


v"  -  +  |v3  +  4zv2  +  2(z2-a)v  +  Bv"1. 


(5.1) 


Th* '  v(z;a,B)  is  also  a  solution  of  PIV,  where 

;  -  .  5  .  5  .  .  ltlw 


provided  that 


1/2 


2 


/  0. 


(5.3) 
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Theorem  5.2 

Let  v(z;ot,B,y,<$)  be  a  solution  of  PV 

*"  •  ^V’2  -  ¥' '  ♦  *  4-  ^  f  *  ‘-^rr1  ■  ts-*J 

z  z 

Then  v(z;a,g,y,5)  is  also  a  solution  of  PV,  where 

v  a  i - 


2(-26)I/2zv 


zv'-(2a)1/2v2+[(2ct)1/2-(-28)1/2+(-25)1/2z]v+(-2B) 


17J  »  (5.5a) 


«  =  -  I^[Y>(-26)1/2(l-(-28)1/2-(2a)1/2)]2,  g  =  I^Y-(-26)1/2(1-(-2B)1/2+(-25)1/2z)]2 

(5.5b) 

Y  *  (-26)1/2[(-2B)1/2-(2ci)1/2],  S  .  5 


provided  that  6  ft  0  and 


(-2S)1/2[l-(-28)1/2-(2a)1/2]  f  y. 


(5.6) 


Remarks 

!•  0116  can  easily  find  Lie-point  discrete  symmetries  of  the  above  equations.  For 

example,  if  v(z;a,B,y,S)  solves  PV  then  v  =>  v’1 (z;-B,-a,-y,6)  also  solves  PV. 

2.  When  the  above  transformations  break  down,  i.e.  when  (5.3)  and/or  (5.6)  are  vio¬ 
lated  then  PIV  and/or  PV  just  as  for  PII  and  PHI  admit  one-parameter  family  of 
solutions. 

3.  Elementary  solutions  of  the  above  equations  can  be  derived  in  a  similar  manner 
as  in  PII. 


Theorem  6.1 


§6. _ Painleve  VI 


Let  v(z;a,8,y,6)  be  a  solution  of  PVI: 


V-  -  ♦  JL.  *  J_)v.2  . 

2  V  v-1  v~zJ 


£+:rr+^v* 


2 - 2 - LU  2  - 7  - 

*  (z-i)  v  (v-ir  (v-z; 

(6.1) 


Then  v(z;a,S,9,5  are  also  solutions  of  PVI,  where 

v(z;  a,  3,  y,  6)  *  zv(-£i  a,  3.  Y*  6);  a=a»  6*6.  y=-6+i >  6=-yH, 

v(z;  a,  6,  y,  <5)  *  1-v(l-z;  a,  S,  Y»  5)*»  a=a,  3s-y»  Y=-S>  5=6, 

v(z;  a,  3,  y,  6)  =  l-(l-z)v(-j~;  a,  3,  Y,  6);  a«a,  B=S-i>  y=-B,  6=-y+i, 


(6.2) 

(6.3) 

(6.4) 


v  =  v  +  2 


( 2+1 ) V  -  2z 


*'  +  (z-l)I 

t , ,  i  V 

♦ 

-  (2+i; 

1/2.H2.  Y  ■ 

In  (6.5)  <&,  I,K,y  are  defined  by 
*  -  -V*  u.  (*-<-1 


*  =  tZ—  + 

9  zv  2lTT 


.  (X+lC+1)z  1  X  (z+1 

+  2\r-\)  v  iiz^T 


-  u+f>> 


I  »  42  +  ^  +  v, 


(6.5a) 


(6.5b) 


(6.6) 


(6.7)- 


<  »  (-23) 1/2  -  (2c01/2-1,  X  =  (-23)1/2+(2a)1/2,  y=  £u-Y-«)>  v*  2&.1+(|  +  |) 
In  (6.5)  we  have  assumed  that  (6.8) 


$  +  0,  K  +  0,  V  0. 

Theorem  6.2 

Let  v(z;a,B»Y»<S)  be  a  solution  of  PVI 
2 

and  let  $(z;  k  ,  X,  y,  v)  be  a  solution  of 

(z-l)2n2  «  4r(*’2  +  — *)y2, 

ZZ  2(2-1 )2 


(6.9) 


(6.10) 


where 


A  ♦  ♦"  +  +  2*-IJ:^~  ¥  *  (2+1^  +  |(Z+D  + 


(6.11) 
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and  I,<,A,y,v  are  defined  by  (6.7)  and  (6.8).  Then  equations  (6.6)  and  (6.12) 
below,  express  a  one  to  one  correspondence  between  solutions  of  (6.1)  and  (6.10) 


2  7 

[♦  -  (z-1)  * 

[z+TJi 

is  valid. 

(6.12) 


(6.13) 


We  have  assumed  that  (6.9)  is  valid. 

Lemma  3.1 

PVI  admits  a  one-parameter  family  of  solutions  characterized  by 

zv'  t^T7lv2  -  C? {gr}  ♦  *  ♦  •  °- 

iff  v  *  0,  <  /  0. 

This  result  which  is  an  immediate  consequence  of  theorem  6.2  was  first  given  in 
[18] .  Note  that  if 

0  V  (  •§  _  1  ^  u* 

(6.14) 


v  s  _  Mz-1)  w^ 
A-K-l  W 


then  w  satisfies  a  certain  hypergeometric  equation. 

Derivation  of  the  above  results 

In  deriving  the  above  results  we  follow  the  same  logical  steps  as  with  PHI. 

i)  The  transformation  from  PVI  to  (6.10). 

2 

In  this  case  the  coefficient  of  u  in  (2.8)  is 

(3/2  v2  -  (z+l)v  ♦  z/2)  t2 
- 7(v-lTTv"-z^ -  J  •  2dvJ  'eJ- 

Therefore,  it  is  impossible  to  choose  a,...,f  in  such  a  way  that  (2.8)  reduces  to 
a  linear  equation  for  v.  However,  by  choosing  d  *  f  *  0,  and  then  (without  loss 
of  generality)  e  *  1,  b  «  0,  equation  (2.8)  reduces  to  a  quadratic  equation  for 
v  iff 


m 


1/2 


2(z-l)  * 


(-28) 


1/2 


z-1 


(6.15) 


Then  (2.6)  and  (2.8)  become 
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2 

v'  +  av  -uv+c=0 

2  A  a 

Av  +  Bv  +  C  =  0, 


(6.16) 

(6.17) 


AAA 

where  A,  B,  C  are  known  functions  of  u',  u,  z.  Equation  (6.17)  may  be  simplified 
if  one  uses  the  transformation 


u  =  i  +  -L+_y _  .Ca  (g+(2a)1/2+S+Y+6) 

z  z-i  z(z-i)  *  A  :  < 


y 


X  -  X,  MO,  (6.18) 


where  k,X  are  defined  in  (6.8).  Replacing  u  in  terms  of  <j>  in  (6.16),  (6.17)  one 
obtains 

,  1/2 

(6.19) 


,1/2 


.  *  iM  '  2  ,*  .  A  .  y  lir  .  (-26)  0 

z(z-l)v  lz  z-1  zTI - °> 


Av  +  Bv  +  C  =  0, 


(6.20a) 


where 


(6 . 20b) 

and  I  is  defined  by  (6.7).  Equations  (6.19)  and  (6.20)  are  the  analogues  of 
equations  (4.21)  and  (4.22).  Equation  (620)  yields 

r2  2.2 


-B  +  1^1/2 

V-  - -XT-  ;  1. 

Z(2-1) 


2A 


(6.21). 


Substituting  (6.21)  into  (6.19)  one  obtains 


>1/2 


W  +  n  s  °' 


(6.22) 


where  are  defined  by  (6.11).  (In  obtaining  this  equation  it  is  crucial  to  note 
2  2  2 

that  A  and  I  -<  *  are  common  ’actors.)  Therefore,  the  transformations  (6.19), 

(6.21)  define  a  one  to  one  correspondence  between  PVI  and  (6.22).  Note  that  the 

1/2 

two  different  branches  of  A  in  (6.21)  correspond  to  the  two  different  branches 
1/2 

of  A  in  (6.22).  If  one  wants  to  get  rid  of  the  square  root  in  (6.22),  one  may 
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1/2 

replace  A  7  in  (6.21)  by  -z(z-l)fl/’F.  Then  (6.21)  becomes  (6.12),  and  using 
(6.12)  in  (6.22),  equation  (6.10)  follows. 

ii)  v  =  0 

The  transformation  (6.21)  breaks  down  iff  A  =  0.  It  then  follows  (requiring 
1/2 

that  -B  +  (z-l)A  / z  is  also  zero)  that  $  *  0  and  v  =  0.  Hence,  substituting 
<j>  a  0,  v  3  0  in  (6.19),  Lemma  6.1  follows. 

iii)  The  transformation  from  PVI  to  PVI . 

The  trick  again  is  to  find  two  sets  of  parameters  {ot,B,y,6}  and  {d,B,y,5} 
which  give  rise  to  the  same  <  ,A,y,v.  Hence  it  is  clear  that  if  the  set  {a,0,Y*<$} 
corresponds  to  K,X,y,v,  then  the  set  {a,8,Y,5}  must  correspond  to  -<,A,y,v.  Thus 


S  ,  £  +  i  .  IrH.  -  S 2  =  JL  ♦  I  -  IrH.  ♦  !S)2  +  SL  =  6  +  JSH-  . 

0  2  2  2M  2'  o  7  o'-i.  71  4  °  4 


22  2V4  2J 


(6.23) 


-  1/2  -  1/2  1/2  1/2 

Similarly  for  y.  Also  solving  the  equations  (-2B)  7  *-(2a)  7  =(-2B)  ♦(2a) 

and  (-2&)1/2-(2d)1/2-l  =  -(-2B)1/2+(2o)1/2+l  one  obtains  (2d)1/2=  -1  +(-2B)1/2, 
(-2B)17^2  ■  1  +(2a)ly^2.  Finally,  using  (6.12)  with  v  replaced  by  v  and  k  by  -< 
one  obtains  (6.5a). 


How  to  obtain  elementary  solutions 

Using  theorem  6.1,  one  may  obtain  infinite  hierarchies  of  elementary  solutions 
of  PVI.  As  with  PI I,  it  is  important  to  notice  that  if  one  starts  with  the 
solution  v  characterized  by  Lemma  6.1,  one  cannot  use  directly  (6.5a)  (since  in 
this  case  (6.5a)  breaks  down);  one  must  first  use  a  Lie-point  discrete  symmetry 
to  obtain  ?  new  solution  v  and  then  use  (6.5a).  We  also  note  that  the  Lie-point 
symmetry  (6.2)  cannot  be  used,  because  for  this  symmetry  v  »  v  (hence  if  v  *  0, 
v  ■  0).  If  one  instead  uses  the  Lie-point  symmetry  (6.4)  one  has  the  following 
result : 


I 
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Lemna  6.2 

Let  v(z;a,S,Y,<$)  be  the  one-parameter  family  of  solutions  of  (6.13),  where 
K,X,y  are  defined  by  (6.8)  and  v  »  0.  Use  the  transformation  (6.4)  to  evaluate 
v(z;a,0,y,6) .  Then  apply  to  this  solution  the  transformation  (6.5a)  to  obtain  a 
new  one-parameter  family  of  solutions  v  of  PVI,  with  parameters 

5  -  jC^-D2,  B  =  -  jCVl)2,  y  -  Y  ♦  2  =  6  +  (6.24a) 

where 

a  =  a,  0  =  6-j,y3-8,  6  =  -y  +  j»  and  a1=(2a)1/,2>  61=(-26) 1/?2.  (6.24b) 

Example  6.1 

The  solution  of  equation  (6.13)  is  in  general  expressible  in  terms  of  the 
hypergeometric  functions.  Hence,  using  the  above  Lemma  one  can  obtain  an  infinite 
hierarchy  of  one-parameter  family  of  solutions  of  PVI,  all  of  which  are  related 
(through  the  repeated  application  of  (6.5a))  to  these  hypergeometric  functions. 

However,  for  some  special  choices  of  the  parameters  a,g,Y,6  equation  (6.13)  becomes 
very  simple.  In  this  case  one  may  for  example  derive  infinite  hierarchies  of 
rational  solutions.  Let  us  pick  such  a  choice  in  order  to  illustrate  our  results. 

Lot  a  =  6  =  0,  y  x  1/2,  <5  =  -3/2.  Then,  using  (6.8)  K  =  -1,  \  =  0,  y  =  -6,  v  *  0. 
Therefore,  since  v  =  0,  PVI  must  admit  a  one-parameter  family  of  solutions  char¬ 
acterized  by  (6.13).  Actually  in  this  case  (6.13)  reduces  to  zv'  +  v  =  0  and 
hence  v  *  t/z,  t  some  arbitrary  constant.  Now  starting  with 

v  »  t/z;  a  *  8  *  0,  y  -  1/2,  5  *  -3/2  (6.25) 

in  (6.4),  one  finds 

v  *  1  -  t(1*z)2;  a  ■  Y  ■  5  *  0,  0  =  -2.  (6.26) 

Then,  using  (6.8),  either 


-27- 


K  =  1,  X  =  2,  p  =  2,  v  =  0  or  <  »  -3,  X  =  -2,  p  =  -2/3,  v  =  16/9. 


The  first  choice  used  in  (6.13)  rederives  v,  however,  the  second  choice  (used  in 
(6.5))  yields 


v 


2 

Z(TZ  -  2TZ  »  T-l) 
2tz3  -  3xz2  +  T-l 


(6.27) 


One  can  verify  directly  that  the  functions  v,  v  and  v,  as  defined  by  equations 


(6.2S),  (6.26)  and  (6.27)  respectively,  satisfy  PVI. 


Remarks 

1)  The  transformation  (6.4)  is  the  product  of  the  transformations  (6.2)  and 
(6.3).  Similary  one  can  obtain  a  transformation  as  the  product  of  (6.3)  and 
(6.2). 

2)  It  is  worth  noting  that  one  cannot  use  just  the  Lie-point  discrete  symmetries 
(i.e.  equations  (6.2)  to  (6.4))  to  generate  an  infinite  hierarchy  of  exact  solutions. 
This,  which  is  consistent  with  [28],  follows  from  the  fact  that  a  finite  number 

of  products  of  these  transformations  yields  the  identity.  For  example,  one  obtains 
the  identity  after  the  repeated  application  of  (6.4)  three  times. 
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Abstract  I 

The  existing  formalism  for  solving  the  initial  value  problem  associated 

l 

with  the  Kadomtsev-Petviashvili  equation,  a  physically  significant  two  spatial  I 

dimensional  analogue  of  the  Korteweg-deVries  equation,  is  both  simplified  and 
extended.  The  lump  solutions,  algebraically  decaying  solitons,  are  naturally  incorporated 
and  given  a  spectral  characterization  in  the  new  scheme.  In  addition,  a  very  general 
linearization  of  the  Kadomtsev-Petviashvili  equation  is  presented. 
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The  Kadomtsev -Petvi as hv 11 i  (KP)  equation  [1] 


(Uj.+6uu  +u  ) 

'  t  x  xxx'x 
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yy 
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is  a  natural  generalization  of  the  Korteweg-deVries  (KdV)  equation  to  two  space 
dimensions.  The  KP  equation,  like  its  descendant  the  celebrated  KdV  equation,  arises 
generically  in  physical  contexts.  Namely,  unidirectional,  weak  (quadratic)  non¬ 
linear  disturbances  perturbed  from  a  two-spatial  dimensional  wave  equation  with  weak 
balanced  fourth  order  dispersion  always  yields  KP  [2].  As  a  result  of  both  its  physical 
significance  as  well  as  its  mathematical  importance,  being  a  multidimensional  "exactly 
solvable"  equation,  it  has  been  investigated  extensively.  In  particular:  i)  soliton 
solutions  of  KdV  also  solve  KP  but  they  are  non  decaying  at  infinity  and  are  linearly 
unstable  (for  the  signs  chosen  in  (1))  [1];  11)  KP  possesses  a  "Lax  pair"  [3]  (see  below); 
iii)  a  variety  of  explicit  solutions  of  KP  can  be  obtained  (e.g.  via  the  "direct 
approach"  of  [4]).  iv)  KP  admits  solitons,  the  so-called  "lumps”  [5]  which  decay 
algebraically  (in  both  space  dimensions)  and  which  are  not  contained  in  the  Gel'fand- 
levitan-Marchenko  (GLM)  formulation. 

Significant  results  associated  with  the  initial  value  problem  of  the  KP 
equation  are  contained  in  [6],  [7]  where  for  a  restricted  class  of  initial  data,  the 
initial  value  problem  of  KP  is  solved  via  a  GLM  equation.  However:  i)  The  above  GLM 
equation  is  defined  via  a  certain  function  f(k,i).  Relating  f(k,z)  to  a  scattering 
matrix  s(k,z)  is,  as  it  is  pointed  out  in  [7],  the  main  difficulty  of  the  inverse  problem 
associated  with  the  KP.  Such  a  relationship  is  established  in  [7]  by  making  use  of  still 
another  GLM-type  equation.  11)  Lumps  are  excluded  in  the  above  formulation  (long  time 
asymptotics  were  carried  out  in  [8]). 

In  this  letter  we  a)  Simplify  the  above  formalism  by  giving  an  explicit 
expression  for  f(k,i).  b)  Extend  the  above  scheme  so  that  the  lump  solutions  are 
both  incorporated  and  given  a  spectral  characterization.  These  results  are  relevant 
to  the  problem  of  solving  the  KP  equation  with  Initial  data  u(x,y,o)  ■  u0(x,y)»  u0(x,y) 


-3- 


2  2  1/2 

given  and  going  to  zero  rapidly  enough  as  (x  +y  )  -»■+<»  (we  also  assume  /„u0(x.y)dx  *  o[2] 

The  problem  of  characterizing  solutions  corresponding  to  initial  data  outside  the  above 
class  is  considered  in  part  c)  of  this  letter.  In  this  context  a  very  general  linear 
integral  equation  is  presented.  This  equation  involves  an  arbitrary  measure-contour; 
a  special  choice  of  this  measure-contour  yields  the  solutions  characterized  in  part  b). 

The  problem  of  relating  these  far  more  general  solutions  to  initial  values  outside  the 
range  of  the  inverse  scattering  class  is  open. 

The  Lax  pair  of  KP  can  be  taken  in  the  form  [3] 

Vwxx+2ikux+Ul1  *  (2) 

; K^+4uxxx+12ikuxx-12k2px+6uux+3ikuy+3iup+3uxu-3i  ( i<J0uyt^x '  )v  3  0*  (3) 

Manakov  [7  ]  introduces  y+,if  which  are  those  solutions  of  (2)  which  also  satisfy 
the  following  integra-l  equations 

u±(x,y,t,k)  *  1  +  G±u(5,n,t)exp[im(x-0-im(m+2k)(y-n)]u±U,n,t,k),  (4)* 

where  6+f(i/2ir)(-7dn“dm7  d d n/  dm7  d$)  and  G"=(i/2ir)(-7dn7  dm7  d£+jf  dn7dm7  d$). 

y  o  *•  ■*  "•  y  -®  -•  o  “* 

It  is  clear  that  the  kernel  of  equation  (4)+  is  a  (+)  function  with  respect  to  k,  i.e. 
it  may  be  analytically  continued  in  the  upper  half  k-plane.  Similarly  the  kernel  of 
equation  (4)"  is  a  (-)  function.  Manakov  [7]  then  postulates  the  equation  (hereafter 
for  simplicity  of  notation  we  shall  use  ^(k)  to  replace  u±(x,y,t,k)) 

u+(k)  =  u"(k)+7aif(k,4,t)ex|fe(t,k,x  ,y]Jj’U)dt, 


(5) 


-4- 


where  e(t,k,x,y)$1(j,-k)x«1(t^-k^)y,  and  through  a  series  of  Ingenious  steps  he 
relates  f(k,£,t)to  standard  scattering  data  through  certain  GLM-type 
equations  in  scattering  space.  Finally,  he  assumes  that  y+,u"  are  (+)  and  (-)  functions 
respectively  and  then  solves  (5)  through  a  GLM  equation  In  physical  space. 

In  this  context  Segur  [9]  goes  somewhat  further  by  expressing  f(k,i,,t)  through 
Volterra  Integral  equations.  Here  we  give  an  explicit  expression  for  f(k,£,t)  In 
terms  of  Initial  scattering  functions. 

Let  us  now  discuss  (a),  (b).  We  Introduce  N(x,y,t,k,p)  which  solves 
(2)  in  k  and  which  also  satisfies  the  Integral  equation 

N(x,y,t,k,p)  -  exFfe(k,p,x,yB^:'u(5,n,t)exp[1m(x-5)-1m(m+2k)(y-T1)]N(e,n,t,k,p),  (6) 


where  G  ,  e  are  defined  In  (4)“  and  (5)  respectively.  In  general  N  cannot  be  extended 
off  real  k,p  unless  k-p.  By  manipulating  equations  (4)*  and  by  using  the  crucial 
relationship 


N(x,y,t,k,p)  »  v+(k)ex$(k,p,x,y)]-  Iy~U)exF[eU,p,x,ylJiF(k,£,t)  (7) 


^  •  p  *  k 

where  I  *  Jdi+fjii  for  k>p,  I  »  /  di+7dz  for  k<p,  it  can  be  shown  that  equation  (5) 
k  p 

Is  valid  with  f  explicitly  given  by 


f(k,i,t)  ■  -  gn(t-k )7Jm  u(c.n,t)N(c,n,t,k,*)d€dn  (8) 
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Equations  (4)*  are  Fredholm  equations  of  the  second  type  which  we  assume  to 
be  regular.  Let  $^(x,y,t)  and  $^(x,y,t)  denote  their  homogeneous  solutions  corre- 
sponding  to  eigenvalues  kt  and  kj  respectively  (we  assume  that  there  exists  a  finite 
number  of  such  eigenvalues  and  that  they  are  all  simple).  Then  Fredholm  theory  implies 
that  y+,  y~  admit  the  representations: 


y  (x.y.t.k)  =  1  +  e 
1 


n  c-(t)*T(x,y,t) 

+  y  — w - J- 


k.kjit) 


+  u±(xfy,t,k), 


(9)j 


where  lmk*>0,  ImkT<0  and  y+,  y"  are  (+)  and  (-)  functions  respectively  with  respect  to  k. 

w  J 

By  splitting  equation  (5)  into  its  (+)  and  (-)  parts,  say  (5)+,  (5)  and 
by  using  (5)"  together  with  (9)*  one  obtains  (we  note  that  it  is  easily  shown  that 
cj(t)*i) 


v'(k)  -  1  E. 


1l_.  +  .  T.  7  7  f.  (JLk*  k  t  x  ,y  a]d  t.dy  .  1 

mu.  v_k+ie  K  (10) 


\k-ka  k-kz 


If  one  assumes  that  there  are  no  homogeneous  solutions  of  (4)+  then  *  0  and 
equation  (10)  defines  a  Fredholm  equation  for  y".  Actually  in  this  case  by  using 

i^expCUU-v-ieJJde  »  exp[1x(k-v)]/(k-v-1e'  multiplying  equation  (10)  by 
f(k,k* )expCl(kx-k'x' )-1 (k^-k * ^)y3  and  by  integrating  over  dkdk'  one  directly  obtains 
the  GLM  equation  given  in  [7].  However,  in  general  <^0.  Then  in  order  to  solve 
(10)  one  needs  some  more  Information  about  the  relation  of  ^  and  y*.  This  Information 
Is  as  follows: 

«  (x-2kjy+Yj(t))^j 

k-kj 


(ID 
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Hence  (10)  and  the  equation  for  u+(k)  analogous  to  (10)  yield  (as  k-*7) 

J 


\  j"Kt  VV 


1  „  _  ^(kj» ^»t)exrip(i,kj »x,yHi  (jt)dtdv 

zttLL— - -H - 1  02)* 

v-k. 


where  •£  means  summation  from  £*1  to  n  unless  any  of  the  denominators  vanishes. 
Equations  (10)  and  (12)“  completely  characterize  the  inverse  problem  associated  with 
(2)  in  terms  of  the  "scattering  data"  k?(t),  YJ(t),  j»1,...n,  f(k,*,t). 

The  evolution  of  the  scattering  data  is  very  simple:  k*.  are  constant  in  time, 

Yj(t)  -  12(kj)  t-hrj.(O),  f(k,£,t)  »  f(k,£,0)expgli  (z3-k3)t]  Hence  given  u(x,y,0) 
the  scattering  data  need  only  be  evaluated  at  t=0  and  equations  (10),  (12)*  yield 
m  (x,y,t,k),  <t»j (x ,y ,t ) .  Finally  u(x,y,t)  is  obtained  from 

u(x,y,t)  *  |-C2|(y*:)4U.  f(k,£,t)exf[e(£,k,x,yBi'(£)d£dk  (13) 


(equation  (13)  can  be  obtained  from  (10)  asymptotically  as  k-*«). 

The  lump  solutions  correspond  to  f(k,£,0)  *  0  and  are  then  characterized 
through  the  system  of  linear  algebraic  equations  (12)*. 

We  now  discuss  c).  Let  u(x,y,t,k)  be  a  solution  of  the  linear 
integral  equation 

u(x,y,t,k)  +  i//w(x,y,t,k,£,v)w(x,y,t,t)d?(£,v)  -  v(x,y,t,k)  (14) 


where  the  contour,  measure  L,dc(i,v)  are  essentially  arbitrary,  v  Is  any  solution  of 
F(k)vt(ay-1a^+2k3x)v  ■  0,  A(k)vt(3t+43j|+121k32-12k23x)v  »  0,  and  w  Is  defined  In 
terms  of  v  through 


w*exp[8]?dev(c,y,t,k)exp[i (k-v)s]+exp[i(4-k)(x-a)+4i U3-v3)t]b 

where  0»8(t,k,v,x,y,t)*i (i-k)x-i (*2-v2)y+4i U3-v3)t  and  b*b(y,t,k,i,v)  is  defined  by 
by+i(t2-k2)b  =  exffe(A,v,a,y)]Civx(a)-(k+v)v(a)], 

bt+4i(k3-v3)b  =  -4exffe(i,v,a,yJl[vxx(a)+i(v+2k)vx(o)-(k2+v2+vk)v(a)],  v(a)*v(a,y,t,k) . 
Then  u  also  solves  both  (2),  (3)and  u  solves  the  KP  where 

u(x,y,t)  *  2i|^/L/exri9(t,v,v,x,y,tIlu(x,y>ta)dc(£,v)  (15) 

The  proof,  although  tedious  is  in  the  spirit  to  that  used  in  both  [10] 
and  [11]  and  is  therefore  omitted. 

We  conclude  with  the  following:  i)  By  manipulation  the  equations  (10), 
(12)*  can  be  shown  to  be  a  special  case  of  (14)  where  dcU.v)  is  supported  on 
all  real  and  4-v»k*,  j*1,...n.  ii)  if  3t  *  0,4  *  v  the  linearization  expressed 
by  (14)  reduces  to  the  linearization  of  the  Benjamin-Ono  equation  [10].  If  3y  -  0 
then  (14)  reduces  to  the  linearization  of  the  Korteweg-deVries  given  in  [11]. 
ill)  In  this  letter  we  have  concentrated  on  the  KP  equation.  However,  it  is  evident 
that  both  equations  (10),  (12)*  as  well  as  equation  (14)  characterize  potentials  of 
the  time  dependent  Schrodinger  equation  (2)  as  well. 

We  feel  that  the  1ST  scheme  employed  hers  andin  particular  the  relationship 
between  eigenvalues  associated  with  the  scattering  operator  and  lump-type  solutions 
will  be  maintained  in  other  multidimensional  problems.  Additional  multidimensional 
examples  are  presently  under  investigation. 
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The  Benjamin-Ono  (BO)  equation  arises  in  the  context  or  long  internal  gravity  waves 
in  a  stratified  fluid  [  1  ].  Recent  discoveries  of  large  amplitude  internal  waves  in 
the  ocean  [  2  ]  anticipate  the  physical  relevance  of  this  equation  to  oceanographic 
applications.  Moreover  this  equation  arises  in  a  variety  of  other  circumstances 
(e.g.  long  waves  in  a  stratified  shear  flew  [3]). 

Mathematically  speaking  it  must  be  emphasized  that  the  BO  equation  has  distinctly 
new  features,  as  will  be  brought  out  in  the  subsequent  eiscussicn.  ine  uu  equation  can 
be  taken  in  the  form 

ut  +  2uux  +Huxx  “  0;  Hv^  *  ^  0) 

where  Hv  denotes  the  Hilbert  transform  of  v  and  Cauchy  principal  value  integrals 
are  assumed  if  needed.  It  has  been  established  that  it  possesses:  a)  n  soliton 
solutions  [4],  [5];  b)  Backlund  transformations,  infinitely  many  conservation  laws 
and  a  novel  “Lax  pair"  [6],  [7];  c)  two  non-local  operators  which  generate  its 
infinitely  many  commuting  symmetries  and  constants  of  motion  in  involution  [8].  Its 
Lax  pair  is  given  by 

la*  +  X(*+-0  »  -u*+  (2) 

H*  -  2ix**  +  -  2i[u]x*±  -  -«♦*;  [u]*  *  ±  |  +  ^j+iu,  (3)* 

where  $+(x,t;x)  (O  is  the  limit  of  a  function  analytic  in  the  upper  (lower)  half 
z-plane  as  z-*-x  (z  is  the  complex  extension  of  x);  similarly  [u]+,  [u]”  are  analytic 
in  the  upper,  lower  half  z-plane  respectively,  (x  is  a  constant  and  is  interpreted 
as  a  spectral  parameter,  v  is  an  arbitrary  constant). 

In  this  letter  we  present  a  method  of  solution  for  the  initial  value  problem 
of  the  BO  equation,  i.e.  we  solve  (1)  together  with  u(x,o)  *  uQ(x)+o  sufficiently 
rapidly  as  |x|-*».  It  has  been  well  established  that  the  inverse  scattering 
transform  (1ST),  as  applied  for  example  to  the  Korteweg-deVries  equation  [9], provides 
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powerful  method  for  solving  such  initial  value  problems.  The  fundamental  step  of 
ie  1ST  consists  of  using  the  x-portion  of  the  Lax  pair  to  formulate  and  solve  an 
inverse  scattering  problem".  The  t-portion  of  the  La*  pair  plays  a  far  less  significant 
Die.  However  instead  of  making  use  of  the  1ST  method  here,  we  shall  introduce  an 
Iternative  method,  referred  to  here  as  the  direct  linearizing  transform  method.-  It  will 
~  seen  that  in  this  method  fundamental  use  of  the  t-portion  of  the  Lax  pair  is  required. 

In  this  letter  we  concentrate  on  the  (+)  functions  since  with  this  knowledge 
JSu1  for  the  (-)  functions  can  be  obtained  in  a  straightforward  manner.  In  any 
jse,  here  we  assume  that  u  is  real  and  hence  [u]“  =  -([u]+)*.  The  method  we  propose 
Dr  linearizing  (1)  consists  essentially  of  the  following  steps. 

i)  Use  equation  (2)  to  express  [u]+  in  terms  of  a+,  the  "reflection  coefficient" 
5{x,t),and  "normalizing  constants'^ .(t) .  This  step  involves  a  detailed  investigation 

J 

)f  equation  (2).  Namely;  a)  introduce  left,  right  and  discrete  "dost  eigenfunctions"; 

))  establish  a  "scattering  relationship"  between  left  and  right  eigenfunctions; 

:)  examine  the  analyticity  properties  of  a+  with  respect  to  x. 

-’)  Use  equation  (3)+to  find  how  e(x,t)  and  c.(t)  evolve  in  time,  then  substitute 

J 

the  expression  obtained  in  a)  in  equation  (3)  to  obtain  a  nonlinear  equation  for 
a+.  One  then  directly  linearizes  this  equation. 

iii)  Use  the  above  linear  equation  (which  replaces  the  Gel 'fand-Levitan-Marchenko 
equation)  to  solve  the  initial  value  problem  associated  with  (1). 

We  first  consider  i).  Equation  (2)  should  be  interpreted  as  a  differential 
Riemann-HIlbert  problem  for  the  analytic  functions  t±(z,t,x).  Equation  (2)  describes 
the  jump  condition  across  the  real  axis  x;  it  yields  unique  solutions  for  a4  provided 
one  imposes  some  boundary  conditions  as  z-*»,  say.  In  the  upper  half-plane.  Here  we 
assume  that  either  a+(z,t,x)-*o,  or  1,  as  z-*«,  Im(z)>o.  The  solution  of  Riemann- 
HIlbert  problems  is  usually  given  in  terms  of  Fredholm  integral  equations  [10]. 
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This  is  also  the  case  here:  For  arbitrary  u(u-*o,  appropriately  as  |x|-«)  the  solution 
of  (2)  with  the  above  boundary  conditions  exists  if  x  is  positive  and  real.  It  may  be 
directly  formulated  via  a  Fredholm  integral  equation  of  the  second  type.  This 
Fredholm  equation  can  have  homogeneous  solutions  for  x  =  x^,  where  \j  are  real 
and  negative  (we  assume  here  that  there  exist  only  a  finite  number  of  x^  and  that 
they  are  simple).  We  say  these  "discrete  eigenfunctions'  correspond  to  bound  states  since 
$+-*o  as  |x|-*».  (It  turns  out  that  these  eigenfunctions  arc  associated  with  solitons). 

Specifically,  consider  only  the  (+)  functions  and  let  M,  M  denote  left 
eigenfunctions  ,  while  fl,  N  denote  right  ones.  They  are  specified  by  the  following 
asymptotic  behavior. 


H*1 ,  fi-elXx  as  x--~;  fi->l  ,H-x>  ns  x--+» 


i  >.x 


and  they  satisfy 


1  M(x,t,X)1 

1  ’) 

(fl(x,t,x) 

\eixx/ 

j  N(x,t,X)^ 

(  '] 

\N(x,t,x)i 

-  \tu»l 

f  G+(x,y,x)u(y,t) 

*•  09 


M(y,t,x)\ 


dy. 


Furthermore,  let  .  denote  the  discrete  (+)  eigenfunctions,  then 
J 


«.(x,t)  = 
J 


G(x,y,Xj )u(y,t)*j(y,t)dy;  x..<o. 


(4) 


(5) 


(6) 


(7) 


f 

I 
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n  the  above  expressions  G+,  G_  are 
norphic  function  G(x,y»0  ~  7e 


the  (+)  and  (-)  parts 
i (x“y )PAp-c)  dp,  where 


of  the  sectional ly  holo- 
c  denotes  the  complex  ex 


tension  of  x 


„  ,  ^  ei(x-y)P/(p.(xtie))dp.  The  line  of  dis- 

,  i.e.  G+(x,y,x;  -  e-oU/ZiwJ  e  i\v 


continuity  of  G  is  Given-  *  the  positive  x  axis,  hence  using  Pier's  ™ 

G+-G‘.iexp(1(x-y)x)e(x  Inhere  e(x)  denotes  the  Heaviside  function,  i.e.  0 
in  particular  for  the  discrete  eigenfunctions  Gt  ■  G.  »  GU.y.Xj). 

By  manipulating  equations  (5)  and  (6)  one  may  establish  the  folloning 


"s  tering  relationship" 


M  *  fi  +  e(x,t)9{x)N;  B(x,t)  =  i  u(y ,t)M(y ,t,x)e  dy 


(8) 


Equations  (5),  (6),  (8)  can  also  be  obtained  from  the  corresponding  equates 
associated  uith  the  interpolate  Ion,  wave  equation  tVij  i«  «*  appropriate  lint. 

The  results  of  Fredholm  theory  imply  that  M  is  a  (a)  function  in  the  t-plane 
((a)  with  respect  to  the  positive  real  axis)  except  for  possible  poles.  These  poles 

«  .  Li _ / c \  Uanrn 


c,  ..spond  to  homogeneous  solutions  of  equation  (5).  Hence 

t 

„  c4(t)*j(x,t) 

M{x,t,x)  -  1  +  c  -xrxTtl  + 

I  J 


(9) 


Similarly 


n  ci(t)*j(x,t) 

«(xst,x)  *  1  +  i  -x;x'Tty  +^-U,t,X)' 


(10) 


,a.  .  ....  xh.t  lac  Useful  information  about  u  is  obtained  by 

Then  equation  (8)  implies  that  c^  cj* 

taking  the  (a)  part  of  W  «*  ^  (9).  (10).  One  then  obtains 


Cu] 


+  •  1 
Eiri 


0(x,t)N(x,t,x)dX  -  ic^tj^ixpt). 


(ID 


o 
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At  this  point  let  us  make  some  remarks  about  the  inverse  problem  associated  with  (8). 

In  order  to  establish  that  equation  (8)  defines  a  Riemann-Hilbert  problem  one  needs  to 
relate  N  to  R.  For  the  Korteweg-deVries  equation  for  example,  N(x)  ■  R(-x)  and  then 
the  equation  analogous  to  (8)  defines  a  solvable  Riemann-Hilbert  problem  (the  Gel'fand- 
Levitan-  Marchenko  equation  is  one  way  to  solve  this  Riemann-Hilbert  problem).  However, 
for  the  BO  equation  the  relationship  is  somewhat  more  complicated.  Specifically  we 
find  a(Ne~^Xx)/3X  «  F(x,t)e~^X*N,  where  F(x,t)  =  -/  uNdy/(2irx).  With  this  additional 

-  oo 

knowledge  the  1ST  can  be  implemented,  and  the  results  herein  verified.  This  will 
be  discussed  in  a  future  publication. 


Let  us  now  consider  (ii).  Using  (8),  (9)  in  (3)+  one  easily  establishes  that 
cjU).  *j(t)  are  independent  of  time  and  that  $(x,t)  =  BQ(x)exp(ix2t) .  Using  (11)  in  (3)+ 
one  obtains 


*t  -  2l"x 


iSxx-  2  t  1 


snr 


2 

Bq( t)N( t)dt  -  J  =  0;  8  *  NeU  1  .(12) 


♦jt  -  2Vjx  -  Ujxx  -  2  t  £T  \  BoU>tS(l)dl  -  f  VkVj  •  °-  <>3> 

0 


The  above  equations  can  be  written  in  the  concise  form 


♦t  "  2x*x 


**xx  +  2  Cj 


ip ( £.  )dp  ( a. ) 3x<p  *  0 


(14) 


where  p  «  fl  for  x>o,  for  x  *  x j,  dp(t)  *  Cj<sU-Xj)  -(l/2iri  )B0U)?U)]dt.  Before 

linearizing  equation  (14)  to  its  linear  part  let  us  first  comment  on  the  solitons: 

Let  eQ  *  0  then  (13)  reduces  to  a  system  of  coupled  nonlinear  PDF's.  If  one  assumes 


-fi¬ 


at  $j(x,t)  3  ^  ckj(t)/(x-xk(t))then  the  Calogero-Moser  system  [13]: 
x.  n  , 

■r  *  8  i  (xu-x}“  .  k3l,...n  follows.  Hence,  using  (11)  (and  Its  complex  conjugate) 
t«l  •  l 

je  recovers  the  well  known  n-soliton  solution  of  the  BO  equation.  In  any  event 
i  may  linearize  the  above  system  of  PDF's  explicitly.  This  is  a  particular  case  of 
ne  following  result. 

Let  if;(x,t,\)  be  a  solution  of 

00 

<j>(x,t,x)  3  v(x,t,x)  -  i  |  <i'(x,t,ii)w(x,t,x,i)dp(£.),  (15) 

— o» 

<hi  V  and  W  are  defined  by 


L(X)  V  3  Vt  -  2XVX-1VXX  3  0, 


(16) 


,1(x-l)x 


V(5,t,x)e'l(x'i)cdC  +  B(t,x,£)e1fx‘l)(x''a),  (17) 


a 


Bt  +  i(t2-x2)B  3  (x+z)V(a,t,x)  +  iVx(a,t,x).  (18) 

T  <|j  also  solves  (14).  The  method  only  involves  operating  on  (15)  with  L  (x). 

The  procedure  is  then  similar  in  spirit  to  that  presented  in  [14]. 


Let  us  now  consider  iii).  At  t30  u(x,o)  is  given,  hence  N(x,o,x)  and  *.(x,o) 

J 

are  determined  from  equations  (6)  and  (7).  c.  and  a  (x)  3  e(x,o)  are  determined 
from  equations  (8)  and  (9).  Then  at  t  3  0  equation  (15)  defines  a  Volterra  equation 
for  V(x,o,x): 


V(x,o,x)  -  1 


VU.o,x)eix(x_5)F(x,e)de  .  *(x,o,x). 


(19) 


where  F(x,0  3  I>(x,o,i)e"U(x’^dp(i)  and 
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4i(x,o,x)  =  4i(x,o,\)  -i7n  B(o,\A)e^X  !^x~A\(x,o,i)6p(i) .  Having  obtained  v(x,o,.\), 
equation  (16)  yields  V(x,t,x).  Hence  equation  (15)  (a  Fredholm  equation)  defines 
i»(x.t,x)  and  finally  equation  (11)  defines  [u]+* 

We  conclude  with  the  following  remarks:  a)  In  the  case  of  pure  solitons  (8=0) 
equation  (15)  reduces  to  an  expl icit  transformation  for  relating  <j>.  to  V^.  The  n 
soliton  solutions  correspond  to  V.(x,o)  s  constant,  b)  The  generic  behavior  of  N,N", 

J 

e  as  x-t-o  is  given  by  N~2n/(cm)  N‘--27i[u]"/(cA)inx)  ,s  ~2iri/iinA  where  c  =  7  u(x,t)dx(cj<o) . 
u  0  -°° 

c)  It  may  be  established  that  T^uMdx  is  constant  in  time  which  then  yields  the  conserved 
quantities  of  the  BO  equation,  d)  The  implementation  of  1ST  allows  explicit  represen¬ 
tations  of  V(x,t,x),  B(t,A,i)  in  terms  of  initial  data. 

Finally  we  remark  that  the  direct  linearizing  transform  method  applies  to  other 
important  nonlinear  evolution  equations  as  well,  including  multidimensional  problems. 

We  shall  discuss  this  in  future  communications. 
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Abstract 

The  Initial  value  problem  associated  with  the  Benjamin-Ono  equation  Is 
linearized  by  a  suitable  extension  of  the  Inverse  Scattering  Transform.  Essential 
Is  the  formulation  and  solution  of  an  associated  nonlocal  Rlemann-HIlbert  problem 
In  terms  of  Initial  scattering  data.  Solltons  are  given  a  definitive  spectral  characteri¬ 
zation.  Pure  soil ton  solutions  are  obtained  by  solving  a  linear  algebraic  system 
whose  coefficients  depend  linearly  on  x.t. 
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1.  Introduction 

The  Benjamln-Ono  equation  arises  In  the  context  of  long  Internal  gravity 
waves  In  a  stratified  fluid  [1]  as  well  as  In  a  variety  of  other  physical  circumstances, 
e.g.  long  waves  In  a  stratified  shear  flow  [2],  Mathematically  speaking,  its  main 
importance.  In  our  opinion,  is  due  to  the  fact  that  it  provides  a  conceptual  bridge 
between  the  Inverse  scattering  transforms  (1ST)  in  one  and  multidimensions.  This 
startling  aspect  of  the  BO  equation  will  be  brought  out  in  the  subsequent  discussion. 

The  BO  equation  can  be  taken  In  the  form 

<  ut  +  2uux  +  HV  -  0;  (,) 

*00 

where  Hv  denotes  the  Hilbert  transform  of  v  and  Cauchy  principal  value  integrals 
are  assumed  If  needed.  It  has  been  established  that  it  possesses:  n  sollton  solutions 
[3],  [4];  Backlund  transformations  and  a  novel  "Lax  pair"  [5],  [6];  infinitely  many 
commuting  symmetries  and  constants  of  motion  In  Involution  [6],  [7].  Recently  [8] 
the  Initial  value  problem  associated  with  (1)  has  been  linearized  via  what  we  refer 
to  as  the  direct  linearizing  transform.  This  paper  Is  a  sequel  to  [8],  though  it 
(  n  be  read  Independently.  Specifically  In  [8]  u(x,t)  is  obtained  via  a  Fredholm 
Integral  equation  whose  forcing  and  kernel  are  uniquely  determined  through  a  certain 
scattering  function  v(x,t,x)  (x  Is  the  spectral  parameter  of  the  associated  linear 
scattering  equation,  see  (2)).  However,  the  determination  of  v(x,t,x)  from  Initial 
data  u(x,0)  requires  solving  a  Volterra  Integral  equation  as  well  as  a  linear  partial 
differential  equation.  The  above  complication  arises  from  the  fact  that  previously 
we  did  not  have  enough  analytic  Information  about  the  Jost  eigenfunctions  of 
the  associated  linear  eigenvalue  equation  In  order  to  implement  the  1ST. 

In  this  paper  we  present  an  1ST  scheme  for  solving  the  BO  equation  with 
u(x,0)  »  uQ(x)-*0  sufficiently  rapidly  as  |x|-h».  We  reduce  (1)  to  a  linear  Integral 
equation  depending  only  on  Initial  scattering  data. 
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We  note  that  this  1ST  approach  has  two  Important  features: 

1)  Not  all  the  underlying  Oost  eigenfunctions  may  be  extended  off  the  line  Re  x. 

Relating  such  eigenfunctions  to  those  with  analytic  properties  off  the  line  Re  x 
Is  one  of  the  main  difficulties  encountered  In  this  1ST  scheme.  11)  The  underlying 
Jost  eigenfunctions  are  characterized  through  Fredholm  Integral  equations  (as 
opposed  to  the  standard  treatment  of  the  Korteweg-deVries  equation,  for  example, 
where  the  corresponding  eigenfunctions  satisfy  Volterra  integral  equations).  These 
Integral  equations  can  have  homogeneous  solutions  for  certain  values  of  x,  say 
x.,  j»l ,2,...n,  and  they  give  rise  to  solltons.  Apparently  both  of  the  above  features 

J 

are  generic  to  multidimensional  problems  [9]. 

The  advantage  of  the  1ST  approach  presented  here  over  the  direct  linearizing 
transform  (DLT)  method  presented  In  [8],  Is  that  the  1ST  essentially  provides  a 
closed  form  solution  of  the  above  mentioned  scattering  function  v(x,t,x)  explicitly 
In  terms  of  Initial  aata  (see  (28)X  The  precise  relationship  between  1ST  and  DLT  as  well 
various  details  of  this  1ST  scheme  will  be  presented  In  the  future. 

2.  The  Direct  and  Inverse  Scattering  Problems 

The  "Lax  pair"  for  the  BO  equation  can  be  taken  in  the  form 


U*  +  x(*+-a")  «  -U*\ 

(2) 

1**  -  21 x**  +  **x  -  21 [u]**1  -  -  ve*, 

(3)* 

[u]***^  +  yf«u 

(4f 

where  x  Is  a  constant  and  Is  Interpreted  as  a  spectral  parameter,  *  is  an  arbitrary 
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constant  and  [u]+,  [u]”  are  the  boundary  values  of  functions  analytic  in  the  upper, 
lower  half  z-planes  respectively  (z  is  the  complex  extension  of  x). 

We  remind  the  reader  that  any  function  u(x)  defined  on  a  closed  contour 
L  (assumed  integrable  and,  say,  HClder  on  L  [10])can  be  uniquely  decomposed 
Into  the  form  u  *  [u]+-[u]’,  where  [u]+  and  [u]"  are  analytic  Inside  and  outside 
the  contour  L  respectively.  The  problem  of  finding  [u]*  (assuming  that  [u]  (z)-*0 
as  z -♦<■)  is  the  simplest  possible  case  of  the  so  called  Riemann-Hilbert  problem  [11]. 

In  the  case  that  L  is  the  real  axis  the  unique  solution  of  this  problem  is  given  by 
equations (4). 

2.1  "Left”  and  "Right"  eigenfunctions  and  the  scattering  equation 

We  now  analyze  the  linear  eigenvalue  problem  associated  with  the  BO 
equation,  namely  equation  (2).  Equation  (2)  should  be  interpreted  as  a  differential 
Riemann-Hilbert  problem  for  the  functions  ^(z,t,x)  which  are  analytic  In  the  upper  (+) 
and  lower  (-)  half  z-planes.  Equation  (2)  describes  the  jump  condition  across  the 
real  axis  x;  It  yields  unique  solutions  for  ♦*  provided  one  imposes  some  boundary 
conditions  as  z-**»,.say  In  the  upper  half-plane.  Here  we  assume  that  either  ♦  (z,t,x)-*0, 
or  1,  as  z-*-,  lm(z)>0.  The  solution  of  such  Riemann-Hilbert  problems  Is  usually  given 
In  terms  of  Fredholm  Integral  equations  [11].  This  is  also  the  case  here.  For  arbitrary 
u(u-*0  ,  appropriately  a'  j x { -*•)  the  solution  of  (2)  with  the  above  boundary  conditions 
exists  If  x  Is  positive  and  real.  It  may  be  directly  formulated  via  a  Fredholm  integral 
equation  of  the  second  type.  This  Fredholm  equation  can  have  homogeneous  solutions  for 
x  ■  Xj  where  x^  are  real  and  negative  (we  assume  here  that  there  exist  only  a  finite 
number  of  Xj  and  that  they  are  simple). 

Specifically,  we  need  only  consider  the  (+)  functions  We  let  M,R  denote  "left 
eigenfunctions  while  N,N  denote  •HghtMones.  They  are  specified  by  the  following 
asymptotic  behavior. 
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M+’l ,  ft+e^x  as  x-*—® ;  R-*-l ,  N-*e1A*  as  x-*+«* 


Ux 


(5) 


(Note  that  as  lx|-*»  equation  (2)  yields  1**  +  x*+-x$".  Hence  1**  +  x*+-a,  or  *+~a/x  +  eeux 
where  a, 6  are  arbitrary  constants).  The  eigenfunctions  M,fl,N,N  satisfy  the  following 
Fredholm  Integral  equations: 


M(x,t,x) 

R(x,t,x) 


,  e 


1 

1x> 


|  G+(x,y,x)u(y,t) 


M(y,t,x) 


l%.t,x) 


dy. 


(6) 


/  R(x,t,x) 

( 

h 

r 

fR(y.t.x) 

r  l.H 

1+6  (x,y,x)u(y,t) 

iN(y,t,x), 

\  N(x,t,X)J 

J 

-a* 

dy» 


(7) 


yhere  G+t  G_  are  the  (+)  and  (-)  parts  of  the  sectlonally  holomorphlc  function 


G(x,y,c) 


e1(x-y)p 

“Ft 


dp. 


(8) 


where  z  denotes  the  complex  extension  of  x,  l.e. 

i  7  J(x-y)p 

G±(x.>.x)  ■  11m  J  p.;>lte)d|i'  e>0-  (9) 

Equations  (6),  (7)  can  also  be  obtained  from  the  corresponding  equations  associated 
with  the. Intermediate  long  wave  equation  [12]  In  the  appropriate  limit.  We  note  that 
In  G±,  the  (♦),  (-)  are  now  defined  with  respect  to  the  semi-real  axis  of  the  complex 
C-plane.  We  distinguish  this  from  •*  $<here  the  (+),  (-)  are  defined  with  respect  . 
to  the  real  axis  of  the  complex  z-plane)  by  now  using  subscripts  as  opposed  to  the 
superscripts  used  before. 
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Let  us  Indicate  how  the  equation  satisfied,  say,  by  N  can  be  derived: 

By  splitting  (2)  Into  Its  (+)  and  (-)  part  and  by  using  that  N-e^Xx  as  it 

i 

follows  that 

Nx  -  1\N  -  1[uN]+,  (10) 


or 


(Ne'Uxl 


,-IAx 


od  mm 

i  ■  5T  K  j<P  ,f<(P-»'*)-'»„(y)K(y,x)  01) 


.  .re  we  have  used  1 /(y-x-ie)  «  l7exp[-1(y-x-1e)p]dp  and  the  fact  that  (Ne^ Xx)„-*0 

0  * 

as  x-m>.  Integrating  (11)  one  finds 


•  N(x,x)  »  eUx  + 


e 


i(x-y)p 

p.(x-u)dp)  u(y)N(y»x)dy* 


.  i.e.  equation  (7b) (where  we  have  suppressed  the  time  dependence). 

Let  denote  the  discrete  (+)  eigenfunctions,  then 


♦j(x,t) 


oe 

I 


G(x,y,Xj)u(y,t)*j (y,t)dy;  Xj<0. 


(12) 


Recall  that  the  Plemelj's  formulae  [10]  for  the  sectionally  holomorphic  function 
G(x,y,c)  Imply  that 

G+(x,y,x)  -  G_(x,y,x)  »  le(A)e^x’y^x,  e(x)  (13) 
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In  partlcualr  for  the  discrete  eigenfunctions  G+  ■  6_  ■  Gfx.y.x^). 

By  manipulating  equations  (6a)  and  (7)  one  may  establish  the  following 
"scattering  equation" 


m 

fi(X,t)e(x)N;  e(x,t)  «  i|  u(y,t)M(y,t,x)e‘iXydy 


(for  the  derivation  of  (14)  see  [13]).  The  solution  of  the  "inverse  problem" 
consists  essentially  of  solving  equation  (14).  In  this  respect  knowledge  of  the 
analytic  properties  of  M.fl.N  Is  Indispensable. 


2.2  Analytic  Properties  of  the  Eigenfunctions 

The  kernel  of  equation  (6a)  is  a  (+)  function  with  respect  to  x  and 
the  forcing  of  (6a)  is  1.  Hence  the  results  of  Fredholm  theory  imply  that  M  is  a 
(+)  function  In  the  t-  plane,  except  for  possible  poles.  These  poles  correspond  to 
homogeneous  solutions  of  equation  (6  a).  Hence 

n  c,(t)$j(x,t) 

M(x,t,x)  -  1  +  z  -J — — - +  M  (x.t.x)  (15, 

1  x-Xj(t) 

where  M+(x,t,x)  Is  a  (+)  function  in  x  and  M+-*0  as  \-+*.  Similarly 


n  cAt)*Ax,t)  - 

N(x,t,x)  ■  1  +  e  i - +  N  (x,t,x) 

1  x-Xj(t) 


where  N_(x,t,x)  is  a  (-)  function  In  x  and  fUO  as  X—.  It  is  clear  that  because 
of  the  exp(1xx),fl,  N  can  not  be  analytically  continued  off  the  line  Re  x. 
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2.3  A  relationship  between  N  and  R 

The  representations  (15),  (16),  together  with  knowledge  of  e(x ,t)  are 
still  Inadequate  in  order  to  solve  equation  (14).  To  view  (14)  as  a  Riemann- 
Hllbert  type  problem  one  needs  some  further  relationship  between  N  and  R.  This 
is  as  follows 


~(N(x,t,x)e  lXx) 


f(x,t)e',AxR(x,t,x);  f(x,t)*  -  \ 


2irX 


u(i  ,t)N(y,t,x)dy  (17) 


To  derive  this  result  differentiate  equation  (9)  with  respect  to 
x  and  then  Integrate  by  parts  with  respect  to  p  to  obtain 


■  |^G±(x.y»*)  *  *  +  (18) 

Also  equation  (7b)  implies  that 

•  oo 

(He‘Ux)A  -  j(6_e'ix(x’y))xu(y)N(y,x)e“Uydy  +  J  G.e"^x'y,u(y)(N(y,x)e'Uy)xdy. 

•  oo  -m 

Hence,  using  (18)  it  follows  that 

m 

(Ne'1^  •  e~lAxf(x)  +  |  G_e“U(x”y)u(y)(He‘ixy)xdy, 

•OB 

where  f(x)  Is  defined  by  (17)  (and  we  have  again  supressed  the  time  dependence). 
Comparing  the  above  equation  with  equation  (7a)  (multiplied  by  exp(-ixx)) equation  (17) 
follows. 
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It  turns  out  that  can  also  be  related  to  R: 

( «  (j)  cj(t)*j(x»y) 

(x+Yj(t)*j(x,y)  *  R(x,y,\j)i  R(x,y  .x)*R(x,y,x)  -  ^ 


Furthermore , 


i(t)  *  c^(t)  *  -1,  j  3 


where  *•  have  been  normalized  by  x*,-*-l  as  x-*«. 
J  J 


The  above 


results  can  be  proven  as  follows.  Equation  (7b),  analytically 


continued  for  x<0,  implies 


Hence 


oo 

$.0  -  j  s(x.y.»)«(y)  $.»>*  •  1  -  t.j;«)-fj(x,y.OU(y)*J(y)dyl. 

•« 

,  letting  X-Xj  and  using  (18)  (with  fO  and  x<0)  It  follows  that 
fl^x.Xj)  -  ]  G(x.y.Xj)u(y)fi(y,Xj)dy  .  1Cj  j  ♦j(y)u(y>(x-y)6(x,y,xJ)dy  +  a^D 


where  a,  ■  1  -  cJ7.*J(y)u(y)dy/(2«xJ).  The  asymptotics  of  equation  (21)  as  x- 
implies  (assuming  xa^l  as  x+~)  that 

m 

Xj  *  |  »t)*j(y ,t)dy . 
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Then  If  Cj  *  -1.  It  follows  that  ij  8  0  and  a  particular  solution  of  (21)  is  given 
by  N  »  x*j.  Hence,  Fredholm's  alternative  theorem  Implies  equation  (19). 


2.4  Scattering  Data  and  their  evolution 

The  scattering  data  necessary  to  carry  out  the  1ST  associated  with 
equation  (2)  Is  given  by  X^t),  Yj(t)  8(x,t),  and  f(x,t).  Equations  (3)+,  (15), 
(19),  (12),  (17)  imply  that 


2 

U*  «  constant,  r^t)  »  2Yjt  +  Yj(0)^(^,t)  -  8(X,0)e*A  t,  f(x,t)  =  f(x,o)e‘ 

We  conclude  this  seccion  by  stating  some  Important  generic  asymptotic 

relations: 
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M-N-  as  X-»0;  B(X,t)-  as  x-0,  (24) 

where  c*7  u(y,t)dy-  The  above  formulae  are  valid  for  u  real  and  cfK). 

•• 

Th^  cpecial  case  c  *  0  is  nongeneric  and  will  not  be  considered  here.  Also 

R-l-[u]+  as  X-*«  (25) 

x 


,  3.  The  Solution  of  the  Inverse  problem 

The  solution  of  the  Inverse  problem  associated  with  (2)  is  characterized 
by  the  following  linear  Fredholm  equations: 


l  7  n 

N(x,t,x)  -  2^lw(x,t,X,i)8(i,t)N(x,t,t)di  +  ^(x,t)w(x,t,x,XA)  -  v(x,t,x)  (26) 


n  * 

-r^-r-  *  1,  (27) 

A-l  ,xj'x* 

where 

X 

v(x,t,x)  -  J(fU,t)e1x(x‘l)  +  fs(i)eixX)di;fs(x)  -  ^  (28a) 

o 

w(x,t,x,t)  «  e^x^xjvU,x)e‘^A_1^d5,  tx>  (28b) 

9* 

w(x,t,x,Xj)  «  e 1  ^ x ■  *■ ) x| y ( tjxje'^ X " X j ) ^dc  +  e^x“xj^*^ 

a 

(28c) 

By  manipulation  equations  (26),  (27)  can  be  written  in  the  concise  form 

m 

*(x,t,x)  +  l|  *(x,t,i)w(x,t,x,*)dp(0 

where  **H  for  X>0,  ♦«* j  for  X*Xj,  dp(i)  ■  -[S(l6(i-Xj)  +  (1/2ni )eU,t)]d*  and  w 
is  appropriately  chosen.  Hence  the  connection  with  equation  (15)  of  [8]  is  readily 
established. 

Note  that  equations  (26),  (27)  define  N(x,t,X),  *j(x,‘t)  In  terms  of  x^,  Yj(f)» 
fl(x,t)  and  f(X,t).  Hence,  because  of  (23)  N(x,t,x)  *j(x,t)  are  defined  in  terms  of  u(x,0). 
Having  obtained  N(x,t,x)  and  *j(x,t),  [u]+(x,t)  is  determined  by 


Finally,  assuming  u  is  real  u  *  [u]+  +  ([u]+)  . 

Before  sketching  the  proof  of  the  above  results  let  us  make  some  remarks: 

1)  f(x.t)-f$(x)  as  x-0  (using  (17)  and  (24)).  Hence  f(x,t)  is  not  Integrate 
near  x*0.  However,  the  singularities  in  the  Integrand  of  equation  (28a) 
cancel  and  hence  v(x,t,x)  Is  well  defined  as  X-*0.  il)  The  solitons  correspond 
to  b(x,0)  »  0  and  hence  can  be  obtained  via  the  system  of  linear  algebraic  equations 
(’7).  iii)  If  »  0,  j»l,...n  equation  (26)  can  be  formally  reduced  to  a 
Gelfand-levitan-Marchenko  equation:  Multiplying  equation  (26)  by  e(x,t)exp(i (x!-x)xy2 
and  Integrating  over  dx  it  easily  follows  that 

0 

K(x,x';t)  +  |K(x,5‘,t)  F(e,x';t)d£  *  F(x,x' ;t),x'<x  (30) 

x 


where 


F(x,x' ;t}4  27  |  6(X,0)ei(x'"x)X+iX  Mx.t.xjdx, 


K(x,x';t)*  ^  j&(x,0)e1(x’"x)x+u2t  N(x,t,x)dx. 


(31) 


Also  (29)  yields  [u]+  ■  -1K(x,x;t) 

Let  us  now  derive  equat1ons(26)  through  (29).  Substituting  (15),  (16)  (with 
*  -1)  In  (14)  and  then  considering  the  (-)  part  of  (14)  It  follows  that 


til  1  ?  B(t.t)N(x,t.t)di  A 

R(x,t,x)  -  Vtf-Je}  +  x-xt 


(32) 


Equation  (29)  follows  from  the  asymptotics  of  (32)  as  x-~  and  from  equation  (25). 

To  obtain  equation  (26)  use  equation  (32),  equation  (32)  at  x  ■  0,  equation  (17)  and 
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the  formulae 

e1x(i-x)  .  (j  el5(t-i)dSi  e^(yx)  .  ,15(Aj-x)  „  e^Vx> 

I  y*  J  yx 

To  obtain  equation  (27),  analytically  continue  (32)  for  x<0,  take  Its  limit  as 
and  use  (19). 


t 
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1 .  Introduction 

It  Is  well  known  in  the  theory  of  soli  tons  (see  for  example  Ablowitz  and 
Segur  [1])  that  multi-soliton  solutions  of  certain  nonlinear  evolution  equations  can 
be  obtained  by  more  than  one  method.  Some  examples  are:  the  inverse  scattering 
transform  (1ST)  ([2],  [3],  [4]i  Backlund  transformation  (BT)  [5];  and  the  so-called 
bilinear  theory  [6],  The  1ST  scheme  gives  a  method  of  solving  the  initial-value  problem 
for  a  broad  class  of  nonlinear  evolution  equations  [4].  Nevertheless  if  we  are  aiven  a 
particular  evolution  equation  it  can  be  difficult  to  set  up  an  appropriate  1ST.  On 
the  other  hand,  if  we  can  establish  a  BT  associated  with  a  given  evolution  equation  then 
by  suitable  transformations  the  BT  usually  may  be  reduced  to  the  1ST.  In  this  note 
we  shall  introduce  a  BT,  an  1ST,  and  a  method  for  finding  the  conservation  laws  for  the 
so-called  Modified  Intermediate  Long  Wave  (MILW)  equation.  In  the  literature  the  MILW 
equation  is  related  to  the  Intermediate  long  Wave  (ILW)  equation  ([7], [8])  in  the 
analogous  way  that  the  MKdV  is  to  the  KdV. 

The  ILW  equation  describes  long  internal  gravity  waves  in  a  stratified  fluid 
with  finite  depth.  It  is  written  in  a  simplified  form  as 

ut  +  2uux  +  Tuxx  3  0,  (1.1) 

where 

T(ux)  3  T(ux)  +  ju,  (1 .2) 

and 

T(u)  3  T  [-  coth  ]  uU)dc,  0  -3) 

(/"  denotes  the  Cauchy  principal  value  integral)  and  6  is  a  parameter  representing 
the  distance  between  the  boundary  and  the  internal  wave  layer.  In  the  shallow  water 
limit,  5-*0,  equation  (1.1)  reduces  to- the  Korteweg-deVries  (KdV)  equation, 
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“t  *  2u“x  *  !  “x«  ■  °.  (K4> 

and  in  the  deep  water  limit,  6-h»,  reduces  to  the  Benjamin-Ono  (BO)  equation, 

ut  +  2uux  +  H(uxx)  =  0,  (1.5) 

where  H  denotes  the  Hilbert  transform  operator 

H(u)  -If  dx*  •  (1.6) 

*  J—x'-x 
\ 

(1.1)  (finite  6)  and  (1.5)  have  recently  been  solved  by  1ST  ([9], [10]).  The 
scattering  problem  and  hence  solutions  by  1ST  is  open  for  the  MILW  equation,  see  (2.4) 
below. 

2.  The  Derivation  of  the  MILW  Equation 

Introducing  u  *  /xudx ,  equation  (1.1)  may  be  written  as 

“t  +  (*/  +  T(„xx)  =  o.  (2.D 

The  BT  of  equation  (1.1)  Is  expressed  as  [8] 

(<d'+(o)x  *  x+1T(«'-u)x  -  16  ^(oj'-w)  +  we^"  (2.2a) 

(w'-w)^  »  -(4  ^+A)(a)'-<i))x  +  1(a)'+(o)xx 

-1  (a)'-u)x  T(ta>*  -U»)x  +  16  ^  (u1 -tt>)(u' -u)x  , 


(2.2b) 
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where  x  and  y  are  arbitrary  parameters.  (See  Appendix  B  for  the  BT  in  bilinear  form 
for  the  ILW  equation.)  We  note  that  if  m  satisfies  equation  (2.1),  w'  defined  by 
equation  (2.2)  also  satisfies  equation  (2.1).  Substituting  equation  (2.2a)  into 
(2.  2b)  and  introducing  V«ai-u',  we  have  [8] 


Vt  +  T(Vxx}  +  xVx  +  Vx  CpeiV+i(T(Vx)-  Jv)]  =  0.  (2.3) 

By  setting  V-*~iV,  t-*|t,  X  *  -  j  and  y  =  j,  the  above  equation  (2.3)  takesthe  following 
■  orm 

|  Vt  +  T(VXX)  +  Vx(|eV+f(Vx))  -  0.  (2.4) 

We  refer  to  equation  (2.4)  as  the  MILW  equation,  which  in  the  limit,  6-*0,  using  the 
expansion, 

i<V  ■-W,xxtlkxxx  +  0(s5>-  (2-5a) 

and 

V  *  26u  -  ^63uxx  +  0(55),  (2.5b) 

yields  the  Modified  Kortewe?-deVries  (MKdV)  equation, 

“t  *  sAx  +  “xxx  ’  °- 


(2.6) 
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3.  The  BT  of  the  MILW  Equation 

Introducing  the  following  dependent  variable  transformation 


V  •  log  , 
f  9 

equation  (2.4)  can  be  expressed  in  bilinear  form  as 

(TsDt+Dx)f±,9±  =  °» 
2i6Dxf"-g+  =  -f"g+  +  f+g". 


(3.1) 


(3.2a) 


(3.2b) 


where  we  have  used  the  abbreviations 


f*(x)  *  f(x±i6)  ,  (3.3) 

and  introduced  bilinear  differential  operators  defined  by  [6,11]  as 

DjDVb  «  (i-  -  — — r)0  (^  -  ^-r)m  a(x,t)b(xlt')|  .  '  t  0.4) 
1  x  at  at  ax  ax  x  x,  i  t 


(See  appendix  A  for  some  properties  of  these  operators). 

An  (exact)  N-soliton  solution  of  equation  (3.2)  has  been  obtained  by  A.  Nakamura  [12]. 
In  the  limit,  5-»0,  these  soliton  solutions  tend  to  the  soliton  solutions  of  the 
MKdV  equation  (2.6). 
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As  discussed  above  the  MKdV  equation  plays  the  same  role  with  respect  to 
the  MILW  equation  as  does  the  KdV  equation  with  respect  to  the  ILW  equation  [9]. 
(See  Figure  1  below). 


CH5J  <r 

f  6+0 


A  Miura  Transform — > 

u 


^  A  Miura  Transform 


ifiiwnl 


Figure  1.  Describes  the  relations  of  the  ILW,  KdV,  MILW  and 
MKdV  equations. 


By  analogy  to  the  KdV-MKdV  case  ([13-15] ,[17])  we  have  found  the  following  BT  of 
equation  (2.4)  in  bilinear  form: 


c)°, 

'  C|D 
(2iDx+c)f".f'+ 
(21Dy+c)g"-g  + 

where 

and 


+  D*  f±-f  ±  *  °’ 

(3.5a) 

+  D2  - 1*2]  g^g  *  *  o. 

(3.5b) 

uf+.f' J  , 

(3.5c) 

+  1  - 
u9  -9  » 

(3.5d) 

:  cot  k5, 

( 3 . 5e ) 

c  cosec  k6. 

(3.5f) 

i  i 

Equation  (3.5)  relates  a  solution  (f,g)  of  (3.2)  with  another  solution  (f  ,g  )  of  (3.2) 
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(for  more  details  see  [16]). 

It  can  be  shown  that  the  limit,  6->0,  of  the  bilinear  form  of  the  MILW  equation 
(which  is  given  in  equation  (3.2))  tends  to  the  bilinear  form  of  the  MKdV  equation 
(2.6)  which  is 


(Dt+D3)f-f*  =0.  (3,6a) 

W  X  t 

D3f.f*  =  0,  (3.6b) 

where  u  *  i(log  f*/f)x, 

and  the  limit  of  the  bilinear  BT  (3.5)  reduces  to  the  bilinear  BT  of  the  MKdV 
equation  (see  [17]): 


(o^V0^ -f *  * 0  • 

(3.7a) 

■5  0  0  *  '* 

(otT  x  Or  'f  =  0  * 

(3.7b) 

Dx  f-f '  *  » 

(3.7c) 

D2fV4zf*.f'*( 

(3.7d) 

(where  *  implies  a  complex  conjugate).  Using  the  following  relations  (see  [8]): 

(3.8) 


-Wr 


(log  f±)x  -  J(1T±l){(iT+l)Vx^(eV-l)>, 
(log  g±)x  =  |-(if±l ){(iT-l )Vx-^(eV-l )) , 


(3.9) 
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the  bilinear  BT  (3.5)  transforms  to  the  BT  in  physical  variables: 


^(V-V  )t  +  Kj  -  c)(V-V  )x  +  (V+V  ), 


1  A  •  «  •  1  v  v ' 

-  jT(V-V  )X{T(V-V  )x  +  j(eV-eV  )} 


‘  +  j(eV-eV‘)}  *  0, 


(3.10a) 


l 

isCf(V-v')  ♦  *£  (#v’)dx]t  -  (1  -  c)[T(V-v')x  +  I(eV-eV  )] 


-  '  i  /  V  V\ 

+  iT(V+V  )xx  +  j(e  +e  )x 


±(T{T(  V-v')x  +  ^(eV-eV  )}]•['< (V-V  )x  +  ^(eV-eV  )] 


+  ^(V-V')XT(V-V  )x  -  0, 


(3.10b) 


-T (V-V  )x  -  i (V+V  )} 


*  2 y  exp|C(T(V-v')  +  |/x(eV-eV  )dx]  sinh  |(V-V  ),  (3.10c) 


1T[T(V-v'l  ♦  i(eV-eV  )]  *  T(*+v')s  ♦  j(eV  -2) 


'X  6 


i 

-2c+2u  exp  2H(V-v')  +  }/x(eV-eV  )dx]  Cosh  j(V-v'  )  . 


(3.1 Od) 


We  note  that  either  set  of  equations  (3.10a ,c)  or  (3.10  b.d)  are  adequate  to  represent 
the  BT  of  the  MILW  equation. 


I 


-9- 


4.  The  Conserved  Quantities  of  the  MILW  Equation 

One  may  derive  the  conserved  quantities  from  the  BT  (see  for  example  [7], 
[18]).  Introduce  W  *  V-V  ,  and  rewrite  equation  (3.10)  as 

K  * •  c)wx  *  <2v-">x*  -  F'v-'x  -  K'f(Ix>  ■  °  <4-ia> 


K  -  <T  -  c>’x  -  -  f^x 

-Kf»x> +  Kf<“x>  *0'  (4Jb) 

\ 

-  T(WX)  +  i(W-2V)x  =  2u(exp^I)sinhiw,  (4.1c) 

-  iT[Ix]  +  f(2V-W)x  +  j(eV+eV_W-2)  3  -2c  +2U  (exp^I)  cosh^W  , 

where 

1  *  TOO  +  |/eV(l-e"W)dx.  (4.2) 

Imposing  the  boundary  conditions  V(±»)  *  0  and  using 

OuT(v)  +  vT(u)]dx  =  0,  (4.3) 

we  have  from  equation  (4.1a)  that 

[Odx]t  3  0,  (4.4) 


and  from  equation  (4.1b)  that 


£Od*3t  *  0  * 


(4.5) 
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(4.9) 


we  obtain  the  following  (using  (4.6)) 
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I,  •  -4i[T(Vx)  ♦  j/V  »«<•*> 


I,  ■  3iT[T-i)Vxx  +  VXT(VX)  ♦  ^X(«V-'>1 


'xx  X 


+  \  *  vxt(vx!  +  ^x(eV'1>1 


+  8V2]dx, 
x 


(4.10) 


from 


which  are  deduced  the  following  conserved  quantities 


1)  V-l) 


A  *» 


2)  T(VXT(VX))  +  fieT(Vx 


))  +  ^T(VX)  +  'Ve2V'1) 

co 


(4.11a) 

(4.11b) 


These  may  be  verified  directly. 

In  the  limit  as  *0.  equations  (4.11a).  and  (4.110)  using  (2.5)  give  the 
'.,rst  and  the  second  conserved  quantities  of  the  MKdV  equation  (at  the  lowest  non¬ 
trivial  order  of  6),  which  are  u.  and  u2  respectively  [20). 
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5.  The  1ST  Problem  for  the  MILW  Equation 

In  a  manner  analogous  to  Wadati  [20]  and  Satsuma  et  al  [7]  we  obtain  the 
1ST  problem  of  equation  (2.4)  from  the  BT  given  in  equation  (4.1).  By  using  the  following 
dependent  variable  transformation 

I 

Oog  **)x  *  (log  J  )x  =  }(TT±l){Wx+iIx>,  (5.1a) 

and 

I 

(log  4*2 )x  -  Oog  |)x  =  -  }(iT±l){-Wx+iIx},  (5.1b) 

(see  Appendix  C  for  useful  relations  which  can  be  derived  from  the  above  equation.), 
and  by  substituting  (5.1)  and  Appendix  C  relations  into  equation  (4.1),  adding  and 
suostracting  the  resulting  equations  yield 


-2i>|x  +  [c-iVx+T(Vx)  +  |-(eV-l  )]<|»j  *  ,  (5.2a) 

-21*2x  +  Cc+iVx+T(Vx)  +  j(eV-l)]ij»2  s  w<J>2  »  (5.2b) 


-  ¥  *U  "  i(l  -  cKx  +  ^li±1){Vif(yXX)+l(eV)x)  •  +  ♦lxx  '  °*  (5‘2C) 

-  ^  4  -  «j  -  *  c]r(1T±lJ{-Vxx*lf(Vxx)+l<eV)x}  -  Jk2]**  *  *|xx  ■  0.  (S.2d> 

We  expect  that  have  the  following  analytical  meaning:  represent  the 

boundary  values  of  functions  (l.e.  ♦±(x)  *  lim  4»±(z) )  analytic  in  the  horizontal  strips 

Im  z  -*Q 

between  Im  z  »  0  and  Im  z  ■  +25,  and  periodically  extended  thereafter. 
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By  defining 


*1  3  ^(v^ivg)  , 
*2  a  ^(v1+iv2)  • 


(5.3a) 

(5.3b) 


and  substituting  into  the  above  equation  (5.2)  we  get  the  following  set  of  equations 
(by  adding  and  substracting) 


where 


vix+V* 

*2x  •  Uvl  *  Uv2  *  X  *  °- 


Xt  *  «7  *  Xx  -  vTxx  '  X  - 

'fzt  *  '4  "  c*v2x  ”  v2xx  +  B  V1 


B*v|  *  0, 

=  0, 


(5.4a) 

(5.4b) 

(5.4c) 

( 5 . 4d ) 


u4v 


¥-|{T(Vx)  +l(eV-l)+c>, 


A*  -  i(iT±l){lf(Vx)  +  y(eV-l)}x  -  Jk2  , 


8*  *  j(1Til)*xx 


c  -  k  cot  k6 


(5.5) 

(5.6) 

(5.7) 

(5.8) 

(5.9) 


4 

* 
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w  ■  k  cosec  k$.  (5.10) 

It  is  readily  shown  by  a  cross  differentiation  that  equations  (5.4a-5.4d)  constitute  an 
1ST  problem  associated  with  equation  (2.4).  Assuming  V  =  0(6),  expanding  v*(i=l,2)  in 
terms  of  6  and  substituting  them  into  equation  (5.4),  we  obtain  at  the  lowest  nontrivial 
order  of  5, 

vlxx  *  <“2'  ik2)vl  *  v2ux  ■  0  •  (5-,U> 

v2xx  +  (“2  *  J*2^  -  Vx  *  0  •  (5-"b) 

vlt  *  Zv2x“x  •  v2uxx  •  vl(u2)x  +  vlx(k2t2u2)  ‘  0  •  (5-,k) 

v2t  “  2vlwx+  Vluxx  "  v2^2^x  +  V2xtk2+2L,2}  *  0  »  (5. lid) 

•hich  is  one  of  the  known  1ST  problems  associated  with  the  MKdV  equation  (2.5).  It  is 
to  be  noted  that  equation  (2.4)  is  a  necessary  compatibility  condition  for  equations 
(5.  2a)  and  (5.2c).  (See  Appendix  0  for  still  another  form  of  1ST  problem  for  the 
MILW  equation). 
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Appendix  A:  Properties  of  the  0  operator 
We  have 


W-b 


(_s  .  JL,"  <i_  .  -2r)* 

3t  3t  3x  3X 


a(t,x)  b(t '  ,x ') !t_t’x=x‘ 


The  following  properties  are  easily  seen  from  the  definition. 
O)  Dja-1  *  (|x )ma , 

(2)  DVb  =  (-l)Vb.a, 

X  X 

(3)  Dxa-a  *  0  for  °dd  m, 

(4)  Dma*b  *  Dv”1 (a  -b-a-b  ) , 

(5)  Dma-a  =  2D^_1a  -a  for  even  m, 

X  x  X 

(6)  DxDta-a  *  2Dxat’a 

»  2Dtax-a, 

(7)  Dxexp(k1x)-exp(k2x)  *  (k^-k^exp^+kgjx , 

Let  4  *  log(a/b)  and  p  =  log  ab,  we  have 

(8)  (Dxa-b)/ab  »  *x, 

(9)  (Dxa-b)/ab  *  pxx  +  Ux)2 . 

(10)  (Dxa*b)/ab  «  *xxx  +  3*xpxx  ♦  (*x)3- 
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Appendix  S:  On  the  ILW  Equation 

The  ILW  equation  is  given  by 

u*  +  2uuv  +  T(u  )  *  0. 
t  x  xx 


(B.l ) 


Introducing  the  following  dependent  variable  transform 

u  =  i (log  f7f+)X’ 


(B.2) 


equation  (B.l)  can  be  expressed  in  bilinear  form  as 


(iOt  +  X  +  o2)f+.f-  *  0. 


(B.3) 


(See  Appendix  A  for  some  properties  of  these  operators).  The  BT  of  equation  (B.3) 
in  the  bilinear  form  is  given  by  [8] 


(iDt  +  i(|  +  *)DX  +  Dx  -  Jk2)ft.g*  *  0, 


(B.3a) 


(2iDx-x)f".g+  »  v  f+g'. 


(B.3b) 


where 


x  *  -k  cot  k6, 


(B.3c) 


m  •  k  cosec  k«. 


( B . 3d ) 
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,  e*.  Useful  Relations  Derived  from  Equation  (5.1) 


(1)  (log  -~)x  -  -  K+iIx}‘ 

*1 

+ 

(2)  (log  •  -  ^“V1rx3* 

*2 

+ 

(3)  (1og^V)x  -}(iT+1)Wx, 

♦l 

(4)  (log  “)x  ■  J(1T-1)«X» 

*1 

♦,v 

(5)  (lo9  -V^'x  '  “x  • 

♦  ♦ 

1  2 

♦  +*  * 

(6)  (log  -M-)x  -  1™x  • 

1  1 
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In  analogy  to  the  MKdV  case  if  we  take  equations  (d.3)  together  with  their  complex 
conjugates  this  will  yield  the  1ST  problem  of  the  MILW  equation.  Indeed,  the  following 
set  of  equations  for  ^  and  ^  which  are 


-2)  £jx  •  -xt,*. 

( d .  5a ) 

21  «2x  *  «)xV)4  *  -“4- 

(d.5b) 

¥  «it  +  ■ 

Kl-cH^^TfOQx^ikV-^-O. 

(d.5c) 

3*  4  • i(!  -  <>4  *  4fti)qxx  *  •  4x  ■ 


(d.5d) 


yields  an  alternative  1ST  problem  for  equation  (2.4).  By  defining 


*  -  ■g-(  1 + i T ) A , 


52+  =  ^(l-iT)A, 


\ 


(d.6) 


5  *  *  -kl-iT)*, 

1  c 

t  '  -  -  ^(1+iTH 

2 


equations  (d.5a)-(d.5d)  give  the  following  set  of  equations  (by  adding  and  subtracting) 


2i  Ax  -  W(iTA)  +  iVxA  =  -ipT*  ,  (d.7a) 

-2TAX  -tf-A  +  iVxTA  =  ,  (d.7b) 

h  At  +  i(5  ’  c)Ax  ‘  U+'A  *  -  iTAxx  =  °»  {d-7c) 

"  f5  ™t  ‘  (6  '  C)TAX  -  U+(iTA)  -  G+-A  -  Axx  =  0,  (d.7d) 

■  T5  ^t  ■  1  ("s  ■  c^x  +  U"‘*  “  ■  i7|<,xx  =  °*  (d.7e) 

’  T5  T*t  "  (}  •  c)^x  "  U’(1T#)  +  6"-*  +  *xx  =  0,  (d.7f) 


where 

¥  -  c  -  i[1T(Vx)  +  j(eV-l )]  ,  (d.8a) 

U±  *  F{Vxx)±^i^Vx  +  *  (d-8b) 

g1 -iumvxx)  •t"2-  «,-8c) 
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ON  ANALYTICAL  AND  NUMERICAL  ASPECTS  OF  CERTAIN  NONLINEAR 
EVOLUTION  EQUATIONS,  PART  I:  ANALYTICAL 

ABSTRACT 

Nonlinear  partial  difference  equations  are  obtained  which  have  as 
limiting  forms  the  nonlinear  SchrSdinger,  Korteweg-deVries  and  Modified 
Korteweg-deVries  equations.  These  difference  equations  have  a  number 
of  special  properties.  They  are  constructed  by  methods  related  to  the 
inverse  scattering  transform.  They  can  be  used  as  a  basis  for  numerical 
schemes  to  the  associated  nonlinear  evolution  equations.  Experiments  have 
shown  that  they  compare  very  favorably  with  other  known  numerical  methods 
(Parts  II,  III).  In  part  II  of  this  paper,  the  Ablowitz-Ladik  scheme  for 
the  nonlinear  Schrbdinger  equation  is  compared  to  other  known  numerical 
schemes,  and  generally  proved  to  be  faster  than  all  utilized  finite  difference 
schemes  but  somewhat  slower  than  the  finite  Fourier  (pseudospectral)  methods . 
In  part  III,  a  proposed  scheme  for  the  Korteweg-deVries  equation  proved 
to  be  faster  than  both  the  finite  difference  and  finite  Fourier  methods 
we  considered. 

1.  INTRODUCTION 

In  recent  years  there  has  been  rapid  advancement  in  the  study  of 
physically  interesting  nonlinear  problems.  The  progress  in  this  field 
has,  in  part,  been  due  to  the  synergetic  approach  [1],  which  consists  of 
the  simultaneous  use  of  conventional  analysis  and  numerical  experiments 
to  investigate  nonlinear  phenomena.  In  this  paper  we  will  derive  a  numerical 
scheme  for  the  Korteweg-deVries  (KdV)  equation  and  the  Modified 
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Korteweg-deVries  (MKdV)  equation  based  on  the  inverse  scattering  transform 
(1ST).  In  parts  II,  III  of  this  work,  we  show  that  the  schemes  compare 
favorably  with  other  known  methods.  Before  proceeding,  it  may  be  helpful 
to  review  some  of  the  recent  developments  in  this  area. 

The  inverse  scattering  transform  (see  for  example  a  recent  reference 
on  this  subject  by  Ablowitz  and  Segur  [3])  was  first  discovered  by  Gardner, 
Greene,  Kruskal,  and  Miura  [4,5]  in  their  study  of  the  KdV  equation. 
Subsequently,  Lax  [6]  put  the  ideas  in  an  alternative  form  which  allows 
the  method  to  be  readily  generalized.  Zakharov  and  Shabat  [7]  found  a 
new  eigenvalue  problem  which  led  them  to  the  solution  of  the  nonlinear 
Schrddinger  (NLS)  equation.  Ablowitz,  Kaup,  Newell  and  Segur  [8]  showed 
that  a  generalization  of  the  Zakharov-Shabat  eigenvalue  problem  allows 
one  to  find  the  solution  to  a  class  of  interesting  evolution  equations 
which,  in  addition  to  the  above,  includes  the  sine-Gordon,  MKdV,  self- 
induced  transparency  equations,  etc. 

These  ideas  also  apply  to  certain  classes  of  nonlinear  differential- 
difference  equations.  Using  discrete  scattering  procedures  developed  by 
Case  and  Kac  [9,10],  Flaschka  [11]  was  able  to  solve  the  Toda  lattice 
equations.  Similar  results  were  found  by  Manakov  [12],  Subsequently, 
Ablowitz  and  Ladik  [13]  presented  a  discretized  version  of  the  generalized 
Zakharov-Shabat  eigenvalue  problem  which  allowed  them  to  Isolate  a  class 
of  differential-difference  equations  solvable  by  inverse  scattering. 

Ablowitz  and  Ladik  [14,15]  further  generalized  this  theory  to  cover 
nonlinear  partial-difference  equations.  They  found  a  class  of  such 
equations  and  further  introduced  an  equation  which  can  be  used  as  a 
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numerical  scheme  for  Che  NLS  equation.  It  has  the  following  advantages 
[16]:  (see  also  the  following  section) 

(  i)  This  scheme  maintains  many  of  the  important  properties  of  the 
original  problem.  One  can  associate  with  this  scheme  an  infinite  set  of 
conservation  laws,  just  as  in  the  case  of  the  corresponding  partial 
difference  equation.  This  scheme  has  traveling  wave  solutions,  with  special 
properties,  these  are  the  solitons  ([1] , [4] , [5]) . 

(  ii)  The  associated  linear  scheme  is  always  neutrally  stable. 

(iii)  This  scheme  maintains  a  certain  joint  x,t  symmetry  of  the 
original  equation. 

(  iv)  The  order  of  accuracy  is  the  same  for  both  the  linear  and 
nonlinear  schemes. 

(  v)  This  scheme  depends  globally  on  the  mesh  points,  but  it  does 
suggest  others  which  are  local. 

These  nice  properties  motivate  us  to  look  for  a  numerical  scheme  for 
the  MKdV  and  the  KdV  equations  in  an  analogous  way. 

In  the  next  section  we  will  review  the  procedure  of  finding  the  partial- 
difference  equations  together  with  the  results  for  the  NLS  equation,  which 
has  already  been  discussed  by  Ablowltz  and  Ladlk  [16] .  We  will  then 
develop  and  introduce  a  new  scheme  for  the  MKdV  and  the  KdV  equations 
based  on  the  above  theory. 

2.  Nonlinear  Partial  Difference  Equations. 

The  key  step  in  obtaining  partial  difference  equations  which  can  be 
solved  by  inverse  scattering  is  to  make  an  association  between  the  non¬ 
linear  evolution  equation  and  a  linear  eigenvalue  (scattering)  problem. 


\ 

$ 

i'. 


In  this  discussion  all  the  difference  equations  are  related  to  the  eigen¬ 
value  problem  [13] 
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E  V™  *  V®  , ,  1*1,2.  Performing  the  operations  indicated  in  (2.3)  results 
n  in  in-ri 

in  four  equations. 

For  the  special  case  associated  with  the  KLS  equation  we  let 
R™  *  +  Q®  ,  S®  *  T™  *  0,  and  the  four  equations  are  given  by 


,m  nri-1  m  ,  „m  _m* 
“nA„  ’  «a  Cn  ±  Wa  • 


1  _m  .  .  m  .m  ^m.nH-l  .  m0m 

—  B  . .  -  zB  +A..Q  -DQ  *A0  , 
z  n+1  n  n+1  n  nxn  ti 


„ra  1  _m  -  _m  „m*  ,  .m.nri-1  -  mm* 

zC - C  +  D  .Q  +  A  Q  *  +  i  Q  , 

n+1  z  n  n+1  n  —  nn  n 


—  A  D®  **  +  QnH‘1*Bm  -  Q®C® 
z  n  n  n  n  n  n+1 


where  A  A®  ■  A™,  -  Am  etc. 
n  n  n+1  n 


(2.4) 


This  system  can  be  solved  in  a  deductive  way.  Using  the  ideas  in  [16], 
expansions  in  powers  of  z  and  ^  are  sought.  The  series 


A”  -  I  A«k)  z2k,  B"  -  E  3<k)zk 
11  k-1  “  11  fc— 1  D 

WO 


(2.5) 


Cm  -  Z  C(k)  zk,  D®  -  E  D 


(2k)  2k 


"  k-1  n 

WO 


n  k-1  n 


k  (k)  (k) 

are  substituted  into  (2.4)  and  the  various  powers  of  z  (A^  ,  . . . , 
are  assumed  independent  of  z)  are  set  equal  to  zero.  One  can  find  each 
of  the  unknowns  A^,  A^\  ...»  in  terms  of  the  potentials.  The 
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condition  under  which  we  can  solve  (2.4)  requires  that  the  potential  evolve 
according  to  the  evolution  equation 


f-2)  IQ  #  m+l  ^  ^  m 

<viusr  r>' 

k— 


,m 


♦ wx  ±  2  <orx«  <*-  *  i 

k*-o° 

qHH-1  .  n  ^ 

-  *(2)*[<Ci±-V  <£“*  OCX  i-  E 

—  n— 1  —  z  n  n-i  n  n— A  ,  _  k 

k5*-00 


(2.6) 


,  .m  _  w.nH-lrtm+1*.  .  .  ~n  ,-m  _m*.m_m*  . 

where  Afc  -  (1+Qk  Qfc  )/(l±QkQk  >  and  Sfe  -  (Qk+1Qk  +QkQk_1). 

The  A^1'  are  arbitrary  constants  of  summation  (fixed  at  n-*-«)  and 

jj(-i)*  „  A<i)f  i.2)0r2> 

So  by  a  suitable  choice  of  the  constants,  one  can  obtain  a  partial 
difference  equation  which  is  consistent  with  the  NLS  equation 


iqt  "  qxx±  q- 


(2.7) 


In  the  linear  limit  if  we  want 


“X  - !  <C  -  *C“  -  C\ +  <«  -  < ♦  Ci> 


where  o  ”  — ~  -z  and  Q®  •  Axq(nAx,  aAt)  *  AxqD  then  the  constants 
(Ax)2  ^  n 
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are  chosen  according  to  A^  =■  -i  ■  io,  A^  ^  =»  -  This 

particular  choice  of  constants  in  (2.6)  leads  to  the  following  evolution 
equation: 


where 


A®  ® 

A  q 


1  ,  m  _  in  m  _  ^  m+1  _  ^  m+1  ^  m+1. 

fq  ,  -  2q  +  q  ,  P  +  q  ,  P  -2q  +  q  , ) 

vnn+l  Mn  ‘n-l  n-1  Mn+1  n  'n  nt-1' 


1,  m,  m*  m  m+1*  m+1,  m+1.  m  m*  m+1  m+1* 

1  itVn  Vl  *  In  Vl>  *  \  <Vl%  ‘  “’n-l  \  > 


_  m  m*  m+l„  m+1  m+1*  m  n  m-  m_ . 

+  2q  q  q  ,P  +  2q  q  .  q  ,P  ,  -  q  S  -  q  S*  , 

Mn+1  n  Mn  Mn-1  n-l  nn  n  n-l 


(2.8), 


n  a"1 
n  A.  , 

u 

s»  £ 

.mi 
A  a, 

k=-°° 

n  k»- 

-CO 

m  m* 

m  m* 

Am 

¥k-i  + 

qk+lqk  ' 

Ak 

m+1  m+1*  ,2, 


mm*,.  ,2, 


This  scheme  is  implicit  and  global.  However,  a  local  scheme  is  suggested 

in  which  P  «»1  and  S  m0  for  all  n.  Equation  (2.8)*  is  consistent  with  the 
n  n  * 

2  2 

NLS  equation  (2.7)  with  the  truncation  error  of  order  0((At)  ,  (Ax)  ). 
Similarly  the  local  scheme  also  has  the  same  truncation  error. 

For  the  special  case  associated  with  the  MKdV  equation 

2 

R  ♦  6R  R  ♦  R  =  0  (2.9) 

t  x  xxx  v  ' 

we  let  R®  ■  +  qJJ,  T®  ■  S®  *  0,  and  the  four  equations  are  given  by 


*A  An  +  rV\.  +  Rm+1Cm  -  0 
n  n  n  n+1  n  n 


(2.10) 


±  &V  +  zb”  +  R^V  -  +  A"  «”  +  i  B* 
n  n  —  n  n  —  n+1  n  z  n+1 


(2.11) 


*c”  -  T  <£  +  R>"  ,  -  R^V  -  aV 

n+1  z  n  n  n+1  n  n  n 


(2.12) 


i  4  D®  -  Rm+1B°  +  RraC®  , 
*  n  n  n  n  n  n+1 


(2.13) 


Using  the  ideas  in  [13,15,16],  the  coefficients  in  the  equations  for 
the  time  dependence  of  the  eigenfunctions  are  expanded  as 


a”,  s  z2V2W 

“  k— 2  " 


n  ,  ,  n 

k**-l 


(2.14) 


c”.  I  s  z2kA«k>- 

n  k— 1  n  n  k— 2  n 


With  the  expanded  form  of  A™,  B™,  C™,  D™,  equations  (2.10),  (2.11),  (2.12), 

and  (2.13)  yield  a  sequence  of  twenty  equations  in  eighteen  unknowns  corre- 

5-5  4  -1 

spondlng  to  equating  powers  ofz,z  ,  z  ,  _ _  z,  z  ,  all  of  which  must 

be  independently  satisfied.  To  solve  these  equations  it  is  most  convenient 

to  solve  the  resultant  equations  corresponding  to  2?  and  z  first,  then 

4  1 

solve  the  equations  corresponding  to  z  ,  — y,  etc.  Carrying  out  the  algebra 

(4)  (-4)  2 

we  find  the  values  of  An .  D  in  terms  of  the  potentials  (see 

Taha  [2]).  The  remaining  two  equations  are  consistent  under  the  following 
conditions : 


A^  «  0^"^  ,  i  »  4  2  0  -2  >4 


(2.15) 
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The  following  evolution  equation  is 


where 


aV*  3  rL?a(43  -  rXy  ,D(4)  ♦  Rm  S 

n  n+2  -  n+2'n+l  -  n+l  n+l 


-Rm+1P  -  rRm+1  aW  -  Rm  v  ♦  Rm+1e 

n+l  n  lKn-2  A-  Rn-2Yn-2D-  +  Rn-lSn-2 


-  ClPn-ll  *  Rn(°™  i  jJ£«r1,RJ-2A?> 

-  R?-iV 2D-4)  *  Oe-2  -  R"-lVl  } 


-Rm  (Rm  A(4)  -  Rm+1v  n^4)  +  0m  c  ,,m+lp 

K£  tR£+2A-  R£+2 Y£+l°-  +  R£+IS£+1  '  R£+1P£ 


•  R""‘(A-0)  -  "il[Rr' 


3) 


Rm+1S  -  Rm  P  \  Rmrnm  *(4)  Dm+1  n(4) 

£-lS£-2  R£-1P£-1>  R£tR£+2A-  '  R£+2Y£+1°- 


*  RllSit.l 


-  Oti)} 


(2.16) 


(2)  „  .(4) 


.(4) 


(2)  A  "  r  *  (4)-  ox, (4), 


S  M  A  +  A  F  +  D  H . ,  P  =  (D  +  Z  [A^'E.+D^'G 

n  -  -  n  -  j.-<d  y  n  -  jMe  -  j  - 


J]VYn 


_  ..nrH/.tn.  ,m  ,  —  _jn 
Yn  “  n  (6±  76^,  6±  -  1  +  Rit 


TL  «  Y'1/^,  H  -  +[RV*hnri-1-Rm 
*n  n  n*  n  — ^  n  n+l  n  n-1  n  nJHn-l’ 


k  -  vC i-  p«  - 


G  -  T,RnH-l  m+l_  nLm  ,  6nrfl 
n  +'n  Rn+rRnRn-l)Vl°n  » 


E  -  +<rV*J6W1-r"  R^V"). 

n  n  n-1  n  n+l  n  n 


(2.17) 
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+  (Ax)2KunH’1[umum  ,+um  ' 

—  I  n  n  n_2  n~l 


u”  J  -  um[um4'1um!J+umt11uin+h 

n+1  n  n  n+2  n+1  n-1 


+  rtu"  ,u"  ,+umu"  ,i  -  u"  (u-'srx’rj  oj*' 

n-l  n-1  n-2  n  n-1  n+1  n  n+1  n+1  n+2  J  - 


m+1  nt+1  ,„m+l  ..m+l.,-,  .  (4) 


+  tu"  itAj^J+u®  u*tJ]  +  um[uinuIRti+unttJ  um  ,] 

*■  n+11  n  n+1  n+1  n+2*  n  n  n+2  n+1  n-1 

-  U^lo^u”  ,+u"*>"  ,]  -  ,-hTV  ,])d(‘ 

n  n  a- 2  n+1  n-1  n-1  n-1  n-2  n  n-1 

+  {umUm+1[Ura  , -U^ ] A (2)+[  (Um) 2Umt}- (U11^1 ) 2Um  JD^}] 
n  n  n-1  n+1  -  n  n+1  n  n-1  -  J  I 


(2.22) 


where  A 


, ,  satisfy  equation  (2.21).  Equation  (2.22)  is  con¬ 


sistent  with  the  MKdV  equation  (2.19),  with  the  truncation  error  of  order 
2  2 

0((At)  ,  (Ax)  ).  This  truncation  error  holds  also  for  the  full  scheme 
given  in  equation  (2.16)^.  Since  is  an  arbitrary  constant,  we  have 

a  family  of  schemes,  each  one  of  which  satisfies  the  properties  discussed 
earlier  for  the  NLS  equation  scheme. 

For  the  special  case  associated  with  the  KdV  equation 


U  +  6UU  +  U  -  0 

t  X  XXX 


(2.23) 


in  m  m  in 

we  let  Q  *  R  «  0,  T  *  1.  The  four  compatibility  equations  for  A  ,  — , 


Dn  are  given  by 


in  m 

A  -  A 

n+1  __  n 

,  „m  2  _m+l 


„ra  n+1 


Z(1  n  > 


s^-s1" 

n  n _ 

(1-Sra)  (l-s1^1) 
n  n 


(2.24) 


n _  Am  +  n+1 _ y  _n _ i 

2(1-Sn)  n+1  z(l-Sm)  l-S1^1  2 

n  n  n 


gin+i  Dm 
n  n 


sntH-sm 

n  n 


(l-s"*1)  z(l-SnH'1)(l-Sm) 
n  n  n 


(2.25) 
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Am  C® 

*  _  cm  +  i —  •  D®  _  2  _s _ d _ 

1-S®  n+1  l-sra  n+1  l-S®*1  zCl-S®4-1) 

n  n  n  n 


U-s*+i) <1- 


(2.26) 


D®  Sm  C®  Dm 

n+1  .  n  n+1  n 

■  ■  ■  ■■ - -  4. 


zB 


m 


snt4’1-sn 

n  n 


z(l-S^)  2  (1-Sra)  zCl-S1^1)  (1-S®+1)  z(l-Sn+1)(l-Sn) 

n  n  n  n  n  n 

(2.27) 

Using  the  ideas  in  [13,15,16],  the  coefficients  in  the  equations  for 
the  time  dependence  of  the  eigenfunctions  are  expanded  as 


A®  = 

Z  z2kA(2k)  , 

B®  = 

l  22V2k> 

n 

1  0  n 

kj-2 

n 

k=-2  n 

cm  ~ 

Z  z2k  C(2k\ 

_m 

D  *= 

l  k2V2» 

n 

k— 2  n 

n 

k*-2  n 

(2.28) 


With  the  expanded  form  of  A®,  B®,  C®,  D®,  equations  (2.24),  (2.25), 

n  n  n  n 

(2.26),  and  (2.27)  yield  a  sequence  of  twenty-four  equations  in  twenty 

5  3  -1-3  -5 

unknowns  corresponding  to  equating  powers  of  z  ,  z  ,  z,  z  ,  z  ,  z  , 
all  of  which  must  be  independently  satisfied.  Twenty  equations  of  which 
give  the  values  of  the  twenty  unknowns  (see  Taha  [2]).  The  remaining 
four  equations,  two  of  them  are  trivially  satisfied  and  the  third  is 
satisfied  under  the  following  consistency  conditions 

A^)  m  i  «•  4,  2,  0,  -2,  -4. 


The  fourth  equations  gives  the  following  evolution  equation: 


ii(A-l0)  -  L  *  ■rv.®  * 


1-1 


*  °®  *  J  «'k  *  s»'sr\  * 

K*-®  * 


(2.29) 
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sm+1  '  ro'i  n_1  -sl  -1 

'{  )  *  2  h=r  tY,:,  N.  .  -  N.  ♦  M. 


AIi+l  "Ul  "i  “l 

Vi 


n _ rDcc 

<“  *  ‘ 

♦  STA  h  -  *  Vi-2  * 


sm+1  -  sm 

n  n 


where 


*  i!s"  E"*1  '  l-s”'1  Tn-2  ’  d-s-’ui-s") 

n  n  n  n 


n  n-1  n 


(2.30), 


+  G 

-  sm+1 

n 

Z 

n 

n 

k= 

+ 

n 

E  P4 

W? 

j— *  j 

3 

‘k  V 


T  -  v  M  +  S^Jy  iZ  ~  S*  H  j.1*  M  *  Sm+1W  AW 
n  Yn+1  n  n+lYn+l  n  n+1  n+1  n  n  n  - 

z  -  (a(2)  +  e  QX1)^  •  K  •  °i2>  +  E  F<* 

"*  ja-QO  J  J 


-  s”d(4\ 


n  - 


n 


1-S 


s»  ■  v  vi  ■  ‘r^’ 

i—  1-Sj^ 


Hfc  "  A-4)(Sk+lYk~Sk)Wk-l’  Gk  “  (Sk'Sk+l)D- 
Fj  -  +  D^tsJ.i-S^1), 

Pj  -  *i4><S^1-S»+1)Wj  +  Di4)(S^-Sf1Yj), 

«j  -  <K>v-<4>  -  <°‘-xts?d->k 


(2.31) 
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In  the  limit  as  nri-l-m,  equation  (2.3Q).,{  becomes 


nt 


+  S  ,S  ~-S  ,+S  S  ,1  »  — 

n-1  n-2  n-2  n  n-1^  1- 


(2.32) 


where 


a  -  a«>-d(2>  -  d<-2>-a(-2> 


and 

v  -  A<4)-D<4>  -  D^-A^. 

(Ax)2  u” 

Let  S™  -  1  -  e  ,  and  by  a  proper  choice  of  the  constants  and 

n 

taking  limit  as  Ax-*0  in  equation  (2.32)  yields  the  KdV  equation  (2.23). 

To  determine  the  constants  in  equation  (2.30)*  we  apply  the  same 
argument  as  in  the  MKdV  equation  case  and  it  turns  out  that  the  constants 
have  the  same  values  as  given  in  (2.21). 

2  2 

In  order  to  get  a  local  scheme  of  order  0((At)  ,  (Ax)  )  for  the  KdV 
equation  from  equation  (2.30)*,  we  follow  a  similar  procedure  to  that  of 
the  MKdV  equation.  We  can  establish  the  following: 

S**1  -  S"  -  (Sra-Sm4'1)A(0)  rA(2)(SmL1-S,n+h+D(2)(5m 
«  n  n  n  -  --  n-H  n-1  -  n-1  n-r-1 


+[(s”)2-<s”,-1)2JA(0)+D(''){s‘ths"+1+s"ihs’'!i)} 

n  -  -  n*rl  n  n+1  n+Z  J 


n 


+  A^  {  s”**  (Snrfl+Sn,+,+SIn+h  } 
1  n-1  n  n-1  n-2  ■* 


(2.33)* 
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with 


(Ax)V 


Equation  (2.33)*  is  consistent  with  the  KdV  equation  with  truncation  error 
2  2 

of  order  0((At)  ,  (Ax)  )  as  is  the  full  scheme  given  in  equation  (2.30)*. 

As  in  the  case  of  the  MKdV  e^-ation,  we  have  a  family  of  schemes  for 
the  KdV  equation  and  each  one  of  them  satisfies  the  properties  given  for 
the  NLS  equation  scheme. 

It  is  worth  mentioning  that  the  partial-difference  equation  for  the 
KdV  equation  also  can  be  deduced  from  the  discrete  Schrodinger  equation 


aV,  +  Vm  =  \Vm 
n  n+1  n-1  n 


(2.34) 


with  an  assumed  time  dependence  of  the  form 


aV*  =  aV1  ,  +  bV" 

n  n  n+1  n  n 


(2.35) 


and  expanding  A™,  B01  in  powers  of  \  as  follox#s 
n  n 


T  -  a(3)x3  +  a(1)x, 
n  n  n 


and 


(2.36) 


B"1-  X^(4)  +  x2b(2)  +  X(0>X(0), 
n  n  n  n 


3.  Conclusions. 


The  partial  difference  equations  which  we  discussed  are  consistent 
with  certain  important  partial  differential  equations  (NLS,  MKdV,  KdV). 
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It  can  be  shown  that  the  solutions  to  the  difference  equations  converge 
to  the  solutions  of  the  corresponding  partial  differential  equations.  The 
partial  difference  equation  maintains  the  joint  x,t  symmetry  of  the  original 
partial  differential  equation.  The  partial  difference  equations  suggest 
local  schemes  which  still  maintain  the  joint  x,t  symmetry  of  the  original 
equation. 
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ON  ANALYTICAL  AND  NUMERICAL  ASPECTS  OF  CERTAIN  NONLINEAR  EVOLUTION  EQUATIONS, 
PART  II:  NUMERICAL,  NONLINEAR  SCHRODINGER  EQUATION 

ABSTRACT 

Various  numerical  methods  were  used  in  order  to  approximate  the  nonlinear 
SchrUdinger  equation,  namely:  (1)  The  classical  explicit  method,  (ii)  Hopscotch 
method,  (ill)  Implicit-Explicit  method,  (iv)  Crank-Nicolson  implicit  scheme, 

(v)  The  Ablovltz-Ladlk  scheme,  (vi)  The  split  step  Fourier  method  (F.  Tappert) 
(vii)  Pseudo spectral  (Fourier)  method  (Fornberg  and  Whitham) .  Comparisons 
between  the  Ablowltz-Ladik  scheme,  which  was  developed  using  notions  of  the 
Inverse  Scattering  Transform,  and  the  other  utilized  schemes  are  obtained. 

1.  Introduction. 

The  nonlinear  SchrUdinger  (NLS)  equation  describes  a  wide  class  of 
physical  phenomena  (e.g.  modul&tlonal  Instability  of  water  waves,  propagation 
of  heat  pulses  in  enharmonic  crystals,  helical  motion  of  a  very  thin  vortex 
filament,  nonlinear  modulation  of  collisionless  plasma  waves,  self-trapping 
of  a  light  beam  in  a  color-dispersive  system  [1]).  The  NLS  equation  was 
investigated  numerically  by  Karpman  and  Krushkal  [2],  Yajima  and  Outi  [3], 
and  Satsuma  and  Yajima  [A],  Tappert  [5]  and  Hardin  and  Tappert  [6].  In 
the  latter  two  works  the  NLS  equation  was  integrated  by  the  split-step 
Fourier  method.  As  discussed  in  part  I  Ablowitz  and  Ladik  [7]  found 
nonlinear  partial  difference  equations  (based  on  the  inverse  scattering 
transform)  which  can  be  used  as  a  numerical  scheme  for  the  NLS  equation. 

This  scheme  has  certain  desirable  properties  [8}  (see  part  I). 

This  work  alms  to  compare  the  Ablowitz  and  Ladik  scheme  and  other 
known  numerical  methods  for  the  NLS  equation 
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iqt  -  +  2jq|2q  (1.1) 

Roughly  speaking  numerical  methods  for  obtaining  solutions  to  initial  value 
problems  fall  into-  two  categories  [9]:  (1)  finite  difference  methods  and 

(2)  function  approximation  methods.  For  the  finite  difference  methods  we 
seek  approximations  q^  to  the  original  function  q(x,t)  at  a  set  of  points 
xQ.  tm  on  a  rectangular  grid  in  the  x,t  plane,  where  xQ  -  hn,  tm  *  km,  h 
is  the  increment  in  x,  and  k  is  the  increment  in  t.  By  expanding  function 
values  at  grid  points  in  a  Taylor  series,  approximations  to  the  differential 
equation  Involving  algebraic  relations  between  grid  point  values  can  be 
obtained.  The  function  approximation  method  approximates  the  exact  solution 
q(x,t)  by  an  approximate  solution  defined  on  a  finite  dimensional  subspace 
~  •  n 

q(x,t)  «  qf(x,t)  -  2  C.  (t)i.(x)  (1.2) 

i-1  1  ■ 

The  $^(x)  are  appropriately  chosen  basis  functions.  Common  choices  for 
these  are  the  trigonometric  functions,  leading  to  a  finite  Fourier  transform 
or  pseudospectral  method  and  piecewise  polynomial  functions  with  a  local 
basis,  giving  the  Finite  Element  Method. 

The  following  numerical  methods  were  applied  to  the  MLS  equation: 

1.  Finite  difference  methods. 

a)  Explicit  methods. 

I)  The  classical  explicit  method, 
li)  The  Hopscotch  method  [10]. 

b)  Implicit  methods. 

1)  Implicit  for  the  linear  part  and  explicit  for  the  nonlinear 
part  (Implicit-Explicit) . 

II)  Crank-Hicolson  Implicit  scheme, 
ill)  The  Ablowitz  and  Ladlk  scheme. 


'2.  Finite  Fourier  transform  or  pseudospectral  methods. 

1)  Split  step  Fourier  method  [6]. 
ii)  Pseudospectral  method  by  Fornberg  and  Whitham  [11]. 

In  order  to  compare  schemes,  our  approach  for  comparison  is  to  (a)  fix 
the  accuracy  (L^)  for  computations  beginning  at  t  -  0  and  ending  at  t  »  T; 

(b)  leave  other  parameters  free  (e.g.  At  or  Ax)  and  compare  the  computing 
time  required  to  attain  such  accuracy  for  various  choices  of  the  parameters 
[12]. 

These  methods  are  applied  to  the  NLS  equation  (1.1)  subject  to  the 
following  conditions: 

(A)  The  initial  conditions 
i)  1-soliton  solution 

The  exact  solution  of  (1.1)  on  the  infinite  interval  is 
-i{  2§x-4  <§  2-Tl2)  t+OSr  0-*n/2)} 

q(x,  t)  -  21] e  sech(2Tlx-8§1)t-x0) 

?  (1.3) 

where  x^,  T),  §  and  ^  are  constants. 

For  initial  conditions,  equation  Cl. 3)  is  used  at  t  *  0,  and  the  constants 
are  chosen  to  be  Xq  «  0,  -  0,  §  -  1,  and  T]  -  0.5,  1,  2,  and  3. 

11)  Collisions  of  two  solir^ns  [13] 

The  exact  solution  of  (1.1)  on  the  infinite  interval  is 

q(x,C)  -  G(x,t)/F(x,t),  j  (1.4) 

where 

F(x,t)  -  l+a(l,l*)exp(Tl1+'n*)+a(l,2*)exp(ll1+T]*) 

+  a(2,l*)exp(n2+TI*)+a(2,2*)exp(Tl2+ll*) 

+  «(l,2,l*,2*)expCnl-Hl2+Tl*+T)*) , 


(1.5) 
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C(x,t)  =  exp  Cn^)+exp(Tl2)+a(  1,2,1  )exp(T\.j+Tl2+Tl|) 


+  a (1,2, 2  )exp(T1]L+1l2+n2)  , 


(1.6) 


a(i,j  )  “ 
a(i« j)  - 


*  *  *  *,2  ; 
id  .j  >  -  <VV 

i 

j(i,j,k*)  *  a(i,j)a(i,k  )a(j,k  ), 

a(i,j  ,k*  >/>*)  -  a(i,j)a(i,k*)a(i,Jt*)a(j,k*)a(j>X*)a(k*,/  ) 


(1.7) 

(1.8) 

(1.9) 

(1.10) 


(1.11) 


where  *  implies  a  complex  conjugate,  and 
•n  -  PjX  -  Qjt  -  “  iPj 


where  P^  and  TlJ0)  are  complex  constants 

and  to  the  phase  of  the  ith  soliton. 

For  initial  conditions,  equation  (1.4)  is  used  at  t  -  0,  and  three 

different  sets  of  parameters  are  studied: 


(1.12) 

relating  respectively  to  the  amplitude 


i)  Px  -  1-0.251,  P2  -  0.5+0.151,  t£0)  «  '2  and  "  0 


.(0) 


ii)  P 


x  -  2-0.51,  P2  -  1+0.751,  tl^0)  -  -2  and  l£"  “  1*° 


,(0) 


Hi)  ?x  -  4-2 i,  P2  -  3+1,  11^0>  -  -9.04,  T\£0)  -  2.j 
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(B)  Boundary  conditions. 

Periodic  boundary  conditions  were  used.  The  period  was  chosen  to 
be  [-20,20]  in  the  case  of  small  amplitudes  and  [-10,10]  in  the  case  of 
relatively  higher  amplitudes.  See  Figures  (1.1)  and  (1.2)  below. 


Figure  (1.1).  Initial  condition  (1.3),  T]  -  0.5  (i.e.  Amplitude  «  1) . 


Figure  (1.2).  Initial  condition  (1.3),  1]  *  2  (i.e.  Amplitude  *  4). 
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The  numerical  solution  is  compared  with  the  exact  solution.  In  addition, 

2. 


two  of  the  conserved  quantities  were  computed,  namely,  / j q {  dx,  and 

2.  The  Representation  of  the  NLS  Equation  Using  Numerical  Methods: 

1.  Finite  difference  methods. 

A)  Explicit  methods. 

i)  The  classical  explicit  method. 

Using  the  classical  explicit  method  with  central  difference  in  time 
(for  stability),  the  finite  difference  representation  of  equation  (1.1)  is 


m+1  m-1 

q  -q 
n  nn 


2At 


m  „  m.  m  . 

q  ,,-2q  +q  .  •>  * 

n+1  nn  nn-l  .  „ ,  2%m  _m 

- 5 -  + 


(Ax) 


n  n 


(2.1) 


where  |n  <  p»  and  m  >  0. 


It  is  easily  shown  that  this  method  is  linearly  (dropping  the  nonlinear 


term)  stable  for  <  -f.  The  truncation  error  of  this  scheme  is  of 

(Ax) ^  A 


order  (0((At)2)  +0((Ax)2)). 


ii)  A  Hopscotch  scheme. 

The  NLS  equation  (1.1)  can  be  approximated  by 
a)  an  explicit  scheme: 


m+l  m  m  m m 
_n _ _n  Hn-1  qnsn+l 


+  vi+(i<+i)ZCii:(2'2> 


2  _m 


At 


(Ax)- 


b)  an  implicit  scheme: 


m+1  m 
-a 

n _ n 


At 


_nri-l  ,  m+1,  m+1 

W2qn  +Vl 
(Ax)2 


“iO  vHO 


The  hopscotch  scheme  applies  equation  (2.2)  at  odd  values  of  (n+m)  and  (2.3) 
at  even  values  of  (n+m).  This  combination  makes  (2.3)  explicit.  If  we 
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write  equation  (2.3)  for  m  ■  m-1,  and  substitute  the  resulting  equation 
Into  (2.2),  the  explicit  scheme  (2.2)  (after  the  first  time  step)  may  be 
replaced  by 


_m+l 

V 


K  -  C1 


(2.4) 


2  2 

This  scheme  has  truncation  error  of  order  (0((At)  )  +  0((Ax)  )),  and 
it  is  unconditionally  stable  according  to  linear  analysis. 

B)  Implicit  methods . 

i)  Implicit-Explicit  method. 

The  Crank-Nlcolson  scheme  was  used  to  approximate  the  linear  part  and 
an  explicit  average  was  used  for  the  nonlinear  part  of  the  equation  (1.1). 
The  scheme  is 


nrfl  m 

q„  -q_ 

n _ n 

At 


1  ,  m  „  m.  ra  .  m+1  „  m+l.jn+l, 

--2  'viAW'.  +Vi' 

2  (Ax) 


-  <K-i>  2Ci +  ('"Ci)ZCi 


2  m 


(2.5) 


The  scheme  is  unconditionally  stable  according  to  linear  analysis.  The 

2 

truncation  error  is  of  order  (0((At))  +  0((Ax)  )).  To  implement  this  scheme, 
a  quasi  tridiagonal  system  of  equations  is  required  to  be  solved  at  each 
time  step.  An  optimization  of  the  Gaussian  elimination  method  is  introduced 
to  solve  this  system.  (See  appendix  A) . 

ii)  Crank-Nicolson  implicit  scheme. 

The  difference  scheme  for  representing  equation  (1.1)  is 


_m+l  m 
qn  “q 


At 


n  1  .  m  -  m .  ra  .m+1  ,  m+1  .m+1, 

_  .  — —  fqn+1-2qn+qn_1+qn+1-2qn  +qn_1J 

2  (Ax) 


.  .I  |  m+1, 2  m+1  .  ,ii»,2  n 

+  <Uln  )  <in  +  Mq|n)  qn- 


(2.6) 
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This  scheme  is  also  unconditionally  stable  according  to  linear  analysis. 

2  2 

The  truncation  error  of  this  scheme  is  of  order  (0((At)  )  +  0\(Ax)  )). 

We  briefly  remark  on  how  we  solve  (2.6).  Rewrite  equation  (2.6)  as 


nrt-1 

n-1 


+  U+X)q 


nri-1 

n 


X  nri-1 
2  qn+l 


m  m 
n+l+qn-l 


) 


+ 


(i-X)q 


m 

n 


+  +  CW“I)2<£). 

n  -  -N,  ...»  N  (2.7) 

and 


2  (Ax) 

where  the  solution  is  sought  in  the  region 
(— N  Ax<x<N  Ax)x(t>m  At,  m»l,2,...). 

From  the  periodic  boundary  conditions,  we  have  q”N  *  and  q™+1  - 

for  all  m.  Therefore,  by  applying  equation  (2.7)  at  each  mesh  point  (i.e., 

n  »  -N+l . N),  we  can  write  the  totality  of  equations  as 


(2.8) 


where 


nri-1 


_  — 

.  X  X 

i+X  -  ~2  -  2 

q-N+l 

X  X 

-f  **  ~2 

"  q-N 

_nri-l 

• Q  ■ 

• 

-  —  i+X  -  — 

2  2 

e 

• 

* 

■H 

1 

• 

• 

• 

1 

qN 

L 

J 

■9 


|  IVi+op  +  a-Mi?  +  ttUlqf1!)2,^1  +  (U”|)zq“). 


.2  m-, 


-N+l, 


N 


(2.9) 


The  right  hand  side  of  equation  (2.8)  is  a  function  of  known  values  of  q 
at  the  previous  time  level  (t  ■  nuit)  and  unknown  values  of  q  at  the  new 
time  level  (t  -  (m+l)At) .  We  used  an  iteration  technique  to  solve  the 
system  (2.8),  and  we  assumed  (only  in  the  right  hand  side)  the  values  of 
qn  »  qn  to  start  with.  Therefore  the  right  hand  side  becomes  known, 
and  we  used  the  same  optimization  of  the  Gaussian  elimination  method  used 
for  (2.5)  to  solve  the  system  (2.8).  The  resulting  values  of  q  at  the 
new  time  level  were  substituted  in  the  right  hand  side  of  equation  (2.8) 
to  start  the  new  iteration,  and  we  solved  the  new  version  of  (2.8)  by  the 
previous  method.  We  iterate  until  the  condition 

km+l,k  m+*l,k+l|  „  _  , 
n  -q^  |  <  tolerance 

n—N, ...  ,N 

(where  k  is  the  number  of  iterations)  is  satisfied.  The  iteration  procedure 

k+1 

is  repeated  at  each  new  time  level.  The  qn  ’  will  be  the  approximated 
solution  at  the  point  (nAx,  (nrfl)At) . 

C)  The  Ablowitz  and  Ladlk  scheme. 

The  scheme  is 
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m+1  m  n-1  ^  in 

"»  A.  ,  i _ ,  ,,"  2,”+,“  n  A"+vi  n  \ 

l4n+l  n  ‘n-1  k._B,  *■  k=-°» 


At 


2  (Ax) 


2  iqn+l 


+1  m+1 


-  *rX3> +  t  ("X  v-X  q”+1 

♦  (“iVA*^1’  +  2‘K  &  k--*” 


n-1  _  _  n 

.m  ® 


^  n~l 

°  -b+i  t  *.«:  i 


.  ,  m+1  m  +1  m  R  A™_q:  £  A  S.-q  +  araic 

+  2<<n  V  Vl  ">  ’»  k—  B  *  k— 


(2.10) 


where 


and 


m  mm  .  ®  m  Q® 
Sk  "  qkqk-l  qk+iqk  n 


i*+l  _  ,  m+1-t* 


(q„  )  » 


n 


A»  .  a+<«Jir1<  +1)/(l+(“)2‘‘K  ’• 


*  ^m  _  CTO+1  _  s« 

W  sk  2 


m,  ls  .  global  scheme,  unconditionally  end  nonllnearl,  .table,  and  the 

truncation  error  la  of  order  (0((ht>2>  ♦  0«d*)2».  A  »— l  «*—  <““h 
the  ..me  truncation  error)  fro.  (2.10)  can  be  obtained  If  the  sum  terms 

are  zero  and  the  product  terms  are  equal  to  one. 

«  1.  convenient  to  Implement  (2.10)  as  folio...  «rite  the  ne.  time 

level  equation  as 


Cl  -  <2^r  +  Cl  ’  Bn 


(2.11) 


where 


« -**$*-•  l*l  «  1 
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(At  is  supposed  Co  be  of  the  same  order  as  Ax) 
and 


B 

n 


n-1 


-  Ci +  -  ‘Ci<lC»  + 


(Ax) 


* 

x)  r  m,  m  m  m  +1  m+lv  ra+l.  tn  m  .  nri  i  -riv 

—  (qn(<>n  Vl^n  W  +  qn  ‘Vl1.  ^n-l’n  > 


*  * 
ra+1,  m  m  .  m+1  m  +1, 


*  n  *  n-1 

,  „  m  ra  nH-1  _  .m  m+1  m  +1  m  _  .ra 

+  2Vn  Vl  "  ' S.  +  2t>n  qn  Vl  “  Ak 

k--00  k“ 


-  c1  y  v;f>’ 

k— «*  k— <*» 


(2.12) 


(2.11)  is  solved  by  a  version  of  Che  Crank-Nicolson  back  and  forth  sweep 
.method  for  the  heat  equation  [14,15].  We  seek  an  equation  of  the  form  (at 
the  new  time  level) 


Wa,n  +  b»  (2'13) 

suitable  for  computing  q  explicitly  by  sweeping  to  the  right.  For  stability 

we  require  |a|  <  1.  Repeated  substitution  into  (2.11)  to  eliminate  q  . 

—  n+i 

and  qn  in  favor  of  qQ_1  gives 

b  +  [a-(2+e)]b  .  +  [a2-(2+e)a+l]q_  .  «  B  (2.14) 

n  n-x  n  x  «  I 

i 

! 

Requiring  the  q^_^  term  to  drop  out  determines  a  (uniquely  since  |a|  <  1) 
as  a  solution  of 

a2  -  (2+e)a  +1-0  (2.15) 

and  leaves  for  bQ  a  first-order  difference  equation. 
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The  corresponding  homogeneous  equation  of  (2.14)  has  a  solution  of  the 
form 

b  -  kn  (2.16) 

n 

where  the  constant  k  satisfies 

k  +  [a-(2+e)J  -  0  (2.17) 

It  can.  be  shown  that  the  solution  k  of  (2.17)  corresponds  to  the  second 
root  (other  than  a  <  1)  of  the  quadratic  equation  (2.15)  determining  a 
above,  and  that  |k|  >  1. 

It  follows  that  b  can  be  computed  explicitly  by  sweeping  to  the  left, 

b  ,  -  ab  -  aB  (2.18) 

n-1  n  n 

To  obtain  the  solution  q  ,  first  solve  for  b  from  (2.18)  then  use  (2.13) 

n  n 

to  calculate  qfl.  In  order  to  calculate  the  b's,  we  used  an  iteration 
procedure.  We  assumed  that  q^  ■  q^  in  equation  (2.12)  and  b^  •  0  to 
start  with,  and  then  we  applied  the  Gauss-Seidel  technique  [16]  (in  which 
the  Improved  values  are  used  as  soon  as  they  are  computed)  to  calculate 
the  rest  of  the  b's.  The  calculated  value  of  the  bN  («b_jj)  was  used  to 
start  the  new  iteration,  and  the  iteration  procedure  was  repeated  until 
the  condition 

maxlb  - - (ab  ~aB  )j  <  tolerance 

•  n-x  n  n 

n"-N, . . . 

is  satisfied.  Then  we  used  the  above  procedure  by  sweeping  to  the  right 
by  means  of  (2.13)  to  obtain  the  q's.  After  the  calculations  of  the  q's. 


we  substituted  their  values  Instead  of  In  equation  (2.12) ,  and  repeated 

the  same  procedure  to  calculate  the  b's  and  then  the  q's.  This  procedure 
was  repeated  until  the  condition 


I  nrfl.k  m+i,k+li  .  .  , 

Bax'qn  "Si  I  <  tolerance  I 

n“-N, . . . ,N 


(where  k  is  the  number  of  iterations) 

—  |i  t-  11 

is  satisfied.  The  q^  *  will  be  the  approximated  solution  at  the  point 
(nAx, (m+l)At) . 

2.  Finite  Fourier  transform  or  pseudospectral  methods, 
i)  Split  Step  Fourier  Method  [6]. 

For  convenience  the  spatial  period  is  normalized  to  [0,2n] ,  then  equation 
(1.1)  becomes 


=2  (lja  +  2U|21 


(2.19) 


where  P  is  half  the  length  of  the  interval  of  interest,  and'x  ■  (x+P)n/P. 
(Here  we  take  P  to  be  20  or  10  depending  on  the  calculation) , 

2jj 

This  interval  is  discretized  by  N  equidistant  points,  with  spacing  AX  *  -jp. 
The  function  q(X',t),  numerically  defined  only  on  these  points,  can  be 
transformed  to  the  discrete  Fourier  space  by 


q(k»t) 


Fq 


1 

7n 


N-l  -2nijk 

Z  q(JAX',  t)e  N 

3-0 


(2.20) 


k 


N 

2* 


•  •  •  9 


-X,  0, 


1 


The  inversion  formula  is 


2ni1k 

q(j AX,  t)  -  F-1q  -  4-  I  5(k,t)e  N  , 

"  k 


k  -  -  ....  -l,  o,  ir  ....  s  -i 


i 


(2.21) 


These  transforms  can  be  performed,  efficiently  with  the  fast  Fourier  transform 
(FFT)  algorithm  [17].  Following  [6]  in  order  to  apply  the  split  step  Fourier 
method  for  equation  (2.19)  we  (a)  advance  the  solution  using  only  the 
nonlinear  part: 


++  i^i  2r* 

iqt  ■  2|q|  q. 


(2.22) 


This  can  be  solved  exactly. 


7a. o  - 


0) 


(2.23) 


where  q(X,t)  is  a  solution  of  equation  (2.22)  and  q(X,0)  is  the  solution 
of  equation  (2.19)  at  t  -  0.  (b)  advance  the  solution  according  to 


lqt  “  p2  qxx 


(2.24) 


by  means  of  the  discrete  Fourier  transform 

2  2  2 

q(Xj,t+At)  -  F_1(eik  Atn  /P  F(q(X.j,t)))  (2.25) 

This  method  is  second  order  accurate  in  At  and  all  order  in  Ax,  and  is 
unconditionally  stable  according  to  linear  analysis. 

li)  Pseudospectral  method  (Fornberg  and  Whitham)  [11]. 

This  is  a  Fourier  (pseudospectral)  method  in  which  q(x,t)  is  transformed 

into  Fourier  space  with  respect  to  x,  and  derivatives  (or  other  operators) 

with  respect  to  x  are  then  made  algebraic  in  the  transformed  variable. 

Again  for  convenience  the  spatial  period  is  normalized  to  [0,2n].  With 

-•1  2  2 

this  scheme,  q^  can  be  evaluated  as  F  (l  k  F(q)}.  Combined  with  a  leap 
frog  time  step  the  NLS  equation  (2.19)  would  then  be  approximated  by 


q(X,  t+At)  -  q (X, t-At)  +  2iAt  ~  F"1  (k2F(q  (X,t» 

P 

-  4iAt | q| 2q  (2.26) 

Using  the  ideas  of  Fornberg  and  Whitham  we  make  a  modification  in  approximating 
equation  (2.19)  as  follows: 

1  k2  2 

q(X,t+At)  -  q(X, t-At)  +  2iF'i(sin(^-5-  At)F(q(x,t))) 

P 

-  4iAt| qj  2q  (2.27) 

The  difference  between  equations  (2.26)  and  (2.27)  is  in  the  approximation 

of  the  linear  equation  (2.24).  The  linear  part  of  equation  (2.27)  will 

be  exactly  satisfied  for  any  solution  of  equation  (2.24)  (see  [11]).  Also 

it  turns  out  that  equation  (2.26)  is  linearly  (dropping  the  nonlinear  term) 

stable  for  t— ■■■  <  while  equation  (2.27)  is  unconditionally  stable 

(Ax)  TT 

according  to  linear  analysis. 

3.  Conclusions. 

Various  numerical  methods  are  used  in  order  to  approximate  the  NLS 
equation  (1.1),  namely;  (i)  The  classical  explicit  method  (2.1),  (ii)  Hopscotch 
method  (2.2),  (2.3),  (iii)  Implicit-Explicit  method  (2.5),  (iv)  Crank- 
Nicolson  Implicit  scheme  (2.6),  (v)  The  Ablowitz  and  Ladik  scheme  (2.10), 

(vi)  The  split  step  Fourier  method  (2.23),  (2.25)  and  the  (vii)  Pseudo- 
spectral  method  of  Fornberg  and  Whitham  (2.27).  We  obtained  a  comparison 
between  the  Ablowitz-Ladik  scheme  and  the  other  utilized  schemes.  Our 
approach  for  comparison  is  to  (a)  fix  the  accuracy  (L^)  for  computations 
beginning  at  t  ■  0  and  ending  at  t  ■  T;  (b)  leave  other  parameters  free 


(e.g.  At,  or  Ax),  and  compare  the  computing  time  required  to  attain  such 
accuracy  for  various  choices  of  the  parameters.  For  the  comparison  two 
sets  of  initial  conditions  were  studied:  (A)  1-soliton  solution  with 
different  values  of  the  amplitude,  (2)  Collisions  of  two  solitons  with 
different  values  of  the  parameters.  According  to  this  approach  we  have 
made  the  following  conclusions: 

1)  The  schemes  Explicit  (i) ,  Implicit-Explicit  (ill) ,  and  the  Hopscotch 
(ii)  took  more  computing  time  than  the  other  schemes  ((iv),  (v) ,  (vi) ,  (vii)) 
and  the  difference  in  the  computing  time  increased  as  the  amplitude  increased. 
The  Hopscotch  method  (ii)  took  less  computing  time  than  the  other  two  methods 
((i),  (Hi))  for  the  1-soliton  cases,  while  the  explicit  (i)  method  took 
less  computing  time  than  the  Hopscotch  (ii)  and  the  Implicit-Explicit  (iii) 
methods  for  the  2-soliton  cases. 

2)  The  previous  three  methods;  Explicit  (i),  Hopscotch  (ii) ,  and 
Implicit-Explicit  (iii)  do  not  appear  in  Tables  (3.1),  (3. A),  and  (3.7) 
since  extremely  long  computing  time  would  be  required. 

3)  The  Crank-Nlcolson  implicit  method  (iv)  took  more  computing  time 
than  the  Ablowltz-Ladik  (local  and  global),  the  split  step  Fourier  method 

and  Fornberg-Whitham  method  in  the  case  of  1-soliton,  and  it  became  comparable 
with  the  Ablowltz-Ladik  local  scheme  for  high  amplitudes.  In  the  case  of 
2-solitons,  Crank-Nicolson  took  less  computing  time  than  the  Ablowltz-Ladik 
local  scheme, 

4)  The  Ablowltz-Ladik  global  scheme  took.more  computing  time  than  the 
local  scheme  in  the  case  of  small  amplitudes,  but  for  high  amplitudes  it 

was  roughly  five  times  faster  than  the  local,  and  the  Crank-Nicolson  schemes. 

5)  The  pseudospectral  method  is  roughly  two  times  faster  than  the 
Ablowltz-Ladik  local  scheme  for  small  amplitudes,  but  it  is  much  faster 
for  high  amplitudes.  This  method  is  roughly  two  times  faster  than  the 


-17- 


Ablowitz-Ladik  global  scheme  for  high  amplitudes.  This  method  only  proved 
to  be  faster  than  the  split  step  Fourier  method  for  small  amplitude  2-soliton 
cases . 

6)  The  split  step  Fourier  method  is  faster  than  all  the  utilized 
methods  for  small  and  large  amplitudes  for  the  1-sollton  case.  In  the 
average  was  three  times  faster  than  the  Fornberg-Whitham  method.  Also  it 
proved  to  be  faster  than  the  Fornberg-Whitham  method  for  high  amplitude 
2-soliton  cases.  The  Tables  and  Figures  exhibit  the  results. 

As  a  conclusion  we  found  that  the  experiments  we  conducted  that  the 

split  step  Fourier  method  was  the  best  method  for  the  MLS  equation,  followed 

by  the  pseudospectral  method  then  the  Ablowitz-Ladik  global  scheme.  However 

we  believe  that  if  we  were  able  to  go  to  very  high  amplitudes  (our  machine 

capability  prevented  this)  the  Ablowitz-Ladik  global  scheme  would  improve 

dramatically  and  would  prove  to  be  better  than  the  other  methods.  However 

it  should  be  noted  that  the  NLS  equation  is  quite  unusual  in  the  sense 

that  the  nonlinearity  is  especially  simple.  This  has  a  dramatic  effect 

in  the  split  step  Fourier  method  -  see  equation  (2.22)  -  which  means  that 

both  steps  admit  to  essentially  exact  methods.  Generally  this  will  not 

be  true  (see  part  III) .  We  also  note  that  whereas  the  Ablowitz-Ladik  scheme 
2  2 

is  0((At)  , (Ax)  )  the  split  step  Fourier  and  Fornberg-Whitham  methods  are 
of  order  0((At)^, (Ax)^)  for  all  p.  (See  also  the  calculations  for  the  KdV 
equation  in  part  ill).  It  is  also  worth  mentioning  that  we  tried  the  sweeping 
technique  in  implementing  the  Implicit-Explicit  and  the  Crank-Hicolson 
methods,  and  found  that  it  did  not  affect  the  overall  conclusions. 

All  the  numerical  calculations  were  inspected  at  every  step  by  using 

the  conserved  quantities  /|q|2dx,  and  J(|  q|*-||^|2)dx  (Table  (3.1) . 

Table  (3.7)).  The  two  conserved  quantities  were  calculated  by  means  of 
Simpson's  Rule  [18].  The  Ablowitz-Ladik  global  scheme  is  the  only  utilized 


scheme  which  has  an  infinite  number  of  conserved  quantities. 
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Table  (3.2).  Comparison  of  the  puting  time  (E)  vhich  is  req  d  to  attain  an  accuracy  (Lw)  <  0.01 

for  confutations  beginning  at  f*0  and  ending  at  t*=1.0,  for  the  numerical  methods  utilized 
in  solving  the  NLS  equation.  Two  conserved  quantities  are  shown.  1-soiiton  as  an  initial 
condition  with  amplitude  *  2  on  the  interval  [-20,20]. 
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Pseudospectral  Ax  **  0.1563  C:  0  23  0.25  0.00860  4.00000  -8.95466 

(Fornberg-  At  -  0.0011  E:  4  6  0.5  0.00860  4.00001  -8.95320 

Whitham)  1.0  0.00840  4.00000  -8.95463 


AD-'Al  19  8<*3 


CLARKSON  COLL  Of  UCMNOLOSV  ROTSOAm  NT  OCfT  Of  nATHE—  ETC 
NONLINEAR  ■AVCS.IUI 

SCf  St  MU  ASLOVl T2»  D  U  KAUf »  A  C  NCvtLL 


UNCLASSIFIED 


NOOOIA-76-C-OS67 


•d  to 
oo  <y  *h 
o  n  u 

•  »H  *H 
O  rH  C 
■H  *H 
V 

d  c 

/■N  to 

ft  0) 

>4  -O  W 
w  o  'O 

JC  _ 

>s  & 

O  CO 

«o  6  « 


cr\  on  »n 

H  vO 
O  N  N 
m  m  tn 

ON  O'  On 

o  o  o 


\0  rt  H 

<T  lA 

a  >a  o' 

<r  in  <r 

on  o  O' 
«  *  • 
N  vO  N 
M  CM  04 


(O  O'  N 
SO  O  ON 
vO  OO  H 
<r  <r  m 

O'  OK  O' 


N  O  CO 
O'  On  O 
00  fA  lA 
CM  CM  CO 
O'  O'  O' 


M  h*  O' 

^  n  a 

On  CM  CO 

co  n*  no 

CM  O  *H 
•  •  • 
00  00 
N  N  M 


•y  »  to  • 
at  o  o  •— ■ 

Vi  ••.AO 

•H  H  «J  ^ 

3  B  i-t  * 
O*  U  u  O 
01  BH 
M  :j  n)  l 
3  3  ■— * 
0)  ,  3"  . 

•rl  03  rH 
B  T)  B 

£  -rl  <U  f 
O  "3  >  Vi 

•h  3  m  a) 

*3  3  3  VI 

5  m3 

■3  3  -r< 

/-»  3  O 

W  3  0  3 

V  o  o5 

§  igg 

•H  O 

4J  *j 

3  *  ■3' 

00  3 

3  «e  i 

■rl  3  -rl 
W  -rl  v»  3 
3  3  3  "O 

0u  3  3  3 

B  -H  cr  *J 

O  0Q  3  -rl 
y  3  rH 

flW  C. 
3  k}  S 

.3  M  35  3 

vt  3 

O  8  j: 
«*h  t<  3  « 
O  Vi  Vi  >rl 

3  3 

e  vi  bo 
O  3  3  3 

M  O-  "H  Q 

"rt  B  >  *rt 

Vi  on  U 

3  u  o  25 

3.  CO  "3 

8  Vi  3 

5  0  3  0 

cj  <w  Tt  y 


H 

cr 

8.00013 

8.00029 

8.00061 

7.99743 

8.01433 

7.99251 

8.00012 

8.00024 

8.00050 

7.99647 

7.99658 

7.99704 

7.98569 

8.02725 

8.12957 

J 

0.01922 

0.03751 

0.07380 

0.06552 

0.03703 

0.05859 

0.01852 

0.03676 

0.07270 

0.04613 

0.05490 

0.07835 

0.05980 

0.03765 

0.06619 

1*5 

in 

cm  in  o 
•  •  • 

O  O  rH 

m 

cm  m  o 
•  •  • 
O  O  r-l 

m 

cm  m  o 
•  •  • 

©  O  t-l 

m 

cm  in  o 
•  •  • 

O  O  rH 

m 

cm  m  o 
■  •  • 

O  O  -H 

CM  CT> 
cn  cm 

r-l  © 

CM  CO 

CO  o 

CM  CM 

on  m 
CM  CM 

O  00 

o  o 

O  NO 

o  <r 

r-l 

rH 

•  •  t« 

••  #• 

»•  ••  i 

•  •  •• 

©  w 

a  w 

o  w 

a  w 

S 

o 

•C 

a 

N  o 

O 

N  r-l 

a 

>-«r 

y"N 

4-1  C 

4J 

p.  2 

0  e 

V 

4J  rH 
*rt 

§3 

VI  00 

Is 

*H  O 

(0  M 

rH  "3 

tH  HD 

a  « 

•rl  H 

a) 

W  tH 

,3  3  3 

«  3  § 

rH  O 
cu  a 

■H  M 
rH  3  J 

8MB 

3  "3  £ 

5  si 
m  5s 

a.  o  | 
co  ! 

£33 
P  3  01  j 

£33 
P  3  W 

Whitham) 


Table  (3.4).  Comparison  of  the  computing  time  (S)  which  is  required  to  attain  an  accuracy  (L^)  <  0.15 

for  computations  beginning  at  t“0  and  ending  at  t=0»  for  the  numerical  methods  (listed 
below)  utilized  in  solving  the  NLS  equation.  Two  conserved  quantities  are  shown.  1-soliton 
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Table  (3.5).  Comparison  of  the  computing  time  (E)  which  is  required  to  attain  an  accuracy  (L^)  <  0.003 

for  computations  beginning  at  t-0  and  ending  at  t-2.5,  for  the  numerical  methods  utilized 
in  solving  the  HLS  equation.  Two  conserved  quantities  are  shown.  TVo-solitons  as  an 
Initial  condition  with  amplitudes  1  and  0.5  respectively,  and  they  are  allowed  to  interact. 
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Table  (3.6).  Comparison  of  the  computing  time  (E)  which  is  required  to  attain  an  accuracy  (L^)  <  0.0062 

for  computations  beginning  at  t*0  and  ending  at  t=1.0,  for  the  numerical  methods  utilized 
in  solving  the  NLS  equation.  Two  conserved  quantities  are  shown.  Two  solitons  as  an  initial 
condition  with  amplitudes  2  and  1  respectively,  and  they  are  allowed  to  interact,  on  the 
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Figure  (3.3). 


Displays  the  computing  time  (F.)  which  is  required 
by  each  utilized  method  given  in  Table  (3.3). 
1-soliton,  amplitude  »  4. 


Implicit  (Crank-Nicolson) . 

Split  step  Fourier  method. 

The  Ablowitz  and  Ladik  local  scheme. 
The  Ablowitz  and  Ladik  global  scheme. 
Fornberg  and  Whitham  method. 


Method 


Figure  (3.4).  Displays  the  computing  time  (E)  which  is  required 
by  each  utilized  method  given  in  Table  (3.4). 
1-soliton,  amplitude  ■  6. 


Each  unit  in  time  a  4  minutes 


Method 


Tima  (min 
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Figure  (3-5).  Displays  the  computing  time  (K)  which  is  required 
by  each  utilized  method  given  in  Table  (3.5). 

Tvo  solitons  with  amplitudes  0.5  and  1. 


A 

18  ■ 


17 


1.  Explicit. 

2.  Implicit-Explicit. 

3.  Implicit  (Crank-Nicolson) 

4.  Hopscotch. 

5.  Split  step  Fourier  method. 

6.  The  Ablowitz  and  Ladik  local  scheme 

7.  The  Ablowitz  and  Ladik  global  schem 

8.  Fornberg  and  Whitham  method. 


3  4  5 


7  8 


1  2 


6 


Method 


Figure  (3.6).  Displays  the  computing  time  (E)  which  is  required 
by  each  utilized  method  given  in  Table  (3.6). 

Two  solitons  with  amplitudes  1  and  2. 


♦ 


1.  Explicit. 

2.  Implicit-Explicit. 

3.  Implicit  (Crank-Nicolson) . 

4.  Hopscotch. 

5.  Split  step  Fourier  method. 

6.  The  Ablowitz  and  Ladik  local  scheme. 

7.  The  Ablowitz  and  Ladik  global  scheme. 

8.  Fornberg  and  Whitham  method. 


Each  unit  in  time  a  2  minutes. 


Method 


Figure  (3.7).  Displays  the  computing  time  (E)  which  is  required 
by  each  utilized  method  given  in  Table  (3.7). 

TWo  solitons  with  amplitudes  3  and  4. 
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1. 

2. 

3. 

4. 

5. 


Implicit  (Crank-Nicolson) . 

Split  step  Fourier  method. 

The  Ablowitz-  and  Ladik  local  scheme. 
The  Ablowitz  and  Ladik  global  scheme. 
Fornberg  and  Whitham  method. 
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APPENDIX  A 


AN  OPTIMIZATION  OP  GAUSSIAN  ELIMINATION 


This  method  seeks  to  optimize  Gaussian  Elimination  by  eliminating 
unnecessary  storage  and  multiplication  by  zeros.  To  begin  we  have 
the  following  quasi  tridiagonal  system 


Instead  of  storing  the  NxN  matrix,  we  store  the  augmented  matrix 
in  an  Nx4  matrix  whose  elements  are  the  tridiagonal  elements  and  the 
b^'s.  We  then  perform  Gaussian  elimination  on  the  Nx4  matrix  keeping 
in  mind  their  original  locations  in  the  matrix.  When  this 
is  done  we  have  an  upper  triangular  matrix  and  an  original  system  is 
of  the  form 
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where  *  values  are  the  updated  elements.  Using  back  substitution  we 
obtain  the  solution.  The  total  number  of  operations  required  to  obtain 
the  solution  using  this  method  is  (9N-12) .  The  same  idea  can  be 
applied  to  quasi  pentagonal  system  of  equations  and  so  on. 


* 
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ON  ANALYTICAL  AND  NUMERICAL  ASPECTS  OF  CERTAIN  NONLINEAR  EVOLUTION  EQUATIONS, 
PART  III:  NUMERICAL,  KORTEWEG-DE  VRIES  EQUATION 

ABSTRACT 

Various  numerical  methods  were  used  in  order  to  approximate  the  Korteweg- 
de  Vries  equation,  namely:  (!)  Zabusky-Kruskal  scheme,  (ii)  Hopscotch  method, 
(iii)  A  scheme  due  to  Coda,  (iv)  A  proposed  local  scheme,  (v)  A  proposed 
global  scheme,  (vi)  A  scheme  suggested  by  Kruskal,  (vii)  Split  step  Fourier 
method  by  Tappert,  (viii)  An  improved  split  step  Fourier  method,  (ix)  Pseudo- 
spectral  method  by  Fornberg  and  Whitham.  Comparisons  between  our  proposed 
scheme,  which  was  developed  using  notions  of  the  Inverse  Scattering  Transform, 
and  the  other  utilized  schemes  are  obtained. 

1.  Introduction. 

The  Korteweg-de  Vries  equation  (KdV)  introduced  in  [1]  was  originally 
derived  in  order  to  describe  the  behavior  of  one-dimensional  shallow  water 
waves  with  small  but  finite  amplitudes.  More  recently,  this  equation  also 
has  been  found  to  describe  wave  phenomena  in  plasma  physics  [2,3],  anharmonic 
crystals  [4,5]  bubble-liquid  mixtures  [6,7]  etc.  There  has  been  great 
Interest  in  this  equation  because  of  its  special  properties.  A  substantial 
review  of  this  work  can  be  found  in  [8,9].  Zabusky  and  Kruskal  [10]  dis¬ 
covered  the  concept  of  solitons  localized  waves  with  special  interaction 
properties,  while  studying  the  results  of  a  numerical  computation  (describing 
an  anharmonic  lattice)  on  the  KdV  equation.  This  motivated  the  work  of 
Gardner  etal  [11]  and  led  to  the  explosion  of  both  the  theoretical  and 
numerical  work  which  is  still  growing  today.  Many  analytical  results  are 
available  for  equations  which  exhibit  exact  multisoliton  behavior,  when  an 
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associated  scattering  problem  can  be  found.  Of  course  there  are  many 
examples  inexact,  or  quasi-soliton  behavior.  For  these  problems  little 
or  no  analytical  results  are  known  and  numerical  studies  are  essential  in 
order  to  develop  an  understanding  of  the  phenomena.  This  work  aims  to 
compare  a  proposed  scheme  which  was  developed  in  part  I  of  this  paper  using 
notions  of  the  inverse  scattering  transform  (1ST)  and  certain  other  known 
numerical  methods  for  the  KdV  equation 

u  +  6uu  +  u  _  =  0  (1.1) 

t  X  XXX 

This  work  can  be  extended  to  cover  many  other  related  equations  as  well. 

The  following  numerical  methods  are  applied  to  the  KdV  equation: 

1.  Finite  difference  methods. 

a)  Explicit  methods. 

i)  Zabusky  and  Kruskal  scheme  [10,12]. 

b)  Implicit  methods. 

i)  Hopscotch  method  [13]. 

ii)  A  scheme  due  to  Goda  [14]. 

iii)  The  proposed  scheme  [15]. 

iv)  A  scheme  suggested  by  M.  Kruskal  [16]. 

2.  Finite  Fourier  transform  or  Pseudospectral  methods. 

i)  Split  step  Fourier  method  introduced  by  Tappert  [17]. 
ii)  Pseudospectral  method  introduced  by  Fornberg  and  Whitham  [18]. 
A®  in  part  II  in  order  to  compare  schemes,  our  approach  for  comparison 
is  to  (a)  fix  the  accuracy  (L—)  for  computations  beginning  at  t  •  0  and 
ending  at  t  -  T;  (b)  leave  other  parameters  free  (e.g.  At,  or  Ax),  and 
compare  the  computing  time  required  to  attain  such  accuracy  for  various 
choices  of  the  parameters. 
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Various  methods  were  applied  to  the  KdV  equation  (1.1)  subject  to  the 
following  conditions: 

(a)  The  initial  conditions: 
i)  1-soliton  solution. 

The  exact  solution  of  (1.1)  on  the  infinite  interval  is 

u(x,  t)  -  A  sech^(kx-u)t-TJg)  (1.2) 

where 

2  2 

u)  *  4k  ,  A  ■  2k  and  7]^  *  constant. 

For  initial  conditions,  equation  (1.2)  was  used  at  t  *  0,  and  different 
values  of  A  are  tested  and  was  chosen  to  be  zero, 
ii)  Collisions  of  two  solitons. 

The  exact  solution  of  (1.1)  on  the  infinite  interval  is 


u(x,t)  =  2 (log  f)^. 


wuere 


^1  ^2  \+^2+A12 


f-l  +  e  +e  + 


\  “  kix  “  kic  +  ^1°^ 


and 


SAU  . 

ki+Y  * 


(1.3) 

i 

I 


For  initial  conditions,  equation  (1.3)  wus  used  at  t  «  0,  and  two  different 
sets  of  values  of  the  parameters  were  studied,  namely; 

kx  -  1,  k2  -  7l,  T^0)  -  0,  T^0)  -  2/2 
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nnd 


kx  *  1,  k2  -  /E, 


(0)  -  0,  T^0)  =  10.73 


and  the  solitons  were  allowed  to  interact  and  return  to  their  original 
shapes . 

(b)  The  boundary  conditions. 

Periodic  boundary  conditions  on  the  interval  [-20,20]  were  imposed. 

The  numerical  solution  is  compared  with  the  exact  solution.  In  addition, 

,  7 

two  of  the  conserved  quantities  were  computed,  namely;  Ju  dx,  and 
J[2u3- (ux)2]dx. 

2.  The  Representation  of  the  KdV  Equation  Using  Numerical  Methods: 

1.  Finite  difference  methods. 

i)  Zabusky  and  Kruskal  scheme. 

In  their  original  work,  Zabusky  and  Kruskal  [10],  used  the  following 
explicit  leapfrog  finite  difference  scheme: 


m+1  m-1  _  At  ,  m  .  m .  m  .  .  m  m  . 
u  »  u  -  2  —  (u  +u  +u  , )(u  ,.-u  , ) 
n  n  Ax  n+1  n  n-1  n+1  n-1 

At  ,  m  „  m  . «  m  m 

- »  (u  ,  ~-2u  ,+2u  .-u  _) 

3  n+2  n+1  n-1  n-2 


(2.1) 


m 


where  uq  ■  u(nAx,mAt);  n  and  m  are  integers.  This  scheme  is  consistent 

2  2 

with  equation  (1.1)  and  the  truncation  error  is  of  order  (0((At)  )  +  0((Ax)  )). 
The  linear  stabi.1  4  ty  requirement  for  this  scheme  is 


|-2u  +  - 
Ax  1  0  , 


(Ax) 


2'  -  3/5 


(2.2) 


(where  u_  is  the  maximum  value  of  u  in  the  range  of  interest). 


This  means  that  a  very  small  time  step  must  be  used  to  preserve  stability. 
For  the  initial  time  step  one  may  use  the  uncentered  scheme 
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0  At  y  0  0  0  .  .  0  0. 

u  -  —  (u  L1+u  -Hi  ,)(u. ,-u  ,) 

n  Ax  n+1  n  n-1  n+1  n-.l 


1 _ 

2 (Ax) 3 


.  0  -  0  _  0  0  N 
(u  , _-2u  ,-+2u  ,-u  _) 

n+2  n+1  n-1  n-2 


(2.3) 


b)  Implicit  Methods. 

i)  Hopscotch  method. 

la  1976  Greig  and  Morris  f 13)  proposed  a  Hopscotch  scheme  for  the 

KdV  equation  (1.1). 

2 

With  f  *  — ,  the  scheme  is 


m+-l 


m  ,  At 
u  -  3  — 
r>.  Ax 


(fm  -f”  )  - 
k  n+1  n-17 


At 


(u“  -2u"+2u: 


m 


2 (Ax)' 


m 


m 


-u 


n+2  n+1  n-1  n-2 


m+1 

u 

n 


D1 

U 

n 


At  .fm+l  fm+lv 
Ax  ^  n+1  n-17 


At 

2 (Ax) 3 


.  m+1  _  m+1  m+1 

(un+2-2un+l+2un-rU 


(2.4a) 

m+1 . 
n-27 


(2.4b) 


To  implement  the  scheme,  we  employ  (2.4a)  for  those  grid  points  for  which 
(n+m)  is  even  and  (2.4b)  for  those  for  which  (n+ra)  is  odd.  A  quasi  tridiagonal 
system  of  equations  must  be  solved  at  each  time  level.  An  optimization 
of  Gaussian  elimination  method  is  used  to  solve  this  system  (see  part  II, 
Appendix  A).  The  linear  stability  requirement  for  this  scheme  is  that  [13J 


I - f - 1  (2.5) 

(Ax) J  (Ax)  uQ-2 

(uq  is  the  maximum  value  of  u  in  the  range  of  Interest). 

2  2 

The  truncation  error  of  this  scheme  is  of  order  (0((At)  )  +  0((Ax)  )). 
il)  A  scheme  due  to  Goda. 

This  Implicit  scheme  for  approximating  the  KdV  equation  (1.1)  is  given 
by 


i 

» 


t 
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h  (un 


m+1  m.  ,  1  f  m+1.  in,  n  .  mu.,  in.  ra  ..■> 
-u„)  +J~  W„_un  <u_+u_J.i  i  )J 


n+1  n  n+1 


rrl-1 ,  a,  n 
i  ,  (u  +u  ,  , 
n-1  n  n-1 


+  -- 


2  (Ax) 


{  m+1  -  nn-1  ,  m+1  wH,  n 
r  lu  ,_-2u  .  ,+2u  ,-u  _j  *  0 

3  n+2  n+1  n-1  n-2J 


(2.6) 


2 

The  truncation  error  of  this  scheme  is  0(At)  +  0((Ax)  ).  This  scheme 
is  unconditionally  stable  according  Co  linear  analysis.  In  order 
to  apply' this  scheme,  We  have  to  solve  a  quasi  pentagonal  system  of 
equations  at  each  time  level.  * 
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An  optimization  of  Gaussian  elimination  method  is  used  to  solve  this 
system  of  equations. 

ill)  The  proposed  scheme  which  is  based  on  Che  1ST  (see  part  I) . 

First,  consider  the  local  scheme  with  ^  -  -r ,  which  can  be 

2  (Ax)3 

written  as 


nr+1  ra 
un  ~Un  1 


f.  arf-1  ,  nr+1 m+1  m+l.m  ,  m  .  -  m  m  , 
..  -=•  [u  ,-3u  +3u  ,,-u  ,„+u  ,-3u  ,+3u  -u  . ,  J  , 

At  2  (Ax) 3  n“^  n  n+*  n+^  n-^  n“*  n  n+*  1 


3 _  r .  m.  2  ,  n+1.  2.  1 _  r  m+1 .  m+1 ,  m+1  nr+1. 

2Ax  t(un>  "(un  )  ]  “  K+l(l,n  +l,n+l+un+2) 


n  ..ram  .  m  »■« 
*  Vl(un‘Hln-l+Un-2)3 


(2.7) 
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To  implement  this  scheme,  equation  (2.7)  for  the  new  time  level  can 
be  written  as  [16] 


nr+1  _  ro+1  ,  ,, ,  \  m+1  m+1 

n+2  n+1  n  n-1  n 


(2.8) 


where 


2  (Ax)' 
6  "  At 


(At  is  supposed  to  be  of  the  same  order  as  Ax) 


_  m  _  m  m  ,  N  m 

B  »u  „-3u  -  u  , .  +  (3+e )u 

n  n-2  n-1  n+1  n 


,  .  2 .  .  ra.2  ,  m+1, 2 .  .2,  m+1,  m+1,  m+1 .  m+1. 

-  3 (Ax)  [ (u”)  ~(un  )  ]  -  (Ax)  [un+1(un  +un+1+un+2) 


m  .  m,  ra  .  m  . , 
-  un-l^un+11n-l+'1n-2^  ^ 


(2.9) 


This  can  be  solved  by  a  version  of  the  Crank-Nicolson  back  and  forth  sweep 
method  for  the  heat  equation  [20].  We  seek  an  equation  of  the  form 


m+1  m+1  ,  m+1 

u  . ,  -  au  +  b  , 
n+1  n  n 


(2.10) 


1B+1 

which  is  suitable  for  computing  u^  explicitly  by  sweeping  to  the  right. 

For  stability  |a|  <  1.  Repeated  substitution  into  equation  (2.8)  to  eliminate 

m+1  m+1  ,  m+1  ,  ,  ,  m+1  . 

u  ...»  u  and  u  in  favor  of  u  ,  gives 

n+2  n+1  n  n-1 


b£i  +  (a- 3)b^+1  +  (a2-3a+3+c)b™  +  (a'-Sa^a-Du^J  -  Bn 


m+1  ,  ,3  ,2. 


(2.11) 


w.  I  1  |  , 

Requiring  the  u^_^  term  to  drop  out  determines  a  (uniquely  since  [a|  <  1) 


as  a  solution  of 


-8- 


(a-1)3  +  ea  =  0  (2.12) 

and  leaves  for  b  (at  the  new  time  level)  a  second-order  difference 
n 

equation.  The  corresponding  homogeneous  equation  of  (2.11)  has  a 
solution  of  the  form 

bn  -  k"  (2.13) 

if  the  constant  k  satisfies 

k2  +  (a-3)k  +  a2  -  3a  +  3  +  e  =  0  (2.14) 

It  can  be  shown,  or  verified,  that  the  two  roots  k  of  this  equation 
are  the  two  roots  with  |k|  >  1  other  than  that  of  the  cubic  equation 
determining  a  <  1  above.  It  follows  that  b  can  be  computed  explicitly 
by  sweeping  to  the  left 

Vl  '  -  *Vl  +  *»„  (2-15> 

(equation  (2.15)  is  obtained  from  (2.11)  and  (2.12)). 

To  obtain  the  solution  u  ,  first  solve  for  b  from  (2.15)  then  use  (2.10) 

n  n 

to  calculate  u  . 

n 

In  order,  to  implement  this  sweeping  technique,  the  same  iteration 

method  used  for  the  sweeping  technique  discussed  in  Fart  II  was  used.  The 

only  difference  is  that  we  have  to  assume  initial  values  not  just  for  bn 

but  also  for  b  . , . 

n+1 

Second,  for  the  global  which  can  be  written  as  (Part  I,  Equation  (2.30)^). 
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^5;(a-0)  ■  JL  [E»*i  *  srv.(2i  *  ct-2» 

n 

*  °!2)  •  jj“k  *  v>  *r\  * 


Cw  ”*■  n  1  c*“ 

-  7^r{»W)  *  tL  »w  -  ,t  •  * 

l"5n  v  l+l 

*  S”+l  Z£  ‘  SU1Y£+1N*+1*  +  T£T£- 2  *  ^£_1^WJl^Wn-l 

S®*1  -  sm 

+  ^ .  £  _  ___I _  T  a  - - - —2 - 

1-S™  n+1  1_Sn+1  n2  (i-S™*1) (l-S®) 


(2.16) 


where 


E  =  A(2)sJ>  ,  -  SB+1D(2)  ♦  H  +  G  -  S®*1  Z  (H.  *  G  ) 
n  n  n-1  n  n  n  n  j(__co  k  k 

+  s®w  .c  .  -  3”d*4\  c  -  a(4)  +  £  P.wT1, 

n  n-l  n-l  n  -  n  -  i  3 

T  -  v  ..M  +  S®tiY  +1z  "  S®  N  ,  M  -  S^W  A(4)  -  S™D(4), 

n  n+1  n  n+1* n+1  n  n+1  n+1  n  n  n  -  n  - 

Z  -  (A(2)  +  £  Q4W”1)w  »  N  a  °(2)  +  E  F<> 

“  -  ja-*  1  *  n  n  j=^>  * 


wn«  n  Yi,  Yi-  (—5^). 

i— ®  1-Si 


\  ■  *i4)<CiVs’,Hk-i-  Gk  -  's"-C,d-4)- 
Fj  -  aW'cs^-s^.,)  ♦ 


Qj  -  (S^-S^4*  -  (S'.^-S^)^4’, 
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xa)  . .  i  A_<o>  d<2)  .  .  i  Aco>  .  i  Bf 


.(4)  .1.(0)  1_  n(4)  _  1  .(0)  .  1 

-  T  A_  -  7  «»  0_  ■  ?  A_  +  7  «,  a  ■ 


At 


4  “  6  T  4  —  “  ~  ~73* 

(Ax) 


•  Arbitrary  conatant,  and  s"  »  1  -  e^*^  un 
**  n 


With  A^  *  j  of,  the  same  idea  is  applied  and  the  only  difference  is  in 

the  Bq  terta.  This  proposed  scheae  is  unconditionally  stable,  and  has  a 

2  2 

truncation  error  of  order  (0((At)  +  0((Ax)  )). 

iv)  A  scheae  suggested  by  M.  Kruskal. 

Kruskal  [16]  has  suggested  the  following  numerical  scheae 

n  n  n-+-2  n+1  n  n-1  . 

At  W 


u“  -3u“+3u”  .-u®  , 

+  -Ptl  n  n-1  n-2  _  Q 

2 (Ax)3 


(2.17) 


for 


u£  +  u _  -  0 


(2.18) 


Kruskal  did  not  suggest  any  particular  numerical  scheme  for  the  nonlinear 
part  of  the  KdV  equation  (1.1).  The  following  scheae  was  used  to  solve 
the  KdV  equation  (1.1>: 

— + 


a  .  a. ,  a  a 

un+r3V3vrV2 

2  (Ax)* 


2.m+l  .  2.B+I 


+  3t4iS  l(“  >n+r(“  3 n-1 


.  ,  2. a  .  2,n  ,  ,  1-8  .  a+1,  a+1  m+1. 

+  (u  W(“  3  n-1  +  m  un  (vrvi> 


♦  %‘vrvi")  ■ ° 


(2.19) 
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To  Implement  this  scheme,  the  above  mentioned  sweeping/iteration 

technique  was  used.  We  tried  several  values  of  8  and  experimentally  we 

found  that  0  =  ~  gave  the  best  results. 

This  scheme  is  unconditionally  stable  according  to  linear  stability, 

2  2 

and  has  a  truncation  error  of  order  (0((At)  )  +  0((Ax)  )). 

2.  Finite  Fourier  transform  or  Pseudospectral  methods. 

i)  Split  step  Fourier  method  by  F.  Tappert. 

For  convenience  the  spatial  period  was  normalized  to  [0,2n],  then 
equation  (1.1)  becomes 

ut  +  6  p  uux  +  3  “xxx  -  0  (2-20) 


where  p  is  half  the  length  of  the  interval  of  interest,  and  X  =  (x+p)n/p. 

As  discussed  in  part  II  of  this  paper  the  essence  of  the  solution 
method  is  to  alternate  between  two  steps:  (1)  advance  the  solution  using 
only  the  nonlinear  term  by  means  of  a  (implicit)  finite  difference 
approximation.  (2)  advance  the  solution  using  only  the  linear  term  by 
means  of  the  discrete  fast  Fourier  transform  (FFT). 

To  implement  this  method  for  the  KdV  equation  (2.20),  as  the  first 
step,  one  first  approximates. 


Ut  +  6  p  UUX  ‘  °* 

A  straightforward  discretization  is: 


(2.21) 


sT1  ■  “M  f  £  f  (2-22> 

where  u  is  a  solution  of  equation  (2.21)  and  u  is  the  solution  of  equation 
(2.20).  For  the  second  step,  we  would  take, 


3_3,  3. 


u^,  t+At)  -  F"1(eikn  /p  AtF(^(Xjft 


»> 


(2.23) 


where  F  denotes  discrete  Fourier  transform  and  F  1 tn  inverse* 

This  scheme  is  second  order  accurate  in  time  and  space  (which  comes  from ' 

using  equation  (2.22)  to  approximate  equation  (2.21)),  and  unconditionally 

stable  according  to  linear  analysis.  In  order  to  find  F(u)  and  F  the 

FFT  technique  is  used.  We  have  found  however  that  an  improved  discretization 

of  (2.21)  works  considerably  better.  Specifically  the  truncation  error  of 

2  4 

the  split  step  Fourier  method  is  improved  to  be  of  order  (0((At)  )  +  0((Ax)  )) 

2  2 

instead  of  order  (0((At)  )  +  0((Ax)  )),  by  approximating  equation  (2.21) 
according  to 


^m+1  „  „n  _  £  ,  rs,~2.nri-l  >~2.  itrt-l  /-2, 

n  Un  SAX  p  U8(u  )nH“8(u  )n-x"'“  ) 


~2.m+l  .~2.  m+l  s-2 .  nrhl 

■“  W8<“  >•« 


,~2.  wM. 


+  <*•»> 


Also,  one  may  improve  the  truncation  error  to  be  of  order  (0(At)  +0(Ax)P) 
for  all  p,  see  the  pseudospectral  method  (Fornberg  and  Whitham)  below, 
ii)  Pseudospectral  method  by  Fornberg  and  Whitham  [18]. 

As  mentioned  in  part  II  of  this  paper,  this  is  a  Fourier  method  in 
which  u(x,t)  is  transformed  into  Fourier  space  with  respect  to  x.  Again 
for  convenience  the  spatial  period  is  normalized  to  [0,2n].  This  interval 
is  discretized  by  N  equidistant  points,  with  spacing  AX  ■  -jj-.  The  function 
u (X,t),  numerically  defined  only  on  these  points,  can  be  transformed  to 


the  discrete  Fourier  space  by 


-ism 

N 


u(k,t)  »  Fu  -  -=  E  u(jAX,t)e 

juQ 


k  -  -  | . -1,  0,  1,  1. 


(2.25) 


The  inversion  formula  is 


u(JAX,t)  -  F-1i  -  —  £  G(k,t)e2nijk/N, 

k 

.  N  n  i  H  _  n 

2*  •  •  • »  “**■ »  ^ *  •  •  •  9  2  1 


(2.26) 


i 


These  transforms  can  be  performed,  efficiently  with  the  fast  Fourier  transform 


algorithm  [21].  With  this  scheme,  u_  can  be  evaluated  as  F  ^likFul,  u 

x  J  XXX 

”1  3 

as  F  {-ik  Fu]  and  so  on.  Combined  with  a  leap-frog  time  step  the  KdV 
equation  (2.20)  would  then  be  approximated  by 


u(X, t+At)  -  u(X,t-At)  +  2i  —  At  u(X,t)F_1(kF(u)) 

P 

3 

-  2i  At  ^  F-1(k3F(u))  =*  0  (2.27) 

P 

Fornberg  and  Whitham  make  a  modification  in  the  last  term,  however,  and 
take 


u(X, t+At)  -  u(X,t-At)  +  2i  —.At  u(X,t)F_1(kF(u)) 


-  2iF*1tsin(~-  At)F(u)]  -  0  (2.28) 

P 


The  difference  between  equation  (2.27)  and  (2.28)  is  in  the  approximation 
of  the  linear  equation 

3 

ut  +  *3  UXXX  ”  0  (2.29) 

P 


The  linear  part  of  equation  (2.28)  is  exactly  satisfied  for  any  solution 

of  equation  (2.29)  [18].  Also  it  turns  out  that  the  linearized  stability 

condition  is  less  restrictive  for  (2.28)  than  for  (2.27):  - ~  0.1520 

(Ax)-*  2n 

compared  to  —  <  ■—  w  0.0323  (for  details  see  [18]). 

<Ax)J  TT 

Since  the  Fornberg  and  Whitham  scheme  is  explicit,  it  is  natural  to 
consider  Crank-Nicolson  type  implicit  version,  e.g. 
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u(X, t+At)  -  u(X, t)  +  3iAtrr/p[u(X,t+At)F~1(kF (u(X,t+At)) ) 

+  u(X,t)F"1(kF<u(X,t)))}  -  •^(^)3[F_1(k3F(u(X>t+At))) 

+  F_1(k3F(u(X,t)))}  -  0  (2.30) 

This  scheme  (2.30)  is  unconditionally  stable  according  to  linear  stability. 
We  make  some  remarks  about  (2.30)  in  the  conclusions. 

3.  Conclusions. 

Various  numerical  methods  are  used  in  order  to  approximate  the  KdV 
equation  (1.1),  namely;  (i)  Zabusky  and  Kruskal  scheme  (2.1),  (ii)  Hopscotch 
method  (2.4),  (iii)  A  scheme  due  to  Goda  (2.6),  (iv)  A  proposed  local  scheme 
(2.7),  (v)  A  proposed  global  scheme  (2.16),  (vi)  A  scheme  suggested  by 
Kruskal  (2.19),  (vii)  Split  step  Fourier  method  by  Tappert  (2.22)-  (2.24), 
(viii,  Pseudospectral  method  by  Fornberg  and  Whitham  (2.28). 

As  in  part  II,  our  approach  for  comparison  is  to  (a)  fix  the  accuracy 
(L  )  for  computations  beginning  at  t  »  0  and  ending  at  t  «  T;  (b)  leave 

<B 

other  parameters  free  (e.g.  At,  or  Ax),  and  compare  the  computing  time 
required  to  attain  such  accuracy  for  various  choices  of  the  parameters. 

Two  sets  of  inx^al  conditions  were  studied:  (A)  1-soliton  solution 
with  different  values  of  the  amplitude,  (B)  collisions  of  two  solitons 
with  different  values  of  the  parameters.  According  to  this  approach  we 
have  made  the  following  conclusions: 

1)  The  scheme  of  Goda  required  a  long  time  compared  to  the  other 
((i) , (ii) , (iv) , (vi),  (vii),  (viii)) schemes. 

2)  Zabusky  and  Kruskal* s  scheme  was  good  for  low  amplitudes,  but 

it  needed  more  computing  time  than  the  other  remaining  methods  ((ii),(iv). 
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(vi) , (vil) , (viii))  for  high  amplitudes. 

3)  The  calculations  for  the  previous  two  methods;  Goda,  and  Zabusky- 
Kruskal,  were  not  carried  out  for  the  1-soliton  case  with  amplitude  =  4. 

They  needed  very  long  computing  time. 

4)  The  Tappert  and  Hopscotch  schemes  took  less  computing  time  than 
the  previous  two  schemes,  and  they  behave  almost  the  same  for  fairly 
small  amplitudes.  For  relatively  high  amplitudes  the  Tappert  scheme  turned 
out  to  be  better. 

5)  The  suggested  scheme  by  Kruskal  is  in  general  faster  than  the 
previous  schemes  ( (i) , (ii) , (iii) , (v) , (vii)> . 

6)  The  Fornberg  and  Whitham  method  is  much  faster  than  the  suggested 
scheme  by  Kruskal,  it  is  roughly  three  times  faster  for  small  amplitudes 
and  six  times  faster  for  high  amplitudes.  Also  (2.27)  was  tried,  but  (2.28) 
proved  to  be  somewhat  faster.  In  addition,  the  implicit  version  (2.30) 

was  implemented  and  did  not  prove  to  be  faster  than  (2.28). 

7)  The  proposed  local  scheme  is  the  best  amongst  all  the  utilized 

schemes.  It  was  roughly  eight  times  faster  than  the  suggested  scheme  by 

Kruskal.  (See  remark  belwo  equation  (2.18)).  This  certainly  shows  that 

the  approximation  of  the  nonlinear  term  is  crucial.  Also,  it  was  roughly 

one  and  a  half  times  faster  than  the  Fornberg  and  Whitham  scheme.  This 

2  2 

despite  the  fact  that  the  local  scheme  is  only  0((At)  , (Ax)  )  whereas 
Fornberg  and  Whitham  method  is  of  order  0((At)  , (Ax)p)  for  all  p.  These 
results  suggest  that  "1ST  generated"  schemes  will  be  good  approximations 
for  equations  which  are  in  fact  exactly  solvable  by  the  1ST.  The  proposed 
global  scheme  was  implemented  and  proved  to  be  faster  than  some  of  the 
utilized  schemes,  but  much  slower  than  its  local  version.  Since  the  global 
scheme  is  so  complicated  and  cumbersome,  we  are  not  convinced  that  our 
methods  of  implement  were  optimal.  Optimizing  the  implementation  of  our 


global  scaeme  will  be  under  further  investigation  in  the  near  future.  (The 
following  Tables  and  Figures  exhibit  the  results).  All  the  numerical 
calculations  were  inspected  at  every  step  by  using  the  conserved  quantities 
/u  dx,  and  /(2u  ~(ux)  )dx.  (Table  (3.1),  ....  Table  (3.5)).  The  two 
conserved  quantities  were  calculated  by  means  of  Simpson's  Rule  [22].  The 
proposed  globa1  scheme  is  the  only  utilized  scheme  which  has  an  infinite 
number  of  conserved  quantities,  and  true  soliton  solutions. 
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Table  (3.2).  Comparison  of  the  computing  time  (E)  which  is  required  to  attain  an  accuracy  (L^)  <  0.01 

for  computations  beginning  at  t"0  and  ending  at  t=1.0,  for  the  numerical  methods  utilized 
in  solving  the  KdV  equation.  Two  conserved  quantities  ara  shown.  1-soliton  as  an  initial 
condition  with  amplitude  »  2  on  the  interval  [-20,20]. 
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Table  (3.3).  Comparison  of  the  computing  time  (E)  which  is  required  to  attain  an  accuracy  (Lo)  <  0.022 

for  computations  beginning  at  t**0  and  ending  at  t™1.0,  for  the  numerical  methods  (listed 
below)  utilized  in  solving  the  KdV  equation.  Two  conserved  quantities  are  shown.  1-soliton 
as  an  initial  condition  with  amplitude  =  4  on  the  interval  [-20,20]. 
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Table  (3.4).  Comparison  of  the  computing  time  (E)  which  is  required  to  attain  an  accuracy  (L^)  <  0.002 
for  computations  beginning  at  t=0  and  ending  at  ta3.0,  for  the  numerical  methods  utilized 
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Figure  (3.1).  Displays  the  computing  time  (E)  which  is  required  by 
each  utilized  method  given  in  Table  (3.1). 

1-soliton,  amplitude  *  1. 
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1.  Zabusky  and  Kruskal. 

2.  Goda. 

3.  Hopscotch. 

4.  Tapper t. 

5.  Kruskal. 

6.  The  proposed  local  scheme. 

7.  The  proposed  global  scheme. 

8.  Fornberg  and  Whitham. 
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Figure  (3.2). 


2  3 


Displays  the  computing  tine  (E)  which  is  required  by 
each  utilized  method  given  in  Table  (3.2). 

1-soliton,  amplitude  *  2. 


1.  Zabusky  and  Kruskal. 

2 .  Goda • 

3.  Hopscotch. 

4.  Tappert. 

5.  Kruskal. 

6.  The  proposed  local  scheme. 

7.  The  proposed  global  scheme. 

8.  Fornberg  and  Whitham. 
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Figure  (3.3).  Displays  the  computing  time  (E)  which  is  required  by 
each  utilized  method  given  in  Table  (3.3). 

1-soliton,  amplitude  *  4. 


1.  Hopscotch. 

2.  Tapper t. 

3.  Kruskal. 

4.  The  proposed  local  scheme. 

5.  The  proposed  global  scheme. 

6.  Fornberg  and  Whitham. 
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re  (3.1 ).  Displays  the  conputing  t ir.c-  (K)  which  in  required  by 
each  utilized  method  given  in  Table  (3.1). 

Two  solitons  with  amplitudes  0.5  and  1. 
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3.  Hopscotch. 

4.  Tappeft. 

5.  Kruskal. 

6.  The  proposed  local  scheme. 

7.  The  proposed  global  scheme. 

8.  Fornberg  and  Whithara. 
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Figure  (3.5).  Displays  the.  computing  tine  (E)  which  is  required  by 
each  utilized  method  given  in  Table  (3.5). 

Two  solitons  with  amplitudes  0.5  and  2.5. 
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We  find  that  the  recent  experimental  results  by  Ze,  Hershkowitz.  Chan  and  Lonngren  on  collidine  spherical 
ion-acoustic  solitons  can  be  explained  in  terms  of  a  nonlinear  resonance,  wherein  the  two  colliding  solitons  at  a 
resonance  point  generate  and  create  a  third  soliton  of  larger  amplitude.  However,  estimates  show  that  the  resonance 
width  is  less  than  the  required  growth  length,  therefore  full  growth  is  not  achieved,  in  agreement  with  the  experimental 
results. 


Recently,  Ze,  Hershkowitz,  Chan  and  Lon¬ 
ngren  [1]  have  presented  experimental  evidence 
that  it  is  possible  for  colliding  spherical  ion- 
acoustic  solitons  to  create  new  nonlinear 
objects,  presumably  also  solitons.  We  shall 
present  theoretical  calculations  to  show  that  this 
is  theoretically  possible,  and  that  there  is  a  very 
good  quantitative  agreement  between  the  theory 
and  experiment.  We  shall  call  the  theoretical 
principle  involved  “nonlinear  resonance”,  and 
shall  first  quickly  outline  its  concepts  and  his¬ 
tory. 

One  important  and  very  significant  feature  of 
solitons  has  been  a  continual  paralleling  of 
linear  principles  and  concepts  [2],  even  though 
the  soliton  is  indeed  a  nonlinear  object.  Of 
these,  we  mention  the  “inverse  scattering 
transform”  [3]  which  is  much  like  the  linear 
Fourier  transform,  the  infinity  of  conservation 
laws  (also  found  in  linear  systems),  the  existence 
of  action-angle  variables  [3],  quantum  theories 
for  such  objects  [4],  etc.,  as  well  as  “nonlinear 
resonance”  [5,6],  which  is  very  analogeous  to 
the  resonance  condition  for  three  or  more  linear 
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wave  trains  to  interact.  The  usual  linear 
resonance  occurs  for  plane  waves  and  when  we 
have  only  three  plane  waves,  it  satisfies 

k, +  k2=*kj,  (la) 

wi(ki)  +  u>^k2)  =  <i>j(kj).  (lb) 

In  (1),  ki  is  the  wave  vector  for  the  ith  wave, 
and  coi(k)  is  the  frequency  of  the  ith  wave,  as  a 
function  of  k.  Although  the  interaction  arising 
when  (1)  is  satisfied  is  indeed  nonlinear  (it  is 
called  the  three-wave  resonant  interaction  [7]). 
nevertheless  we  shall  call  such  a  resonance  a 
"linear  resonance”,  because  it  involves  only 
linear  parameters  (i.e.  -wave  vectors  and 
frequencies)  of  plane  waves.  A  “nonlinear 
resonance”  therefore  will  be  defined  to  be  a 
resonance  involving  nonlinear  (i.e.  -soliton) 
parameters. 

There  is  a  very  strong  parallel  between  a  linear 
resonance  and  a  nonlinear  resonance.  In  order 
to  bring  out  this  parallel  and  to  illustrate  the 
analogies,  we  shall  first  state  certain  facts 
concerning  solitons.  The  structure  of  any  soliton 
is  typically  of  the  form 

q-A/,(*„* ,),  (2) 
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where  A  is  an  amplitude  and  <f>r  and  4>t  are  the 
real  and  imaginary  parts  of  a  complexified  phase 
[2].  This  complexified  phase  may  be  defined 
directly  from  the  linear  phase,  which  is  simply 
that  phase  associated  with  a  plane  wave  solution 
of  the  linear  limit  of  the  nonlinear  soliton  equa¬ 
tion.  We  shall  shortly  illustrate  this  with  a  cou¬ 
ple  of  examples.  For  simplicity  we  shall  first 
only  consider  one-dimensional  problems,  where 
the  general  linear  phase  for  a  plane  wave  is 

4>  =  kx  -  u>(k)t  +  <t>o.  (3) 

Now,  it  is  fairly  well  known  [2]  that  if  we  want 
to  know  what  the  complexified  phase  required 
in  (2)  is,  one  simply  needs  to  replace  the  real 
parameter  k  in  (3)  by  the  complex  parameter  2£. 
Then  (3)  becomes  complex  in  general  and 

<t>r  +  i<fc  *  2(x  —  co(2  C)t  +  <K  (4) 

where  in  general 

£  =  «+»).  (5) 

Of  course  this  does  not  determine  the  functional 
form  of  / 1  in  (2).  It  only  determines  how  the  real 
and  imaginary  parts  of  the  complexified  phase  in 
(2)  depends  on  x  and  t,  and  thereby  the  group 
velocity  and  the  phase  velocity.  The  important 
point  is  that  the  phases  of  solitons  will  follow 
upon  knowing  the  phase  of  the  plane  wave  solu¬ 
tion  of  the  associated  linear  problem. 

We  shall  now  illustrate  this  with  a  couple  of 
examples.  For  the  KdV  equation 

q,  +  q,q  +  0q*„  =  0,  (6) 

the  linear  problem  is  q,  +  =  0,  so  we  have 

from  the  linear  problem  that  w(k)  =*  -  0k\ 
which  is  the  functional  form  required  in  (4). 
This  then  determines  <£,  and  4><.  From  the  non¬ 
linear  problem,  one  then  finds  the  remainder  of 
the  information,  which  is  /i(4r,  <M  =»  sech2(<fc), 
{  =  0,  i)  >0  and  A  *  120f*{.  For  the  nonlinear 


Schrodinger  equation 

iq,  =  -qa-2(q*q)q,  (7) 

we  have  «(k)  =  k\  /,(<#>,,  <f>j)  =  eM,sech(4i).  C  *  0 
in  general,  tj  >  0  and  A  =  i({  -  (*). 

The  point  to  be  noted  in  the  above,  is  that  a 
soliton  is  like  a  linear  wave,  in  that  it  satisfies 
exactly  the  same  phase  relation  that  a  linear 
wave  does.  It  differs  in  that  the  phase  relation 
has  become  complexified  as  in  (4)  and  (5),  and  in 
that  the  envelope  now  has  a  unique  shape,  as  a 
function  of  <f>r  and  <f> j.  These  statements  are  also 
true  for  higher-dimensional  systems,  like  the 
Kadomtsev-Petviashvili  equation  [8]  and  a  two- 
dimensional  form  of  the  nonlinear  Schrddinger 
equation  (9],  provided  we  replace  k,  x,  f,  f  and  ij 
by  appropriate  vector  quantities. 

In  addition  to  the  one-soliton  as  given  in  (2), 
there  exists  also  two-,  three-,  etc.  soliton  solu¬ 
tions.  In  particular,  the  two-soliton  solution  is 
typically  of  the  form 

q  =  A(f„  a,  (2,  C!)/2(*.r,  +ib  (8a) 

Again,  the  exact  dependence  of  A  on  the  fs 
and  of  /j  on  the  <t>'s  will  be  determined  by  the 
specific  nonlinear  problem.  A  general  feature  of 
(8a)  is  that  in  certain  regions  of  x  and  t,  (8a)  will 
approach  sums  of  one-soliton  solutions  as  in  (2). 
Another  feature  of  (8a)  which  seems  to  be  even 
lesser  known  is  that  for  certain  ranges  of  the 
parameters,  and  in  certain  regions  of  x  and  t, 
(8a)  can  degenerate  into  the  form 

q  -  A(f ,  ±  fc,  Cl  ±  f?)/i(*.r  ±  ±  4> a).  (8b) 

This  form  typically  occurs  in  the  region  of  x  and 
t  where  the  two  solitons  are  considered  to  be 
overlapping  and  “interacting”.  One  should  now 
ask  himself  the  question  of  what  would  happen 
if  there  would  exist  a  third  value  of  {,  {},  such 
that  we  could  find  a  4n  where  <f>,  ±  <f>2  =  <t>,.  Then 
(8b)  would  become  (2)  with  £>  satisfying  (4). 
This  brings  us  to  our  third  fact.  Although  the 
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function  f2  is  a  nonlinear  function,  it  still  does 
mix  the  phases  linearly,  in  that  sums  such  as 
<£)r  +  <f>2r  and  +  <£a  do  occur. 

As  noted  by  Miles  [5]  and  by  Newell  and 
Redekopp  [6],  the  two-soliton  solution  in  higher 
dimensional  systems  becomes  singular  and 
breaks  down  whenever  there  exists  a  third  value 
of  £  such  that 

•MW (9) 

where  £i  and  £2  are  the  “eigenvalues"  for  soliton 
#1  and  soliton  #2.  By  suitably  choosing  values 
for  <h o,  one  can  remove  this  singular  nature,  and 
then  the  two-soliton  solution  takes  on  a  three- 
pointed  star  structure  [10],  two  arms  of  which 
are  the  original  two  solitons,  while  the  third  arm 
is  a  new  (created)  soliton,  with  a  corresponding 
“eigenvalue”  of  £  *  £}.  This  star  structure 
occurs  only  when  (9)  is  satisfied,  and  from  (3) 
and  (4),  we  have  that  (9)  is  equivalent  to 

£i  +  6  -  (10*) 

«(2{,)  +  (2fc)  =  <,>(2£3).  (10b) 

Note  the  similarity  between  (1)  and  (10). 
Obviously,  what  has  happened  here  is  that  in 
the  region  where  this  third  arm  is,  (8a)  has 
degenerated  into  (8b),  and  since  <t>(£})  exactly 
satisfies  (4)  for  the  given  <o(k),  the  third  arm  can 
therefore  freely  propagate  as  a  third  soliton.  It 
could  only  freely  propagate  if  this,  complexified 
phase  relation  was  exactly  satisfied. 

The  above  facts  very  strongly  suggest  that 
there  can  exist  very  strong  nonlinear  resonances 
between  solitons,  resulting  in  the  creation  of 
new  solitions  and/or  the  decay  of  old  solitons. 
In  fact,  considering  how  closely  that  solitons  do 
mock  their  linear  counterparts,  the  existence  of 
a  soliton  resonance  as  given  by  (10)  should  not 
be  at  all  surprising.  One  may  easily  say,  that  it 
has  not  been  recognized  before,  simply  because 
up  until  now,  there  has  been  no  outstanding 
examples  of  (10).  For  the  one-dimensional  KdV 


equation,  eq.  (6),  and  the  nonlinear  Schrodinger 
equation,  eq.  (7),  one  may  easily  show  that  it  is 
impossible  for  these  systems  to  satisfy  (10). 
However,  there  is  one  one-dimensional  system 
which,  with  hindsight,  does  exhibit  the  effects  of 
(10),  and  that  is  the  three-wave  resonant  inter¬ 
action  [7,11].  For  this  system,  we  have  three 
dispersion  relations,  one  for  each  wave  which 
are  w,(k)  =  ±  c„k  for  n  =  1, 2  and  3.  If  we  let  the 
second  envelope  have  the  highest  frequency 
(which  determines  the  signs  via  |w2|  =  |oj,|  +  |o»j|), 
then  (10)  becomes 

{i  +  {3  =  f2,  (Ha) 

f.c,  +  {jc,  =  f2c2,  (lib) 

as  the  condition  for  a  nonlinear  resonance.  For 
simplicity,  we  take  the  £'s  to  be  pure  imaginary, 
then  (11)  gives 

Vi(ci-c2)  +  vj(cs-c2)^0.  (12) 

We  remark  that  for  £  to  be  physical  [7],  it  must 
lie  in  the  upper  half  complex  plane,  and  thus  all 
tj’j  must  be  positive.  This  restriction  causes 
(12)  to  have  a  solution  only  if  c,  <  c:  <  c,  or 
Cj  <  c2  <  C|.  In  other  words,  for  these  nonlinear 
resonances  to  occur  in  the  one-dimension  form 
of  the  three-wave  resonant  interaction,  the  wave 
with  the  middle  group  velocity  must  have  the 
highest  frequency.  This  is  satisfied  in  the 
“Explosive  Case”  [7,11]  where  this  nonlinear 
resonance  gives  an  explosive  singularity.  It  also 
is  satisfied  in  the  “Soliton  Decay  Case”  [7, 11], 
where  the  nonlinear  resonance  corresponds  to 
both  up-conversion  and  “soliton  decay”,  but  it 
is  not  satisfied  in  the  “Stimulated  Back  Scatter¬ 
ing  Case”  [7, 1 1],  and  thus  in  this  latter  case,  we 
now  have  a  “reason”  as  to  why  nothing  really 
remarkable  occurs. 

Let  us  now  turn  our  attention  to  an  inter¬ 
pretation  of  the  experimental  data  on  colliding 
spherical  ion-acoustic  solitons,  which  to  lowest 
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order  satisfy  [12] 

d^+l+qdrf  +  peiq^O,  (13) 

where  r  is  the  radius  of  the  spherical  soiiton, 
H  -r-ct,  with  c  being  the  ion-acoustic  speed, 
q  -  Sn/no,  and  0  =  k2/w£  where  <oP,  is  the  ion 
plasma  frequency.  Except  for  the  second  term, 
(13)  is  just  the  KdV  equation  whose  solution 
would  be 

q  =  A  sechJ<h,  ( 14) 

with  A  =  12  fit)'  and  =  Tj(*r  -  er)  where  x  ~ 
1  -1a.  Either  from  energy  considerations  [13]  or 
by  a  perturbation  theory  [14],  one  may  show 
that  the  effect  of  the  second  term  in  (13)  on  the 
KdV  soiiton,  (14),  is  in  lowest  order,  to  cause 
the  amplitude  to  slowly  decay  as  r'*'\  and 
therefore  t|  as  r~m.  In  fact,  experimental  results 
[13]  indicate  that  an  individual  spherical  soiiton 
will  behave  like  this  (A  -  r~*n)  until  the  non¬ 
linear  term  is  reduced  in  amplitude  to  about  2.5 
times  this  second  term,  at  which  time,  A  drops 
off  faster  than  r'4'3,  and  the  soiiton  presumably 
decays  into  linear  dispersive  waves.  Con¬ 
sequently,  we  can  consider  (13)  to  possess  ap¬ 
proximate  soiiton  solutions,  where  the  soiiton 
amplitude  will  decrease  as  r  increases.  And  this 


Fig.  I.  The  geometry  (or  colliding  spherical  soiitons.  r.(n)  is 
the  vector  from  source  #1  (#2)  to  the  point  of  collision 
while  n  is  the  vector  from  the  apparent  source  of  the 
created  nonlinear  object  (soiiton  #3)  to  its  crest,  r,  will  be 
exactly  at  the  intersection  of  r,  and  n  only  at  the  resonance 
point. 


approximation  simply  requires  the  soiiton  am¬ 
plitudes  to  be  sufficiently  large  so  that  one  may 
consider  this  second  term  to  be  s  perturbation. 
Thus  since  the  experimental  collision  results  [1] 
did  involve  large  amplitude  soiitons,  we  may  use 
the  form  in  (14),  letting  A  decay  as  r'4'3. 

In  terms  of  the  geometry  for  the  colliding 
spherical  soiitons  (fig.  1  of  ref.  1),  they  will 
collide  along  the  perpendicular  bisecting  plane 
between  the  two  sources.  If  we  let  rr(r>)  be  the 
vector  from  source  #1  (#2)  to  the  maximum  of 
the  first  (second)  spherical  soiiton,  (see  fig.  1) 
then  if  we  are  to  have  condition  (9)  to  be 
satisfied,  we  must  have 

Vi  +  V2-Vi'  (15a) 

yViXi+yViXi-jV}*),  (15b) 

satisfied  in  order  for  a  nonlinear,  resonance  to 
occur,  where  tj3  will  be  the  rj  value  for  the 
created  third  soiiton  and  r3  will  be  a  vector  from 
its  (apparent)  source  to  its  maximum.  From  the 
geometry  and  the  symmetry  (fig.  1),  r}  must  lie 
in  the  perpendicular  bisecting  plane.  Thus  r,  (or 
r2)  is  the  hypotenuse  of  a  right  triangle,  with  r} 
and  id  (d  is  the  separation  distance  between  the 
two  sources)  being  the  lengths  of  the  other  two 
sides.  We  note  that  (13b)  also  corresponds  to 
having  the  speed  of  the  third  soiiton  match  the 
speed  of  the  point  of  intersection  of  the  two 
colliding  soiitons.  In  the  experiment  [1],  tj2  =  rji, 
A2  =  A i  and  r,  =  r2.  Then  (15)  does  have  a  solu¬ 
tion  when 

Tjj  =  2tfi,  Aj  =  4At,  (16a) 

cos  0\)  =  xtlx\<  (16b) 

where  0u  is  the  angle  between  r,  and  r,.  In  the 
experiment  at  t  =  4  jis.  A,  *  0.2  and  thus  by 
(16),  A3  =  0.4  and  0tJ »  38°.  From  the  geometry, 
we  would  then  expect  to  see  the  nonlinear 
resonance,  and  the  resulting  creation  of  a  third 
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solition,  at  r,  =  r2  =  1.6  cm  and  r5  =  1.3  cm  since 
d  =  2.0  cm.  Based  on  the  experimental  results 
(fig.  2  of  ref.  1),  we  would  expect  this  resonance 
to  occur  at  or  about  r  =  3  pis.  Their  data  does 
not  show  what  has  happened  at  t  -  3  pis,  but  we 
do  note  that  the  new  object  is  well  formed  at 
t  -  4  /xs.  Of  course,  the  above  values  of  A  are 
for  t  =  4  pis,  whereas  we  find  that  the  collision 
should  occur  around  t  =  3  pis.  Thus  since  A  at 
t  =  3  fis  will  be  larger  than  that  at  4  pis,  and  our 
values  are  only  qualitative  at  this  point.  A  more 
accurate  result  would  require  experimental  data 
around  t  =  3  pis.  Nevertheless,  it  seems  very 
likely  that  this  nonlinear  resonance  is  respon¬ 
sible  for  the  creation  of  this  new  object,  and 
that  it  indeed  may  be  another  form  of  a  solition. 

However,  we  also  note  that  (16a)  predicts  an 
amplitude  of  0.4,  whereas  their  [1]  fig.  2  shows 
that  the  new  object  as  having  an  amplitude  of 
only  about  0.2.  This  suggests  that  the  new  soli- 
ton  was  not  able  to  fully  form  while  the  collision 
passed  through  the  resonance  region.  To  check 
this,  we  will  estimate  the  width  of  the  resonance 
region,  and  compare  it  to  the  required  growth 
length  of  the  third  soliton.  To  estimate  the  width 
of  the  resonance  region,  we  estimate  the  width 
over  which  the  sum  of  the  phases  of  solitons  #1 
and  #2  will  match  the  phase  of  the  third 
(created)  soliton.  If  we  let  =  4>,\  +  4>u  -  <t>a, 
then  this  will  vanish  at  the  resonance,  will  also 
have  a  vanishing  first  derivative  (due  to  velocity 
matching)  at  the  resonance,  but  will  have  a 
nonzero  second  derivative.  Taking  our  variable 
to  be  r3,  then  we  would  have  r»)2/Jr2 

where  s,  is  the  resonance  width  and  rx>  is  the 
value  of  r3  at  resonance.  From  (16)  we  then 
have  =  2Tji^iri-Tj3^}r3  which  upon  taking 
the  second  derivative  with  respect  to  r}  gives 

j?  =  2,/Jr,/[2-?},xl  sin:  013],  (17) 

which  for  the  above  values  and  0  = 
1.74xl0"4cm2  gives  j,  **0.6  cm.  Again,  since 
these  values  are  based  on  the  values  at  4  pis, 
they  are  only  qualitatively  accurate. 


Let  us  now  estimate  the  required  growth 
length.  When  solitons  #1  and  #2  collide,  there 
will  be  additional  nonlinearities  in  the  plasma 
fluid  equations,  coming  from  their  overlap. 
These  additional  nonlinearities  will  drive  the 
growth  of  the  third  soliton.  Treating  these  over¬ 
lapping  terms  as  perturbations  and  ignoring  the 
depletion  of  the  two  colliding  solitons,  one  can 
show  that  the  equation  of  motion  for  the  third 
soliton,  along  the  perpendicular  bisecting  plane 
(where  maximum  growth  would  occur)  is  given 
by 

+  Uyd»Uy  + fidluy  =  T,  (18) 

where  now  fi  ~  ry-ct  and 
T  =  -  *,(cos2  0,3  -  x,  sin20,3)0K(«2) 

+  4i)?xisin40,3  [  dpridpU,)2,  (19) 

with 

u,  =  A,  sech2[T),pi  +  tjiUi/cos  013  -  l)r3],  (20) 

being  the  envelope  of  either  colliding  soliton 
along  the  bisecting  plane.  Assuming  u,  in  (18)  to 
be  a  soliton,  and  upon  using  the  second  con¬ 
servation  law,  /**,  u2dfi,  one  obtains 

to+T%‘Z“>r',l4,,2e'>’)-  (2I> 

for  the  rate  of  growth  of  A3.  We  shall  now 
proceed  to  estimate  the  integral  on  the  right- 
hand  side  of  (21).  If  we  approximate  u3  by  a 
soliton  as  in  (14),  letting  uy  *  A,  sech2{T)3(M  ~ 
3Aj(t3j  — «»)]},  then  at  the  resonance,  uy  is 
symmetric  in  p*.  Meanwhile,  the  first  term  of  V 
in  ( 19)  is  antisymmetric  with  respect  to  pi,  so  we 
shall  neglect  it  in  (21).  The  second  term  in  (19)  is 
positive  definite,  can  therefore  give  a  growth, 
and  has  a  maximum  value  of  rM  = 
(64/15)tj,A2x?. 
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This  tt  will  be  one  half  of  this  maximum 
value  at  the  center  of  the  collision  volume,  so 
we  shall  estimate  T  by  taking  r  « Ir**,  in  (21). 
Then  since  u5  d/i  =  240-rj},  we  find 

+  (64/lS)i|iAi>fi.  (22) 

We  note  that  (22)  is  really  only  valid  in  the 
resonance  region,  because  in  going  from  (21)  to 
(22),  we  have  assumed  the  speeds  of  u3  and  T  to 
be  matched.  Integrating  (22)  and  requiring  A)  to 
grow  from  zero  to  its  full  maximum  value  of 
4Ai,  gives  us  a  required  growth  length  of 

r, ~  35/(167,,  A,*?).  (23) 

which  for  the  above  values  give  5, »  1.3  cm, 
which  is  about  twice  that  of  the  resonance  width 

s,  -  0.6  cm.  Thus,  based  on  these  estimates,  we 
would  expect  Aj  to  be  able  to  grow  to  only 
about  one  half  of  its  maximum  possible  am¬ 
plitude,  and  that  is  indeed  what  was  observed. 

In  conclusion,  we  find  that  the  experimental 
result  of  Ze  et  al  [1]  can  be  explained  at  least 
qualitatively  in  terms  of  a  nonlinear  resonance, 
wherein  the  colliding  spherical  ion-acoustic  sol¬ 
itons  do  generate  a  third  ion-acoustic  (non- 
spherical)  soliton  of  larger  amplitude.  However, 
since  the  required  growth  length  for  this 
resonance  is  about  twice  that  of  the  resonance 
width,  complete  growth  was  not  possible.  Thus 


our  current  conclusions  are  that  the  phenomena 
of  nonlinear  resonance  of  solitons  do  qualita¬ 
tively  account  for  these  experimental  results, 
and  that  more  accurate  data  on  these  collisions 
may  also  give  quite  good  quantitative 
agreement. 
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Multi-shock  solutions  of  random  phase  three-wave 
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Explicit  solution!  of  the  equation*  describing  the  space-time  interaction  of  three  random  phase  wave  packets 
are  presented.  The  solutions  describe  the  collision  and  decay  of  previously  known  shock-like  solutions. 
Stability  of  the  solutions  to  a  perturbation  in  initial  conditions  is  also  analyzed.  For  those  solutions  which  are 
unstable,  a  closed  form  solution  of  the  nonlinear  evolution  of  the  interaction  is  given. 


I.  INTRODUCTION 

Wave-wave  interactions  play  a  central  role  in  nonline¬ 
ar  plasma  processes.  The  simplest  such  interaction  is 
that  between  three  plasma  waves.  Depending  on  whether 
the  spectral  widths  of  the  interacting  wave  packets  is 
taken  to  be  small  or  large,  this  interaction  may  be  des¬ 
cribed  in  either  the  coherent  or  the  random  phase  ap¬ 
proximation.  Solutions  of  the  resulting  equations  are 
obtained  in  standard  texts  by  neglecting  the  spatial  de¬ 
pendence  of  the  wave  packet  amplitudes.1  However,  in¬ 
clusion  of  the  spatial  dependence  may  lead  to  qualitative¬ 
ly  different  behavior.  In  recent  years  a  rather  thorough 
understanding  of  the  space-time  behavior  of  the  loss¬ 
less,  coherent  interaction  in  one  spatial  dimension  has 
developed.2  The  space-time  behavior  of  the  random 
phase  interaction,  on  the  other  hand,  is  not  well  under¬ 
stood.  In  this  paper  we  describe  multi-shock  solutions 
of  the  lossless,  random  phase  three-wave  equations  in 
time  and  one  spatial  dimension.  The  solutions  are  found 
by  transformation  to  a  bilinear  form  of  the  equations, 
analogous  to  the  Hlrota  form  of  the  Kortew  eg- deVries 
equation.1  The  bilinear  form  of  the  equations  also  great¬ 
ly  simplifies  the  stability  analysis  of  our  solutions. 

Ohsawa  and  Taniuti  discovered  shock-like  traveling 
wave  solutions  to  the  random  phase  three-wave  interac¬ 
tion.*  They  have  further  argued  that  such  shocks  due  to 
the  interaction  of  two  Langmuir  waves  with  an  ion- 
acoustic  wave  should  be  observable  in  laboratory  plas¬ 
mas.1  Assuming  a  plasma  frequency  of  lO’/sec,  an 
electron  thermal  velocity  of  10* cm/sec,  cold  ions,  and 
a  Langmuir  wave  field  strength  of  1  V/cm,  they  describe 
a  possible  interaction  having  a  shock  width  of  about  9 
cm.  Ohsawa  has  presented  numerical  solutions  showing 
how  this  shock  can  be  formed  by  externally  excited 
waves.* 

Our  solutions  describe  collisions  and  decays  of  the 
Ohsawa- Taniuti  shock  waves.  They  bear  a  relation  to 
the  Ohsawa-  Taniuti  solutions  analogous  to  the  relation 
between  n-soliton  and  single  soliton  solutions  for  other 
equations.  The  analogy  Is  deepened  by  our  method  of 
derivation  of  the  solutions  using  a  technique  of  Estabrook 
and  Wahlquist*  usually  associated  with  n- soliton  solu¬ 
tions,  and  by  our  bilinear  form  of  the  equations. 


** Present  address;  Physics  and  Astronomy  Department,  Univ- 
eretty  of  Maryland.  College  Park,  Md.  20742. 


The  nonlinear  interaction  of  a  resonant  triplet  of  un¬ 
damped,  positive  energy  waves  is  described  in  the  ran¬ 
dom  phase  approximation  by  the  equations1 


where  the  v/s  are  group  velocities  and  the  N/s  are  ac¬ 
tion  densities  (normalized  to  make  the  coupling  coeffi¬ 
cient  1).  The  resonance  conditions, 

=  u»i  +  <*>j ,  (2a) 

kt  a  fc,  +  t,  ,  (2b) 

have  been  assumed. 

If  the  spatial  derivatives  in  Eqs.  (1)  are  neglected,  the 
resulting  ordinary  differential  equations  can  be  solved 
analytically.  Note  that  if  the  N/s  are  independent  of  x, 
any  set  of  amplitudes  satisfying 

!VlAfJ-AflAf,  +  lVlAr,*0  (3) 

is  an  equilibrium  solution.  The  solutions  of  the  time- 
only  equations  always  tend  to  such  an  equilibrium. 

If  the  N/ s  in  Eqs.  (1)  are  assumed  to  be  functions  only 
of  x  -ut,  where  u  is  some  given  constant,  a  set  of  or¬ 
dinary  differential  equations  is  again  obtained.  The  sol¬ 
ution  for  each  N,  is  of  the  form 

Nj^Aj  +  Bjtsnhlvix-ut)].  (4) 

These  are  the  Ohsawa  -  Taniuti  solutions.  For  |*|  suf¬ 
ficiently  large  they  approach  an  equilibrium  solution, 
satisfying  Eq.  (3)  in  the  limit  |*|-«.  We  will  have  more 
to  say  about  these  solutions  in  Sec.  HI. 

In  this  paper  we  obtain  a  set  of  closed  form  solutions 
to  Eqs.  (1)  having  a  nontrivial  dependence  on  x  and  t. 

Our  solutions  include  the  Ohsawa- Taniuti  solutions  as 
a  special  case.  In  Sec.  Q  we  transform  to  a  bilinear 
form  of  Eqs.  (1).  We  find  solutions  of  the  resulting  equa¬ 
tion  which  are  sums  of  exponentials ,  and  we  show  how  to 
transform  back  to  obtain  solutions  for  the  N/s.  In  Sec. 
Ill  we  describe  the  resulting  solutions  for  the  N/s.  Fin- 
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N)  =A,  +  Bytanh(v£+  n) , 

(13a) 

4  =  x  +  [(u>,  -  <•>,)/(*,  -  *,)]f , 

(lib) 

•  =(*,•‘.1/2  . 

(13c) 

4  \  <*>!  «,]’ 

(13d) 

1  4  \  W,  Uij  ) 

(13e) 

fi=  ilntWjCj/WjC,). 

(13f) 

These  are  shock-like  solutions, 
centered  at 

with  die  shock  front 

v,  _gxCL^_  1 

*,-*!  *,-*t  V-.C* 

)  •  (14) 

Figure  1(a)  shows  Na  vs  *  at  /  =  — 130,  when  two  well-de¬ 
fined  shocks  are  still  visible.  Figure  1(b)  shows  .V,  at 
1 =  10,  after  the  two  shocks  have  collided  and  formed  a 
single  Ohsawa-Taniutl  shock.  Note  that  the  time  re¬ 
versal  of  this  solution  gives  a  solution  of  Eqs.  (1)  with 
the  group  velocities  reversed.  The  time  reversed  solu¬ 
tion  describes  the  decay  of  an  Ohsawa  -  Taniuti  shock. 

The  analysis  for  n  =  4  is  similar.  We  now  have  six 
X’s  determining  possible  shock  fronts.  Depending  on 
the  relative  values  of  these  X’s  vie  can  now  have  up  to 
three  shocks  present  simultaneously.  Thus,  we  can  have 
the  decay  of  a  single  shock  to  three  shocks,  or  the  co¬ 
alescence  of  three  shocks  to  form  a  single  shock.  The 
rt  =  4  solutions  can  also  describe  the  scattering  of  two 
shocks  off  each  other  to  form  two  different  shocks. 


Away  from  the  shock  front,  one  of  the  two  exponentials 
dominates,  giving  an  equilibrium  solution  of  the  form  of 
Eq.  (12)  as  |x|-«. 

For  n  =  3  and  n  =  4  the  solutions  are  new.  These  solu¬ 
tions  describe  collisions,  decays,  and  coalescence  of 
Ohsawa- Taniuti  shocks.  First  consider  the  n  =  3  solu¬ 
tions.  We  take  (without  loss  of  generality)  kl<k2<k2. 
Then,  for  x  sufficiently  large  and  positive  we  may  ne¬ 
glect  the  terms  containing  exp^x*  w^).  So,  for  x  large 
and  positive,  the  n  =  3  solution  is  well  approximated  by 
a  single  shock,  with  shock  front  centered  at 


Similarly,  for  x  large  and  negative  the  solution  is  well 
approximated  by  an  2  solution  with  shock  front  at  Xlt 
given  by  Eq.  (14).  If  X2»Xlt  there  is  an  intermediate 
region  between  Xa  and  X2  where  the  solution  is  well  ap¬ 
proximated  by  the  equilibrium  solution 

N, 3  v2C,d,2/{2(j)2).  (18) 

The  solution  then  corresponds  to  two  well  separated 
shocks.  What  if  Xt  «jf,?  That  implies  that  the  terms 
containing  exp(**x  +  u2t)  are  everywhere  dominated  by 
one  of  the  other  two  exponentials.  These  terms  can  be 
ignored  everywhere,  giving  an  n  =*  2  solution  determined 
by  C„  «j„  *,  and  C„ 

The  time  evolution  of  the  n  =  3  solutions  is  determined 
by  the  sign  of  the  expression 


M,  -  (i>,  0J,  -  IP, 

k2  —  1  ^ 


(IT) 


When  this  expression  Is  negative,  the  solution  is  a  single 
shock  for  t — «  and  a  double  shock  for  f-  ®,  corres¬ 
ponding  to  decay  of  an  Ohsawa-Taniutl  shock.  Whim 
(17)  is  positive,  die  reverse  is  true,  giving  coalescence 
of  two  Ohsawa- Taniuti  shocks  to  form  a  single  such 
shock. 

In  Fig.  1,  we  show  the  time  evolution  of  an  n  *  3  solu¬ 
tion  correspond!  ng  to  the  coalescence  of  two  shocks .  The 
group  velocities  are  v,  *  0,  v,  *  -i>,  *  0.3,  with  die  solu¬ 
tion  given  by  the  parameters  -  - 1,  w, «  1,  k2 »  0.147, 
w,  »  0.362,  *,  *  0.298,  w, »  0.328,  and  C,  *  C, »  C,  »  1. 


IV.  STABILITY  OF  THE  SOLUTIONS 

Now  we  determine  under  what  conditions  our  solutions 
are  sensitive  to  a  small  change  in  the  initial  conditions. 
Let  the  perturbed  solution  be 

N^Nl0*6Nlt  (18) 

with  &Nj«NJO  initially.  We  want  to  know  whether  8 N, 
remains  much  smaller  than  Nl3.  We  again  find  it  con¬ 
venient  to  work  with  the  bilinear  form  of  the  equations. 
Corresponding  to  Eq.  (18),  we  determine  a  ip0  +  Sip  from 
Eqs.  (5).  Since  8N«.vo  initially,  Sip  may  be  chosen  so 
that  8 initially.  From  Eqs.  (7)  it  is  clear  that  if 
8g»  remains  small,  then  SN  remains  small.  Conversely, 
from  Eqs.  (7)  it  is  clear  that  if  Sip  is  growing  exponen¬ 
tially  in  time  with  a  growth  rate  larger  than  that  of  4>0, 
SAT  does  not  remain  small.  So,  we  can  perform  our  sta¬ 
bility  analysis  directly  on  Eq.  (8). 

Substitute  ip  =  ip0  +  Sip  in  Eq.  (6),  with  4>0  of  the  form 
given  by  Eq.  (9),  and  linearize  in  Sip.  The  result  is  an 
equation  of  the  form 

5  ^  ,  ^Slp(x,  t)  =  0, 

(19) 


FIG.  1.  An  n  -  3  solution  showing  coalescence  of  two  Ohsawa- 
Taniutl  shocks  to  form  a  single  such  shook,  (a)  The  amplitude 
of  N,  before  coalescence  it  =■  -130).  (b)  The  amplitude  after 
coalescence  it  =  10). 
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ally,  in  Sec.  IV  we  consider  the  stability  of  the  solutions 
to  perturbations  of  the  initial  amplitudes.  We  find  that 
in  those  cases  where  a  solution  is  unstable,  the  per¬ 
turbed  solution  is  also  included  in  our  class  of  analytic 
solutions. 


Nj  *  +  (t»i  +  »1  )4„  *  »l®**««]/(29t) . 

Equation  (6)  is  bilinear.  Each  of  its  terms  is  quadratic 
In  ip,  which  implies  that  Eq.  (6)  has  solutions  of  the  form 

ip  »  exp(ftx  4-  uit ) .  (8) 


II.  A  BILINEAR  FORM  OF  THE  EQUATIONS 

In  order  to  obtain  solutions  of  Eqs.  (1)  we  transform 
to  an  equivalent  set  of  bilinear  equations,  analogous  to 
the  Hirotaform  of  the  Korteweg -deVries  equation.  To  find 
this  transformation  we  have  used  a  method  of  E  stab  rook 
and  Wahlquist,7  as  further  developed  by  Corones,*  Kaup,* 
and  Newell.10  Much  of  the  laborious  algebra  involved  in 
this  method  was  done  on  the  MC  computer  at  MIT,  using 
MACSYMA.11  The  derivation  of  the  transformation  is 
outlined  in  the  appendix. 

To  simplify  our  bookkeeping  somewhat,  we  make  use 
of  the  fact  that  either  t/1  or  v,  must  be  greater  than  or 
less  than  the  other  two  velocities.  Since  the  equations 
are  symmetric  with  respect  to  the  interchange  of  and 
N,,  and  are  also  symmetric  with  respect  to  a  reflection 
about  x  =  0,  we  may  without  loss  of  generality  take  v, 

>Vl>  >V2 • 

We  are  still  free  to  work  in  a  reference  frame  moving 
at  any  fixed  velocity.  The  transformation  is  consider¬ 
ably  simplified  if  we  work  in  a  reference  frame  where 
the  group  velocity  of  the  intermediate  velocity  wave  van¬ 
ishes.  In  the  following  we  let  a  correspond  to  the  sub¬ 
script  of  the  wave  having  negative  group  velocity  (thus 
a=  1  or  a  =  2). 

Let  the  quantity  >p(x,  t)  satisfy  the  equations 


<P„  *  (alNl  *  ajft  4-  ,  (5a) 

*,=>e\  (5b) 

with 

8*  -  f  [vaanNjx')+  v,aji3(x')]dx' ,  (5c) 

*«• 

a,  »  2[i>,(tr,-o,)(ul  -»,)]*1,  (5d) 

=  2(v,-vt)/[vi(vi-vl)(vl  -k,)»]  ,  (5e) 

and 

a,  »  2(vl  -  e,)/[t',(vl  -  «/,)*(«/,  -  *,)] .  (5f) 


Equations  (5)  are  consistent  with  Eqs.  (1)  in  the  sense 
that  ~  4 ito  *  0.  From  Eqs.  (5)  and  (i)  we  find  that  ip 

satisfies  the  equation 

24,[4t„+  (v,*v3)ip„t^vaviip„f]- 2#, 

-2{vm  +  v,)*„ip,,-v,va{4lt+  *,,*„)  =  <>.  (8) 

Given  any  solution  tp(x,  t)  satisfying  Eq.  (8),  we  obtain  a 
solution  of  Eqs.  (1)  by  using  Eqs.  (5).  From  Eqs.  (5)  we 
find 


Substituting  this  in  Eq.  (6),  we  find  that  it  is  a  solution 
for  arbitrary  u  and  ft.  Pursuing  the  analogy  with  the 
Htrota  form  of  the  Korteweg- deVries  equation,  we  try 
solutions  which  are  sums  of  exponentials 

m 

ipx^L,  ct  exp(4(x  4-  U),0  .  (9) 

i-t 


Substituting  in  Eq.  (6),  we  find  that  this  is  a  solution  if 
for  all 


(10) 


For  a  sum  of  n  exponentials,  this  gives  n(n  -  l)/2  con¬ 
sistency  conditions  on  the  2n  unknowns  (w's  and  ft’s). 
Two  of  the  unknowns  may  be  fixed  by  the  choice  of  the 
space  and  time  normalization.  We  conclude  that  the 
consistency  conditions  can  be  satisfied  if  n  <  4.  The  con¬ 
sistency  condition  is,  in  effect,  a  nonlinear  dispersion 
relation. 


We  are  interested  only  in  those  solutions  for  which 
the  N,’s  given  by  Eqs.  (7)  are  all  positive.  If  vl  =  0,  we 
must  require  u»,>0,  fe,<0,  and  |u>,/ft,| <  |t/a|,  |t>,|  for 
each;.  If  vt=  0,  we  must  have  cj(>0 and  \ti>,/k,[>vt  for 
ft,  <0  or  |w,/ft,|  >vt  for  ft,  >0. 


III.  THE  SOLUTIONS 

Substituting  the  exponential  solutions  for  ip  (Eq.  (9)]  in¬ 
to  Eqs.  (7)  we  obtain  solutions  for  the  N,, 


N  „  Hi  S.  -1  dim£».?S L»af 
1  2  Si.1u.„C„exp(ft.x4.w.<) 


W”  -  .  —  — 

where 

(11a) 

dim  =  *'»"■■*(  n't  *  «'j*«)(  4.  V,km)  , 

(lib) 

djm  =  4-  V  l*,)(w.  +  t >,tm)  , 

(11c) 

d,m  =  (W«  4-  V  !*.)(«.  4-  Vjtm)  . 

(lid) 

Here,  the  u>’s  and  ft's  must  be  chosen  subject  to  the  non¬ 
linear  dispersion  relations  (Eq.  (10)]  and  subject  to  the 
condition  that  each  of  the  N/s  be  greater  than  or  equal 
to  zero.  Necessary  and  sufficient  conditous  on  the  w’s 
and  ft’s  in  order  that  the  N/s  be  positive  have  been  given 
at  the  end  of  the  previous  section. 

For  it  =  1,  Eq.  (11a)  reduces  to 

N,  =  vtCd,/(2u)  . 

(12) 

.t,)»„4(r,4a,4V,fa 
Nl  V,-Vt  24, 


These  are  the  time-only  steady-state  solutions  satisfying 
Eq.  (3). 


v  .  VjSSx  *“ 1  fei  1 

"•  {Vl-v,)  m.) 


(7b) 


For  ns  2  we  recover  the  Ohsawa-Taniutl  solutions. 
Equation  (Ua)  then  gives 
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Sj  tanh(p£  +  ia) , 

(13a) 

4  =  x  ♦  ((Wj  -  n>x)/(ki  -  *v)]f , 

(13b) 

v-  (k,-k,)/2  , 

(13c) 

Ai-_U^d-±\ 

_  4  \  w,  w,  )’ 

(13d) 

»  =£a/il la.2u\ 

1  4  \  ui,  u»,  ) 

(13e) 

H=  ill t(w,C,/u;lC1). 

(13f) 

These  are  shock-Uke  solutions, 
centered  at 

with  the  shock  front 

x  *,-V  *t-ki  \«hc. 

)  •  (14) 

Figure  1(a)  shows  N2  vs  x  at  <  =  -130,  when  two  well-de¬ 
fined  shocks  are  still  visible.  Figure  1(b)  shows  .V,  at 
t  =  10,  after  the  two  shocks  have  collided  and  formed  a 
single  Ohsawa-  Taniuti  shock.  Note  that  the  time  re¬ 
versal  of  this  solution  gives  a  solution  of  Eqs,  (1)  with 
the  group  velocities  reversed.  The  time  reversed  solu¬ 
tion  describes  the  decay  of  an  Ohsawa  -  Taniuti  shock. 

The  analysis  for  »  =  4  is  similar.  We  now  have  six 
X’s  determining  possible  shock  fronts.  Depending  on 
the  relative  values  of  these  X’s  we  can  now  have  up  to 
three  shocks  present  simultaneously.  Thus,  we  can  have 
the  decay  of  a  single  shock  to  three  shocks,  or  the  co¬ 
alescence  of  three  shocks  to  form  a  single  shock.  The 
n  =  4  solutions  can  also  describe  the  scattering  of  two 
shocks  off  each  other  to  form  two  different  shocks. 


Away  from  the  shock  front,  one  of  the  two  exponentials 
dominates,  giving  an  equilibrium  solution  of  the  form  of 
Eq.  (12)  as  |x|-«. 

For  n  =  3  and  n  =  4  the  solutions  are  new.  These  solu¬ 
tions  describe  collisions,  decays,  and  coalescence  of 
Ohsawa- Taniuti  shocks.  First  consider  the  n=3  solu¬ 
tions.  We  take  (without  loss  of  generality)  kl<kt< k%. 
Then,  for  x  sufficiently  large  and  positive  we  may  ne¬ 
glect  the  terms  containing  exp(A,x  +■  wtf ).  So,  for  x  large 
and  positive,  the  n  =  3  solution  is  well  approximated  by 
a  single  shock,  with  shock  front  centered  at 


X,. 


(15) 


Similarly,  for  x  large  and  negative  the  solution  is  well 
approximated  by  an  n=  2  solution  with  shock  front  at  X„ 
given  by  Eq.  (14).  If  X,»XU  there  is  an  intermediate 
region  between  X,  and  X,  where  the  solution  is  well  ap¬ 
proximated  by  the  equilibrium  solution 

N,  =  o1CJdrt/(2u t,).  (18) 

The  solution  then  corresponds  to  two  well  separated 
shocks.  What  if  Xt  «X,7  That  implies  that  the  terms 
containing  exp(*,x  +  m/)  are  everywhere  dominated  by 
one  of  the  other  two  exponentials.  These  terms  can  be 
ignored  everywhere,  giving  an  n  =  2  solution  determined 
by  Clf  Wj,  *,  and  C„  ui„  k}. 

The  time  evolution  of  the  n  =  3  solutions  is  determined 
by  the  sign  of  the  expression 


at,  -  oj,  -  ai. 


(17) 


When  this  expression  Is  negative,  the  solution  is  a  single 
shock  for  t- -•>  and  a  double  shock  for  1- ■»,  corres¬ 
ponding  to  decay  of  an  Ohsawa- Taniuti  shock.  When 
(17)  Is  positive,  the  reverse  is  true,  giving  coalescence 
of  two  Ohsawa- Taniuti  shocks  to  form  a  single  such 
shock. 

In  Fig.  1,  we  show  die  time  evolution  of  an  n  *  3  solu¬ 
tion  corresponding  to  the  coalescence  of  two  shocks.  The 
group  velocities  are  w,  *  0,  vt*  -o,=  0.3,  with  the  solu¬ 
tion  given  by  the  parameters  *, »  - 1,  w,  >  1,  k, «  0.147, 
»  0.362,  k,  *  0.296,  <i>}  =  0.326,  and  C,  »  C,  ■  C,  •  1. 


IV.  STABILITY  OF  THE  SOLUTIONS 

Now  we  determine  under  what  conditions  our  solutions 
are  sensitive  to  a  small  change  in  the  initial  conditions. 
Let  the  perturbed  solution  be 

N^Nj'+W),  (18) 

with  SNj  «Ni0  initially.  We  want  to  know  whether  AN, 
remains  much  smaller  than  Nj0.  We  again  find  it  con¬ 
venient  to  work  with  the  bilinear  form  of  the  equations. 
Corresponding  to  Eq.  (18),  we  determine  a  ip0  +  6ip  from 
Eqs.  (5).  Since  8N«itf0  initially,  top  may  be  chosen  so 
that  Stp«ipa  initially.  From  Eqs.  (7)  it  is  clear  that  If 
Sip  remains  small,  then  S N  remains  small.  Conversely, 
from  Eqs.  (7)  it  is  clear  that  if  Sip  is  growing  exponen¬ 
tially  in  time  with  a  growth  rate  larger  than  that  of  p0, 
SN  does  not  remain  small.  So,  we  can  perform  our  sta¬ 
bility  analysis  directly  on  Eq.  (6). 

Substitute  ip=  ip0+  Sip  in  Eq.  (6),  with  ip0  of  the  form 
given  by  Eq.  (9),  and  linearize  in  Sip.  The  result  is  an 
equation  of  the  form 

£  £  f».(M„*,)exp(*,x*  0, 

(19) 


FIG.  1.  An  n  *3  solution  showing  coalescence  of  two  Ohstwa- 
Tanluti  shocks  to  form  a  single  such  shock,  (a)  The  amplitude 
of  St  before  coalescence  it  *-1301.  <b>  The  amplitude  after 
ooaleaoence  (f*  10). 
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(Alb) 


where  Is.  and  Qm  are  monomials,  and  the  subscript  m 
iiaWTs  the  different  terms  In  the  linearized  equation. 
Laplace  transform  In  t  and  x, 

n 

££  Pm(»J.*lXim  (/»-«>„*  -*,) 

■  !•( 

*«*(*-*,,/> -a>,)=0.  (20) 

Invoking  the  independence  of  50  at  different  points  we 
may  remove  the  sum  over  j.  Defining  p,  *  p  -  u>,  and 
k,  *  k-kj,  and  assuming  50(1,, />,)  *  0,  we  finally  obtain 

2  (2D 

* 

This  Is  exactly  the  same  as  die  consistency  condition, 
Eq.  (10).  When  a  closed  form  n-shock  solution  is  un¬ 
stable  to  a  perturbation  of  the  initial  conditions,  the  non¬ 
linear  evolution  of  the  instability  is  given  by  another 
closed  form  n-shock  solution. 

As  an  example  of  an  instability,  we  recall  the  n  =  3 
solutions  corresponding  to  decay  of  a  single  shock.  This 
describes  an  instability  of  the  Ohsawa- Tan  lull  solution. 

V.  CONCLUSION 

The  shock- like  solutions  of  Eqs.  (1)  discovered  by 
Ohsawa  and  Taniuti  have  been  found  to  be  a  special  case 
of  a  more  general  class  of  multi-shock  solutions.  These 
multi -shock  solutions  describe  decay  and  collisions  of  the 
Ohsawa- Taniuti  shocks.  Any  instability  of  such  a  multi- 
shock  solution  is  Itself  given  by  a  multishock  solution. 

The  numerical  work  of  Ohsawa,  showing  that  the  sin¬ 
gle  shock  solutions  evolve  from  a  variety  of  initial  con¬ 
ditions,  suggest  that  more  generally  the  multi-shock 
solutions  should  be  a  common  feature  in  those  systems 
where  instabilities  saturate  due  to  mode  coupling  of  ran¬ 
dom  phase  waves.  This  contrasts  with  coherent  three- 
wave  interact! mis ,  which  commonly  lead  to  multi-  soliton 
solutions.* 
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APPENDIX 

The  bilinear  form  of  Eqs.  (1),  presented  In  Sec.  □,  was 
obtained  using  a  method  of  Estabrook  and  Wahlquist,7  as 
further  developed  by  Corones,'  Kaup,*  and  Newell.10  Or¬ 
iginally  developed  in  connection  with  equations  having  an 
inverse  scattering  transform,  the  method  has  been  shown 
to  also  give  the  Cole-Hopf  transformation  for  Burgers’ 
equation.*  This  motivated  Its  application  to  Eqs.  (1). 

The  basic  idea  of  the  Wahiqulst-  Estabrook  method  as 
applied  to  Eqs.  (1)  is  to  embed  the  nonlinear  Eqs.  (1)  as 
the  consistency  condition  for  a  pair  of  linear  equations, 

,  (Ala) 


Here  <p  Is  an  auxiliary  vector  function  of  x  and  f,  and  P 
and  Q  are  matrix  functions  of  the  N/a.  The  condition 
for  consistency  of  Eqs.  (Ala)  and  (Alb)  is 


0I|  ~  <pu  3  0  , 

(A2) 

Pt-Qt+PQ  -vp*o. 

(A3) 

If  P  and  Q  are  given  functions  of  the  N/a,  (A3)  Is  a  par¬ 
tial  differential  equation  (in  general,  nonlinear)  for  the 
N/a.  Wewould  like  to  choose  the  matrix  functions  Rand 
Q  so  that  Eq.  (A3)  is  the  same  as  Eq.  (1). 

For  those  equations  which  are  exactly  soluble  by  an  in- 
verse  scattering  transform,  an  embedding  of  the  form 
(Al)  exists  with  a  free  parameter.  Equations  (Al)  then 
correspond  to  the  associated  eigenvalue  problem,  with 
the  free  parameter  corresponding  to  the  eigenvalue.  For 
Burgers’  equation,  the  embedding  leads  to  an  equivalent 
linear  equation.  Neither  of  these  is  the  case  for  Eqs. 

(1).  Nevertheless,  an  embedding  of  Eqs.  (1)  does  exist, 
and  it  leads  to  the  solutions  described  in  this  paper. 

This  suggests  to  us  that  the  Estabrook-  Wahlquist  meth¬ 
od  may  be  more  generally  applicable  than  its  original 
derivation  would  suggest. 

With  Eq.  (A3)  as  our  starting  point,  we  apply  the  chain 
rule 

***,*.♦  *%»„+*,,*,„  <A4a) 

,  (Aft) 

and  use  Eq.  (1)  to  substitute  for  N„.  The  resulting  equa¬ 
tion  contains  terms  with  N„.  Since  the  initial  value  of 
the  N/a  is  arbitrary,  we  demand  that  the  coefficient  of 


each  NfJ  vanish.  We  obtain 

v)Pn)  =  Qiijt  i  ~  1,  2,3  .  (A5) 

Taking  cross  derivatives  of  these  equations,  we  find 

viPh,i rt  =  (A8) 

Since  the  group  velocities  are  assumed  all  different,  Eq. 
(A  6)  implies 

(A7) 

or 

> 

P*12  gt(N,)*Z,  (A 8a) 

9- CA8b) 

/« i 


where  g,,  W,  and  Z  are  matrices  to  be  determined.  Sub¬ 
stituting  Eqs.  (A8)  back  into  the  consistency  equatioa,  we 
determine  thatg”  »  0,  so  thatg,  must  be  of  the  form 

g,=N,X,  +  N*r,.  (A9) 

where  we  have  absorbed  the  possible  constant  term  into 
W  and  Z.  Again  substituting  back  Into  the  consistency 
equation,  we  find  that  each  V,  must  commute  with  all 
other  matrices.  Sothe  V/s  can  be  set  to  zero  without 
changing  the  structure  of  the  matrix  algebra. 
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We  have  concluded  that  P  and  9  must  be  of  the  form 
£  XtNt*Z,  (AlOa) 

in 

(AlOb) 

!•  i 


Substitute  these  expressions  back  into  the  consistency 
equation,  setting  the  coefficient  of  each  term  in  the  re¬ 
sulting  polynomial  in  the  N/s  to  zero,  to  obtain  a  set  of 
commutation  relations.  To  simplify  the  expression  of 
these  relations  we  define 


iW,,  rt.x,. 


(All) 


Let 


[AB]*AB  -BA. 

In  terms  of  the  Y,'a  our  commutation  relations  are 

(»•-*,)[*.,* rA" 


1 


it/,  —  t/. 


[r„W]*c,[2,rjJ>  [W,2]  =  0.  (A  12) 


The  commutator  of  Ym  with  Z  or  W  is  not  determined. 
We  note  that  in  order  to  recover  Eqs.  (I)  from  Eqs.  (Al) 
and  (A10)-  (A12),  we  must  also  use  the  fact  that 
|ua  -  v  t  IN t  -  |r ,  -  r j  lAf,  is  a  conserved  quantity. 

We  now  close  the  Lie  algebra,  consistent  with  the  Ja-  . 
cobi  Identity 

[A,[B,C]]*[B,[C,A]]+[C,[A,B]]  =  0. 

This  step  involves  much  laborious  algebra.  We  did  the 
algebra  on  the  MIT  MC  computer,  using  MACSYMA.11 
Our  algorithm  was  to  define  new  elements  of  the  Lie 
algebra  equal  to  the  unknown  commutators,  evaluating 
all  Jacobi  identities  *t  '.»ch  step,  continuing  to  add  new 
elements  until  the  algebra  collapsed  back  down  and  then 
closed.  The  result  is 

[Y„Z\~-*XW,  [Y„Z]*-a,W, 


y. 


where  a,  has  been  defined  in  Eqs.  (5).  Note  that  the  al¬ 
gorithm  used  gave  us  the  largest  Lie  algebra  consistent 
with  Eqs.  (A12).  We  are,  therefore,  assured  that  there 
can  be  no  free  parameter  in  the  closure,  of  the  sort 
which  appears  when  an  inverse  scattering  transform  ex¬ 
ists. 


Having  a  closed  Lie  algebra,  we  now  easily  find  a 
3x3  matrix  representation. 


W  = 


'0  0  o' 

0  0  0 

1° 2 


z 


0  o' 
0  0 
0  0 


1  0  0" 
0-10 
0  0  1 


*2 


2  0  ~v2a2  0 

L  0  0  *V»a_ 


-3/(^0,)  0 

-v,a,  0 

0  rja,_ 


This  gives  us  the  desired  matrices  P  and  Q. 

Now  we  have  embedded  Eqs.  (1)  as  the  consistency 
condition  for  a  set  of  six  linear  equations  in  three  vari¬ 
ables.  Eliminating  two  of  the  variables  in  terms  of  the 
third,  we  obtain  Eqs.  (5).  Using  Eqs.  (1)  to  eliminate  the 
N/s  from  Eqs.  (5),  we  obtain  Eq.  (6). 
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THE  SOLUTION  OF  THE  GENERAL  INITIAL  VALUE  PROBLEM  FOR  THE  FULL 
THREE  OIMENSIONAL  THREE-WAVE  RESONANT  INTERACTION* 


O.J.  Kaup 

Dept,  of  Physics 
Clarkson  College  of  Technology 
Potsdam,  NY  13676 


The  general  initial  value  problem  for  the  full  three-dimensional 
three-wave  resonant  interaction  is  solved  by  inverse  scattering. 
The  existence  and  uniqueness  of  the  solution  is  established  when 
all  waves  have  a  positive  energy. 


I.  INTRODUCTION 

This  is  the  fourth  article  in  a  series  of  articles  on  the  three-dimensional  three- 
wave  resonant  interaction  (303WRI),  and  with  it,  we  complete  the  theoretical 
development  by  presenting  the  method  of  solution  for  the  general  initial  value 
problem.  This  series  was  initiated  shortly  after  Cornille'  developed  an  alternate 
set  of  integral  equations  for  solving  the  3D3WRI.  The  first  set  was  originally 
proposed  by  Zakharov  and  Shabat2.  What  was  significant  about  Cornille's  results 
was  that  he  had  started  from  the  scattering  problem  developed  by  Ablowitz  and 
Haberman,3  which  could  be  readily  cast  into  characteristic  coordinates,  which  then 
created  considerable  simplifications  in  the  required  analysis.  Using  his  results 
and  also  characteristic  coordinates,  we4  were  then  able  to  develop  a  method  for 
solving  a  special  class  of  initial  value  problems,  called  "separable  initial 
value  problems."  These  separable  problems  only  require  the  three  initial  profiles 
to  be  nonoverlapping,  which  Is  frequently  the  physical  situation.  In  this  first 
article.  It  was  not  necessary  to  consider  or  use  Inverse  scattering.  We  simply 
applied  CornilTs  results,  in  characteristic  coordinates,  to  solving  the 
separable  initial  value  problem. 

Now,  whenever  one  has  a  set  of  Integral  (inverse  scattering)  equations,  one  can 
usually  work  backwards  to  the  required  scattering  problem,  and  in  the  process 
determine  the  necessary  Integral  dispersion  relations,  and  thereby  what  analytical 
properties  are  required.  Once  one  knows  this,  one  can  restart  from  the  required 
scattering  problem,  and  since  one  now  knows  what  the  analytical  properties  must 
be,  one  can  rapidly  move  forward  to  solve  both  the  direct  and  inverse  scattering 
problem.  Our  initial  results®  on  this  were  presented  at  the  conference  on 
"Mathematical  Methods  and  Applications  of  Scattering  Theory"  at  Catholic  University, 
21-Z5  May,  1979,  wherein  we  were  able  to  derive  and  prove  almost  all  of  the 
ansatzs  required  by  Cornille.  In  the  process,  it  also  became  necessary  to  solve 
a  simpler  two-dimensional  scattering  problem  with  which  one  could  then  map  each 
separable  Initial  profile  Into  a  set  of  scattering  data.  Then  it  was  shown  that 
from  these  three  sets  of  Initial  scattering  data,  one  could  then  construct  the 
three  sets  of  scattering  data  required  for  reconstruction  of  the  final  profiles. 
Thus  it  was  now  possible  to  go  directly  from  initial  profiles  to  final  profiles. 

In  a  third  article,6  these  results  were  further  expanded  on  and  made  more  rigorous. 
In  addition  to  several  new  results.  Among  these  were  the  proofs  of  the  existence 
and  uniqueness  of  the  solution  for  this  simpler  two-dimensional  scattering 
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problem,  of  the  general  solution  of  the  three-dimensional  direct  and  inverse  scat¬ 
tering  problems  for  separable  initial  value  problems,  of  the  existence  and  unique¬ 
ness  of  the  solution  of  the  three-dimensional  inverse  scattering  equations,  closed 
form  solutions  for  the  scattering  data  when  the  initial  profiles,  as  functions  of 
the  characteristic  coordinates,  are  separable,  a  physical  interpretation  for  the 
scattering  data,  and  an  infinity  of  conserved  quantities,  of  which  only  the  first 
two  are  local  in  form.  Furthermore,  many  analogies  between  the  3D3WRI  and  the 
one-dimensional  three-wave  resonant  interaction'  (1D3WRI)  were  noted. 

Although  these  results  were  quite  comprehensive,  they  still  could  not  be  used  to 
address  the  general  initial  value  problem,  wherein  the  initial  profiles  could  be 
overlapping  (nonseparable) .  And  furthermore,  the  above  results  were  based  on  the 
assunption  that  a  solution  existed  globally,  in  that  all  profiles  remained 
integrate  and  square  integrable  for  all  time.  This  was  analogous  to  assuming 
that  a  solution  existed,  and  then  using  that  assumption  to  prove  that  the  solution 
existed.  Being  a  circular  argument,  one  could  thus  only  show  consistency. 

However,  the  tools  required  in  these  previous  results  were  exactly  those  required 
for  the  more  general  solution,  and  these  results  also  allowed  one  to  isolate 
precisely  those  items  and  methods  to  be  required  in  the  more  general  solution, 
which  is  finally  presented  in  this  article. 

Of  course,  it  is  well  recognized  that  the  Ablowitz-Haberman  scattering  problem, ^ 
and  Cornill's  results'  were  not  the  first.  Earlier,  Zakharov  and  Shabat2  had 
obtained  an  L  and  a  8  operator  for  the  3D3WRI,  and  based  on  this,  Zakharov8  and 
others9  have  obtained  closed  form  solutions  for  the  3D3WRI.  However,  it  just 
simply  happened  that  the  Ablowitz-Haberman’  form  could  be  most  conveniently  cast 
into  characteristic  coordinate  form,  and  we  cannot  overemphasize  the  fact  that 
this  is  itself  allowed  considerable  simplification  in  the  required  analysis. 

Then  when  we  move  on  to  the  general  initial  value  problem  herein,  we  find  that 
we  are  now  working  directly  with  the  Zakharov-Shabat  form,2  and  we  are  now 
solving  this  scattering  problem,  both  the  direct  and  the  inverse  scattering  parts. 
And,  armed  with  the  experience  from  the  previous  simpler  results,  the  solution 
can  be  rapidly  and  easily  obtained. 

In  Section  II,  we  treat  the  direct  scattering  problem  for  the  general  initial 
value  problem,  assenting  only  that  the  ini tial  profiles  are  integrable  and  square- 
integrable.  Here  we  find  that  there  are  eight  sets  of  fundamental  solutions 
(three  fundamental  solutions  per  set)  for  a  total  of  24  different  solutions.  Any 
one  of  these  eight  fundamental  sets  is  complete,  in  that  any  solution  to  the 
scattering  problem  can  be  expanded  In  terms  of  the  three  fundamental  solutions 
in  a  given  set.  The  analytical  properties  of  each  of  these  fundamental  solutions 
are  obtained,  reflection  and  transmission  coefficients  are  defined,  and  each  trans¬ 
mission  coefficient  is  shown  to  possess  a  unique  inverse.  As  a  consequence  of 
this  latter  property,  one  can  show  that  no  bound  states  exist  and  therefore  no 
soliton  solutions  exist  for  the  3D3WRI,  when  the  profiles  are  integrable. 

In  Section  III,  we  solve  the  Inverse  scattering  problem,  noting  first  that  there 
Is  a  very  large  number  of  possible  forms  to  choose  from.  Since  our  principle 
interest  here  Is  simply  to  show  that  the  solution  of  the  general  Initial  value 
problem  of  the  3D3WRI  does  exist  and  Is  unique,  we  shall  simply  arbitrarily  choose 
one  form  to  work  with,  ignoring  for  now  the  other  possible  forms.  We  then  obtain 
the  necessarily  linear  dispersion  relations,  prove  that  the  transformation 
kernels  exist,  obtain  the  Inverse  scattering  (Integral)  equations,  and  prove  that 
the  solution  of  these  Inverse  scattering  equations  exists  and  Is  unique  In  all 
cases,  except  for  the  explosive  case.  In  this  explosive  case,  at  least  one  of 
the  three  waves  must  be  a  negative  energy  wave,  and  it  is  known  that  the  singular 
solutions  can  then  evolve  from  nonsingular  solutions.8*9  Thus,  we  naturally  do 
expect  a  certain  lack  of  uniqueness  and  existence  of  the  solution  for  this 
explosive  case.  And  for  this  reason,  we  do  not  attempt  to  determine  just  exactly 
what  may  be  sufficient  conditions  on  the  Initial  data  for  an  explosive  case 
solution  to  exist  and  be  unique. 
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In  Section  IV,  we  give  some  concluding  remarks,  comparing  these  inverse  scattering 
equations  against  other  known  forms,5*6  and  noting  their  1ne<;ui valences.  Also, 
we  note  how  these  fundamental  solutions  are  related  to  those  presented  earlier,5*6 
and  how  one  may  determine  the  final  profiles  directly  from  initial  overlapping 
data. 

An  important  point  not  to  be  underemphaslzed  here,  is  simply  that  two  and  three 
dimensional  inverse  scattering  problems  are  indeed  doable.  Unknown  to  most  of  us, 
several  simple  two-dimensional  systems  had  already  been  solved  by  UP.  Niznik10 
including  the  wave  equation  and  the  two-component  Dirac  equation.  In  fact, 

Niznik  and  Tarasov11  have  also  obtained  some  results  related  to  the  same  problem 
as  we  shall  treat  here.  However,  in  their  short  note,  they  were  not  able  to 
give  any  proofs  or  derivations,  and  we  also  note  the  bounds  they  require  on  the 
potentials  to  be  more  stringent  than  ours.  However,  we  should  also  point  out 
that  these  two  different  investigations  of  basically  the  same  problem  further 
differ  in  two  other  aspects.  First  is  the  different  viewpoints  involved.  Niznik 
is  Interested  In  solving  the  inverse  scattering  problem,  and  formally  he  did  so. 
However,  for  us,  we  must  go  further  and  apply  the  inverse  scattering  procedure 
to  the  303WRI.  Second,  our  derivations  and  proofs  here  shall  differ  from 
Niznik's,  in  that  we  shall  approach  (2.1)  as  being  a  physical  scattering  problem, 
and  shall  derive  the  inverse  scattering  equations  from  the  analytical  properties 
of  the  fundamental  solutions  of  (2.1). 

And  finally,  as  further  proof  that  two  or  three-dimensional  inverse  scattering 
is  Indeed  doable,  we  simply  mention  that  Professor  Hanakoy1?  has  just  recently 
solved  the  Inverse  scattering  for  the  time  dependent  Schrodinger  equation,  which 
is  also  reported  in  these  same  proceedings. 


II.  THE  DIRECT  SCATTERING  PROBLEM 

4 

We  start  with  the  scattering  problem  in  characteristic  coordinates,  which  is 

Vi  =  V?k  *  {2Ja) 


Vk  *  YlVi 


(2.1b) 


where  1,  j,  and  k  are  cyclic  in  (2.1),  u  is  the  1th  component  of  the  solution, 
Yi  carries  the  sign  of  the  coupling  donstant  (yi  *  ±1),  and  q-j  Is  the 
envelope  (profiles)  of  the  ith  wave.  The  Integrabil 1ty-condition  for  the  six 
equations  contained  in  (2.1)  are  the  three  equations 


Vi 


Maj^k 


(2.2) 


with  1,  j,  and  k  still  cyclic.  In  (2.1)  and  (2.2),  3^  *  3/3xi  where  x<  is  the 
1tft  characteristic  coordinate.  These  coordinates  are  related  to  ordinary  space- 
time  coordinates  via 


3^  *  -3t  -  v^-$  ,  (2.3a) 

3^4  *  0  ,  (2.3b) 

where  vj  is  the  group  velocity  of  the  1th  envelope,  q^,  and  X4  is  simply  a  fourth 
coordinate  required  to  make  the  set  (xi.xp.xy^)  complete.4  Of  course,  the 
envelopes  In  (2.2)  may  depend  on  X4»  Put  since  differentiations  with  respect  to 
X4  never  occur,  we  then  simply  solve  (2.2)  at  any  fixed  value  of  X4-  Naturally, 
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we  assume  the  three  operators  to  be  linear  independent,  otherwise  (2.2) 

would  degenerate  into  the  1D3WRI.' 

In  References  5  and  6,  the  global  solutions  of  (2.1)  were  analyzed,  assuming  the 
profiles,  qj ,  q2»  and  qj  to  be  suitable  integrable  and  square  integrable.  Here, 
we  shall  seek  to  solve  (2.1)  at  a  fixed  value  of  t,  not  globally.  From  (2.3), 
we  have  that  the  characteristic  coordinates  are  related  to  time  via 


xi  +  Xj  +  xk  *  -t  •  (2.4) 

Thus  if  we  constrain  t,  only  two  of  the  characteristic  coordinates  remain 
independent.  We  shall  choose  the  two  Independent  coordinates  to  be  x<  and  xk 
(for  a  given  choice  of  i,  j,  k)  and  if  we  constrain  t  *  0,  then 


Xj(t*0)  =  -Xi  -  xk 


(2.5) 


In  order  to  constrain  (2.1)  to  t  =  0,  we  first  must  eliminate  all  3t's  from  (2.1) 
by  taking  the  proper  linear  combinations  of  the  six  equations  in  (2.1).  From 
(2.1)  and  (2.3),  one  can  obtain,  at  t  =  0, 


where 


Vi  -  V!*k '  YjVj 

(2.6a) 

( "  Wk  -  YiVi 

(2.6b) 

Vk  *  YiVi  - 

(2.6c) 

3k  •  (VV*  • 

(2.7a) 

3i  *  * 

(2.7b) 

are  simply  the  partial  derivatives  with  respect  to  xk  and  x,  when  <p  is  constrained 
to  be  on  the  surface  xi  +  Xj  +  Xk  *  0.  We  remark  that  (2.6;  and  (2.7)  and  all 
further  results  will  no  longer  be  valid  for  1,  j,  and  k  cyclic.  Thus  we  could 
easily  replace  1 ,  j,  and  k  by  1 ,  2,  and  3  at  this  point.  However,  simply  to 
emphasize  that  we  may  choose  1,  j,  and  k  to  be  any  combination  of  1 ,  2,  and  3,  we 
shall  continue  to  use  the  i,  j,  k  notation. 

A  general  solution  of  (2.6)  is 


*i(x1 

•  xk) 

•  »1<*1> 

+  / 

Xk 

^YjVj*rkqJV^xi  ,u^du  * 

(2.8a) 

*j(x1 

,xk) 

*  gj<x1+: 

<k}  + 

00 

/  (Y1q{*i-rkqi*k)(xk>xi-v,v)dv  , 

(2.8b) 

00 

xk 

*k(xi 

,xk) 

*  W 

♦  r 

^Yjq?l,lj"Yiqj'<'l^w,xk^dw  ’ 

(2.8c) 

xk 

where  gj,  gj,  and  gk  are  arbitrary  functions.  Since  (2.6)  is  linear,  we  may 
replace  eacn  g_(u)  by  a  plane  wave  or  zero.  There  are  three  ways  of  doing  this 
for  each  choice  of  the  limits  on  the  Integrals  in  (2.8).  We  define  the  I1" 
fundamental  solution,  of  (2.8)  by 
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icxi 

81(xi)  =  e 

(2.9a) 

.  9j  ”  h  0  » 

the  jth  fundamental  solution,  ,  by 

(2.9b) 

*1  *  9k  =  0  > 

(2.10a) 

-ic(x1-+xk) 

9j(xiV  *  e 

(2.10b) 

th  k 

and  the  k  fundamental  solution,  *  ,  by 

9i  =  9j  =  0  ■ 

(2.11a) 

icxfc 

9k(xk>  "  e 

(2.11b) 

At  this  point  we  shall  pause  and  describe  how  (2.6)  is  a  scattering  problem,  by 
demonstrating  that  the  solution  (2.8)  for  the  iit  fundamental  solution,  (2.9), 
contains  an  incident  wave,  a  transmitted  wave,  and  two  scattered  waves.  In  Figure 
1,  we  represent  the  three 'initial  separated  profiles  by  circles,  where 'the  arrows 
on  the  circles  indicate  the  direction  in  which  the  profiles  are  initially  moving. 
Then  by  (2.8a)  and  (2.9),  the  ii'i  component  propagates  along  the  vertical 
characteristics  <n  a  downward  direction  as  indicated.  For  values  of  x k  above  all 

profiles,  *  eKxi,  and  is  simply  an  incident  plane  wave.  (Note  that  the  wave 

vector  of  is  In  the  xi  direction,  while  V*i  propagates  in  the  xk  direction.) 

As  one  moves  down  the  characteristics,  when  they  intersect  the  potentials,  -Kj 
is  modified  by  the  interaction,  and  finally  emerges  at  the  bottom  as  the 

"transmitted  wave"  with  its  profile  no  longer  eii:x<,  except  where  the  characteris¬ 
tics  do  not  intersect  the  profiles.  Meanwhile,  due  to  the  interaction  of 
with  the  profiles,  (2.8b)  shows  that  some  will  be  created,  and  is  shown  in 
Figure  1  as  emerging  from  the  lower  right  of  the  interaction  region,  and  it  then 
propagates  along  its  own  characteristics.  Similarly,  (2.8c)  shows  that 
created  to  the  left,  propagating  along  the  horizonal  characteristics.  These 
latter  two  waves  are  "reflected  waves".  Naturally,  their  profMes  will  be 
determined  by  the  three  potentials.  And,  we  shall  show  how,  by  knowing  certain 
profiles  of  these  reflected  waves,  one  may  reconstruct  the  potentials. 

We  remark  at  this  ooint  that  there  are  8  different  ways  in  which  one  could  define 
these  fundamental  solutions,  depending  on  whether  one  chooses  +»  or  -»  as  one  of 
the  limits  on  each  of  the  Integrals  in  (2.8).  Each  possible  choice  will  give 
another  equivalent  set  of  fundamental  solutions.  Since  each  set  contains  three 
fundamental  solutions,  we  have  a  total  of  24  possible  solutions  to  consider.  For 
the  moment,  we  shall  only  consider  the  set  given  explicitly  by  the  limits  chosen 
in  (2.8).  First,  we  shall  analyze  the  analytical  properties  of  the 
fundamental  solution  of  this  set,  showing  that  it  is  analytic  in  the  lower  half 
c-plane  (LHP). 


We  define 


Pn(xVxk} 


"■{(x 


n'*1’*k 


>xJe 


1c(x1+xk) 


(n»1  ,.1,k) 


(2.12a) 


and 
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-  -Ictu-xJ  -  -ii(w-xk) 

-  /  duqj(u,xk)e  /  e  K  qkPJ-(u,w)dw  .  (2.12c) 

xi  xk 

Then  simple  substitution  of  (2.8b)  and  (2.8c)  into  (2.8a)  gives 
-  -ic(w-xk)  »  -idu-x.-) 

P1  =  P1  +  YiYk  T  dwe  qdx^w)  t  due  q.Pdu.w)  ,  (2.13 a) 

xk  *i 


and  similarly 

»  -ic(u-xi)  “  -Idw-xJ 

Pk  *  pk  +  y^  /  due  q.-(u,xk)  /  dwe  K  qtPk(u,w)  .  (2.13b) 

*i  *k 


Let  us  now  assume  that  the  profiles  at  t  =  0  may  be  bounded  as  follows.  Assume 
that  there  exists  a  function,  V(u),  such  that  at  t  =  0  and  for  the  initial 
profiles. 


|q^ (x^ »xk) i  <.  V(xi+xk)V(xk)  ,  (2.14a) 

l<lj(xi.xk)|  <  V(Xl )V(xk)  .  (2.14b) 

|qk(Xi  .xk}  I  iV(xi)v(Xi+Xk)  ,  (2.14c) 

with  V(u)  being  both  integrable  and  square  integrable  so  that 
/  (V(u)  +  V2(u)ldu  <  * 


Then  for  c  in  the  LHP,  it  follows  from  the  Neumann  series  solution  of  (2.13)  that 

'2'-'  i_  „m  •  )>15a) 


|Pi !  <  V(Xl)I0  /  duV(u)  /  dvVc( v)  ) p1 (u»v) | 
Xi  xk 

00  » 

|Pkl  i  v(xk) !q  !  duvz(u)  /  dvV(v)  |pk(u,v)| 
Xi  xk 


where 

I0  •  1 0(2az)  , 
a-  *  /  V2(u)du  , 

we  now  also  define 


(2.15b) 

(2.16a) 

(2.16b) 


/  V(u)du 


(2.16c) 
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and  I0(z)  is  the  modified  Bessel  function  of  order  zero.  Inserting  (2.12)  into 
(2. 15J,  "tor  t  in  the  LHP,  we  obtain 

lPil  '  du  “  dw|P  {u.w)|V(u4w)[V2(uW2V2(w)]  .  (2.17a) 

xi  xi 

lPkl  -  U2(xi)I0V(xk)  du  !  dw|P.(u,w)|V(u+w)[V2(w)+a2V2(u)]  ,  (2.17b) 

X1  xk 

as  bounds  on  P^  and  P^.  In  (2.17a),  the  function  U2  is  defined  by 

U2(u)  *  /  V2(v)d v  ,  (2.18a) 

u 

and  we  shall  later  also  require  the  function 

U.(u)  *  /  V(v)dv  .  (2.18b) 

u 

We  shall  now  use  (2.17)  to  find  a  bound  on  P^.  From  (2.8b)  and  (2.12a),  we  have 

m  <n 

|P.-1|  <  «2(1+a2)IoU2(xk)V(x1+xk)  /  1  du |Pj(u,w) |V(u+w) 

xk  xi+xk"w 

.  [V2(u)+V2(w)l  .  (2.19) 

It  now  becomes  convenient  to  consider  PJx^.Xt)  as  a  function  of  +  xfc  and  x.  . 
Thus,  we  define  J  1  *  1  K  K 

PjfxjiX)^)  =  Pj(x^  .xk)  .  (2.20a) 

where 

xi  *  X1  *  \  ‘  (2.20b) 

Then 

|Pj-1|  <^1^2>Wh)Vlxt)  1  du  ;  dw|Pj(w,u)|V(u)tV2(w)+V2(u-w)].  (2.21) 

xt 

the  Neumann  series  solution  of  which  gives 

|Pj-l  I  <  8V(xi)01(xl)02(xk)expf6a2U2(x4)3  .  (2-22) 

where 

S  *  2a2(1+a2)IQ  .  (2.23) 

Now,  Inserting  (2.20)  and  (2.22)  into  (2.17)  allows  us  to  obtain  the  bounds 

1  2  8a2 
lpj.l  -  ?  °}a2®  *(xi)'U2(xk^e 


(2.24a) 
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1  9  B&o 

lpkl  -Iala2S  V(xk)u2(xi)e  (2’24b) 

i  K(x<+xJ 

In  a  similar  manner,  one  may  show  that  the  derivative  of  *’e  with 

respect  to  c  is  also  bounded  for  c  in  the  LHP,  but  not  on  the  real  axis.  Thus 

we  then  have  that  ^Xi+V  is  an  analytic  function  of  c  for  ?  in  the  LHP 

when  (2.14)  fs  satisfied.  For  niV!^x*+x,()  to  be  analytic  on  the  real  axis,  one 
also  needs 

oo 

/  | u | V ( u)  <  -  ,  (2.25) 

-ao 

as  a  sufficient  condition. 

We  shall  now  discuss  in  general  all  24  solutions  mentioned  earlier.  Each  one  of 
these  solutions  may  be  represented  in  the  following  graphic  manner,  which  we 
shall  illustrate  with  the  above  solution.  For  convenience,  we  shall  assume  at 
t  «  0,  that  all  initial  profiles  are  on  compact  support,  and  thus  there  exists 
a  circle  In  the  xiXk‘P'ane  which  circumscribes  all  three  initial  profiles.  This 
region  of  the  xjXk*P1ane.tsha^  be  graphically  represented  by  O  •  Consider  now. 
the  above  solution  for  t|>V  From  the  bounds  given  by  (2.24a),  we  observe  that  ii/'j 
is  only  nonzero  for  x,  within  the  range  of  this  circumscribed  circle,  and  for 
Xk  within  the  circle,  or  below  it.  This  part  of  the  solution  may  be  graphically 
represented  by 


ft 

where  the  circle  represents  where  the  potentials  (initial  profiles)  are  located, 
and  the  three  vertical  lines  outline  the  region  where  is  in  general  nonzero. 
Similarly  from  (2.24b),  we  see  that  we  may  represent  4>jj  by 


and  from  (2.22),  we  may  represent  by 

V 

In  the  above,  one  notes  that  we  have  included  a  bold  heavy  straight  line 
opposite  the  triplet  of  lines.  This  line  will  be  used  to  represent  the  "incident 

-lc(xi+Xk)  ,• 

wave,"  which  for  this  solution,  is  the  e  part  of  Now,  one  should 

further  note  that  each  component  of  represented  above  has  different  charac¬ 
teristic  lines.  Thus  without  any  confusion,  we  may  superimpose  the  above  graphic 
representations,  obtaining 

% 
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as  a  graphic  representation  of  the  above  solution  for  Similarly,  the 
solution  for  #  ,  defined  by  (2.9),  differs  from  the  above  only  in  the  positioning 
of  the  bold  line,  and  thus 


— 


graphically  represents  solution  u*1.  (Compare  with  Figure  1.) 


Likewise, 


graphically 


In  addition  to  the  above  three  fundamental  solutions,  one  may  define  21  additional 
fundamental  solutions  (not  independent).  They  differ  from  the  above  In  the 
positioning  of  the  triple  lines,  and  also  occur  in  sets  of  three.  Inside  each 
set,  each  solution  differs  from  the  other  two  only  in  the  positioning  of  the  bold 
(Incident)  line.  The  graphical  representation  of  all  24  of  these  fundamental 
solutions  is  given  in  Fig.  2.  In  Fig.  2,  and  from  now  on,  we  have  expanded  our 
notation  for  these  fundamental  solutions  by  adding  another  superscript  to  *,  and 
thus  the  solution  Is  designated  by  *nr  (n  =  1,2,..., 8  and  r  *  i,j,  or  k).  The 
first  superscript  simply  denotes  which  triplet  of  fundamental  solutions,  and  the 
second  one  refers  to  which  choice  of  the  g's,  given  by  (2.9)  -  (2.11),  are  made. 
One  should  note  that  g>6r  is  the  set  of  fundamental  solutions  given  by  (2.8),  and 
i|>" J  is  that  fundamental  solution  whose  analytical  properties  we  explicitly  worked 
out.  Note  that  in  the  upper  right  corner  of  each  graphic  representation,  we  have 
placed  either  a  U,  R,  or  L.  The  U  Indicates  that  the  solution  is  analytic  in  the 
upper  half  plane  (UHP),  the  L  indicates  analytic  in  the  LHP,  and  the  R  indicates 
that  the  solution  in  general  only  exists  for  c  real.  As  we  have  already  seen, 
note  that  is  Indicated  to  be  analytic  in  the  LHP. 


We  shall  now  proceed  to  define  a  scattering  matrix  for  each  of  the  eight  triplets 
of  fundamental  solutions  represented  in  Fig.  2.  We  define  a  set  of  p's  by 


i/lj,r(c;x1»xk-*±*)  */  1  » 


nr,  .  *  dx  nr,  n/U(xiV 

11m  •  (c.XfjxJ  *  /  ^Pj+U,*)e 

x^XfcTfr  J 

00  i  Xy 

.hr,..  ,  r  dx  nr,.  .»  *k 

♦t,  U^rtr.xJ  *  /  27  p^+U.xJe  . 

••  — 


(2.26a) 

(2.26b) 

(2.26c) 


where  in  (2.26),  n  *  1,2,. ..,8  and  r  «  1,  j,  or  k.  Note  that  as  defined,  for  any 
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T1g.  2  -  Graphic  representations  of  all  twenty-four  fundamental  solutions.  The 
bold  line  indicates  the  direction  of  the  Incident  wave,  the  circle,  the 
region  of  the  Initial  profiles.  The  sets  of  three  para!'el  lines 
Indicate  the  noniero  regions  of  any  reflected  wave  or  the  shadow  region 
of  the  transmitted  wave.  The  symbol  to  the  left  designates  the  set  of 
fundeawntal  solutions,  while  the  corresponding  value  or  r  Is  given  across 
the  top.  The  symbol  In  the  upper  right-hand  corner  of  each  graph 
Indicates  that  the  solution  Is  analytic  In  the  upper  half  plane  (U), 
lower  half  plane  (l),  or  Is  only  bounded  along  the  real  axis  (R). 
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fixed  n  and  r,  two  of  the  p's  will  be  zero,  and  one  will  be  the  identity, 

I  *  2it«(;-a).  For  example,  from  Fig.  2,  we  see  that  for  tii11,  41] 1  *  ei!xi 
.11  _  „  -  ,11 


for  xk  -*-« .  '  *  0  as  x<  -  x, 

l1  *  I  and  JpJ1.0.pk  k 


*  0  as  x,  ■  x,  -*—■  and  *. 


1 

-®.  Thus  we  have 


k-  ‘ 


From  (2.6),  one  can  derive  a  conservation  law,  which  is 

51(Vk*k  -  Wj}  '  ak{Y1*i*l  *  Yjty  ’  °* 


(2.27) 


where  4>  and  *  is  any  two  solutions  of  (2.6).  If  we  Integrate  (2.27)  over  the 
entire  xiXk'P1ane,  using  (2.26)  to  determine  the  contributions  from  the  boundaries 
(at  infinity),  one  obtains 


/  mr  nst  mr  nst, 
k'pk+°k+  '  pk-pk-  5 


yj(p 


mr  nst 
j+Pj+ 


mr  nst, 
pj-pj-  5 


-  Y 


mr  nst 
i'p1tpi+ 


mr  nst, 
°1-p1-  } 


*  0 


(2.28) 


We  have  introduced  a  convenient  condensed  operator  notation  in  (2.28),  which  we 
shall  use  frequently  hereafter.  In  this  notation,  a  product  such  as  op  simply 

means  /  o(c,x)p(x,c' ) ,  p+(c,c')  *  p*(t' ,c),  I  *  2*«(c-c'),  etc. 

One  consequence  of  (2.28)  is  that  any  triplet  of  fundamental  solutions  shown  in 
Fig.  2  Is  a  complete  set  of  functions,  by  which  any  solution  of  (2.6)  may  be 
expanded.  As  an  example,  we  will  expand  4i6r  in  terms  of  *Zr.  In  general  we 
would  have  (in  the  condensed  notation) 

4>6r  *  ap21  +  b*2-*  +  c*2k  .  (2.29) 


To  determine  the  matrices  a,  b,  and  c,  we  proceed  as  follows,  referring  to  Fig.  2. 
As  xk  —•  with  x^.  fixed,  only  *2k  *  e1?Xi  Is  nonzero,  while  *  pj£  .  eiXxi. 

Thus  we  have  c  *  p®J\  Similarly  considering  and  x^  -  gives 


rf6r  6r  21  6r,2j  .  6r.2k 

*  ’  Pi-*  +  Pj+*  +  Pk.* 


Likewise,  we  expand  *2r  In  term  of  ^ r ,  obtaining 


(2.30a) 


,  2r 


*  6j 
+  pj-* 


2r,6k 


+  Pk+* 


(2.30b) 


Tn  order  for  these  states  to  be  complete,  we  must  be  able  to  Insert  (2.30b)  into 
(2.30a),  and  obtain  *6r  *  t(«jl)<i6s.  This  does  indeed  occur  due  to  (2.28)  and 

these  states  are  therefore  complete.  The  proof  Is  simple  straightforward  algebra 
except  for  one  point.  And  that  is  that  (2.28)  for  n  *  1,2,3,  or  4  and  for  m  *  n  ♦ 

4,  gives  that  Pj^,r+  Is  related  to  either  p"*  or  p"f;  Thus  to  prove  the  above, 
one  needs  the  n  «  2  and  m  ■  6  forms  of  (2.28),  as  well  as  the  n  ■  6  ■  m  forms. 

Lastly,  we  need  to  point  out  that  the  asymptotic  form  of  *nr  as  |c|  ♦  •  is 
exactly  as  one  would  expect,  when  ;  is  constrained  to  the  region  where  <i>nr  is 
bounded,  as  indicated  by  the  letters  in  Figure  2.  For  example,  directly  from 
(2.8)  and  (2.10),  one  can  verify  that 
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(2.31) 

|c|  In  the  LHP.  Furthermore, 

and  that  in  general 

one  finds  this  result  to  be  independent  of 

(2.32a) 

(2.32b) 

.nk  ‘^?xk  .k  .. , 

*r  e  *  «r  +  o(l )  , 

(2.32c) 

as  jc|  +  «  in  the  appropriate  half-plane  or  on  the  real  axis. 


II.  THE  INVERSE  SCATTERING  PROBLEM 

As  emphasized  earlier,  there  is  an  almost  infinite  number  of  sets  of  inverse 
scattering  equations,  most  of  them  possibly  inequivalent,  in  that  one  cannot  (at 
least  easily]  transform  one  set  into  another.  This  large  number  was  noted  first 
by  Cornille.1  The  manner  in  which  one  set  differs  from  another  is  in  the  set  of 
reflection  coefficients  chosen  to  be  used.  As  an  analogy,  in  one  dimensional 
scattering  one  may  Invert  about  either  the  right  or  the  left,  with  each  choice 
giving  an  Inequivalent  inverse  scattering  equation,  since  each  equation  uses  a 
different  reflection  coefficient.  The  situation  here  is  analogous,  except  that 
we  now  have  three  dimensions  and  a  greatly  expanded  number  of  possible  choices. 

A  general  formula  for  deriving  Inverse  scattering  equations,  and  the  one  that  I 
have  almost  always  used  is  the  following.  First,  one  analyzes  the  analytical 
properties  of  the  fundamental  solutions  of  the  scattering  equations,  define 
reflection  coefficients,  and  locate  all  identities  that  they  satisfy.  This  is 
the  direct  scattering  problem  and  was  done  here  In  Section  II  for  the  303WRI. 
Second,  one  determines  what  Integral  dispersion  relations  that  a  chosen  Independent 
set  of  these  fundamental  solutions  satisfy.  Once  one  has  this,  one  actually  at 
this  point  has  a.  solution  to  the  inverse  scattering  problem,  because  from  these 
equations,  one  could  reconstruct  the  chosen  set  of  fundamental  solutions  and  from 
the  asymptotic  form  of  these  solutions  as  |c|  -*•  «,  one  can  recover  the  potentials. 
However,  existence  proofs  and  other  things  are  easier  done  using  Integral  equa¬ 
tions,  so  we  then  usually  transform  these  dispersion  relations  into  integral 
equations.  These  are  actually  equivalent.  One  is  just  the  linear  Fourier 
transform  of  the  other. 

So,  we  then  have  to  do  two  additional  steps.  The  third  step  is  to  find  a  set  of 
"transformation  kernels"  for  the  fundamental  solutions.  Usually,  consideration 
of  the  analytical  properties  of  the  fundamental  solutions  allows  one  to  easily 
guess  a  proper  form,  and  a  proof  of  their  existence  directly  follows.  Then 
finally,  the  fourth  step  consists  of  simply  of  substituting  the  expressions  for 
the  fundamental  solutions,  in  terms  of  the  transformation  kernals,  into  the 
linear  dispersion  relations,  and  upon  taking  a  Fourier  transform,  one  obtains 
the  linear  Integral  (Inverse  scattering)  equations. 

So,  proceeding  according  to  the  above  formula,  we  next  select  a  set  of  Independent 
fundamental  solutions,  and  proceed  to  determine  their  linear  dispersion  relations. 
Arbitrarily,  we  shall  select  the  set  to  work  with.  Even  though  we  have 
selected  a  set  to  work  with,  here  one  still  needs  a  little  ingenuity  to  find  the 
proper  expressions,  due  to  the  large  number  of  states  present.  First,  let’s  note 
that  to  derive  these  dispersion  relations,  one  basically  is  only  using  Cauchy’s 
theorem.  Thus  one  must  be  able  to  extend  (or  at  least  a  part  of  each)  these 
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fundamental  solutions  into  the  UHP  and  the  LHP.  This  is  best  illustrated. by 
example.  1  exists  in  general  only  for  real  c.  We  note  that  *51  and  ^3i  are 
both  analytic  in  the  UHP.  But  *5’  has  the  incident  beam  (the  bold  line  in  Fig. 
2)  orientated  the  same  as  .  Thus  if  we  expand  4151  in  terms  of  the  set  *6r, 
we  find 


.61  .  ,51 


51, 6  j 
PJ-* 


(3.1a) 


,51 


We  want  this  form  because  n>  cap  be  extended  into  the  UHP.  For  the  LHP,  we 
expand  p'1  in  terms  of  the  set  *  ,  obtaining 


,61 


,71  71,6k 

*  -  Pk+* 


(3.1b) 


i.6  j 


For  the  +  J  solution,  since  it  is  already  analytic  in  the  LHP,  we  only  need  a 
form  for  extending  a  part  of  it  into  the  UHP.  Inspection  of  Fig.  2  shows  that 


we  want  to  use  *'3,  which  gives 

,  6  j  ,  1  j  lj,6k_  1161 

^  ”  a  ^  •  p  ^  P  ]  * 

6k 

And  to  get  *  into  the  LHP,  we  will  use 


(3.1c) 


,6k 


,3k 


3k, 61  3k ,6 j 

ni+*  -  Pj.« 


(3. Id) 


Now,  simply  applying  Cauchy's  theorem  to  each  fundamental  solution,  using  the 
asymptotic  forms  given  in  (2.32),  we  obtain  the  dispersion  relations 


*6i-'iCXi  - 
r 


iC'e  a  t'r  '  6(xi)pjl*r^  +  ^xi^pk+*rk  ’ 


6jai?(xi+xk)  ,  J  r,  u  1.1,6k  .  1  j  61. 

*  -  6(-Xi-xk)  (ok;*r  +  Pi>r  1  . 


*r  e 


(3.2a) 

(3.2c) 

(3.3a) 

(3.3b) 


where  the  singular  operators  G(u)  and  S(u)  are  defined  by  (for  e  ♦  0+) 

-■‘U’u 

G(u:c,c')  *  i  . 

«  #*U'u 

S(u;;.c')  -  1  -fc+u  • 

This  completes  the  second  step. 

For  the  third  step,  we  seek  to  find  a  set  of  transformation  kernals.  Consideration 
of  the  analytical  properties  of  ij,6r  simply  suggests 

e  UXl  «  «J  +  f"  ^“uJ^Six^XfcWs  +  /“  e'l!SL®i(s;x1,xk)<is  ,  (3.4a) 


,6J.1t(x1+xk)  -j  “  -i?s, 6j, 

*r  e  *  ♦  /  e  ”  LrJ(s;Xl,xk)os  » 


6k/*?xk  .k  m  1;s..6k,  ,  . 

■4r%e  Ur  <S5x1  -xk)«*» 


*r  e 


(3.4b) 

(3.4c) 


where  the  U's  and  the  L's  are  the  transformation  kernals.  We  must  now  prove  that 
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the  assumed  U's  and  L's  do  exist.  To  do  this,  we  require  (3.4)  to  satisfy  (2.6). 
This  then  gives  us  the  series  of  equations 


Uj'ti— )  *  o  »  U®’(s-)  , 

(3.5) 

>*“?  ■  vj"k‘  -  >Auj'  • 

(3.6a) 

-  »,<■;“?'  . 

(3.6b) 

■  -'.v?  -  vi’?  • 

(3.6c) 

L^(s=0)  -  Uji(s=0):*  v^qj  . 

(3.7a) 

L® 1  (s*0)  -  U®1  (s=0)  =  , 

(3.7b) 

Lj^(s=“)  *  0  =  L^(s=»)  , 

(3.8) 

3kLf  “  \qjLk  ‘  YjqkLj1  ’ 

(3.9a) 

( V8r*$)Lj<  “  YkqiLk’  '  YiqkLi 1  * 

(3.9b) 

(3i+3S)Lk1  =  WjLV  *  • 

(3.9c) 

L^(s— )  *  0  -  L^(s=») 

(3.10) 

L1i(s-0)  ’  Yj«k  * 

(3.11a) 

L®j(s.°)  -  vjqf  , 

(3.11b) 

(3k*3s)L1J  ■  vrf*  *  YjqkLj1  * 

(3.12a) 

(3k*3i)Ljd  ’  ViLkJ  -  YiqkLiJ  * 

(3.12b) 

(31*3s)LkJ  *  YiqjL1j  *  Yjq?LjJ  • 

(3.12c) 

U®k(s— )  *  0  *  U®k(s«.)  , 

(3.13) 

U®k(s-0)  -  -vkqj  . 

(3.14a) 

Ujk(s«0)  «  -rkq1  . 

I"?1  ■  Tkqf("  -  Tjqk0«  . 

(3.14b) 

(3.15a) 

(3.15a) 
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<YV3s)uf  -  Vrf  *  *i«ku?  •  (3-15b> 

3iuf  *  Vju?  *  wf  ■  <3-i5c> 

The  above  equations,  (3.5)  -  (3.15)  only  insure  that  (3.4)  satisfies  (2.6).  In 
order  that  (3.4)  give  the  solution  *i6r,  and  not  another  set,  we  must  also  require 

U®r(xk»«)  *  0  *  L®r  (xk*»)  .  (3.16a) 

Ujr(xk-x.j*«)  *  0  »  Ljr(xk-xi*")  .  (3.16b) 

Ukr(Xi=»)  *  0  *  L®r(Xi=-)  .  (3.16c) 

One  may  now  turn  (3.6),  (3.9),  (3.12),  and  (3.15)  into  integral  equations,  usinq 
(3.5),  (3.7),  (3.8),  (3.10),  (3.11),  (3.13),  (3.14),  and  (3.16)  for  the  boundary 
conditions.  This  gives 

U if  *  /(y^U®1  *  YkqtU®il(s;x1,xk+v)dv  ,  (3.17a) 

U®1  3  'My^U®*  -  Y1qJU®1'](v;xrv+s,xk+v-s)dv  ,  (3.17b) 

U®1  *  -Y^qjtx^+s.Xij)  “/^(Y^q jL®1  -  Yjq*L®1l(v,xi+s+v,xk)dv 

-  '  Yjq^U®f](v;xi+s-v,xk)dv  ,  (3.17c) 

L®*  3  ;0^jqkLj1  *  ’'fk<,jLk1^s’x1’xk+v^dv  ’  (3.18a) 

L®1  3  Yiqj[(x1-s,xk*s)  -  Mr^uJ1  -  WfKv^-s-v.x^s+vidv 

-  /Q[Ykq1L®1  -  Y1qjb®1](v;x1-s+v,xk+s-v)dv  ,  (3.18b) 

If  *  -7  tv^jL®1  *  Y<jq|l-®1)(v,x1+v-s,xk)dv  ,  (3.18c) 

Lij  *  YjV*i'xk+*)  'VVjLkj  •  YALjJj(v;xi*xk+s'v)dv  •  (3-19a) 

L®j  *  7QtY^qkL®^  •  YkqiL«](s;x1-v.xk+v)dv,  (3.19b) 

l®1*  «  Y^(xf^.xk)  ♦  /  ^jq*Lj'3  *  fjqjL®'1I(v,xi+s-v,xk)dv  ,  (3.19c) 

U®k  *  -Ykqj(x^»xk+s)  +  /^tYjqjjO®*1  -  YkqjUkk]  (vix^Xk+s-vJdv  ,  (3.20a) 

Ujk  *  -VMxrs’xk*s>  +  -  Ykq1u5kl(v;  X^s^.x^s-vjdv  ,  (3.20b) 

ujk  *  VV^r  *  Y1qjuf](s;x1+v.xk)dv  .  (3.20c) 
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Note  that  (3.17)  and  (3.18)  is  a  coupled  set  of  equations.  By  techniques  almost 
identical  to  those  used  in  Section  II,  one  may  show  that  the  Neumann  series 
solutions  of  the  above  exist,  and  therefore  the  kernals  defined  in  (3.4)  do  exist. 

We  are  now  ready  to  obtain  the  Inverse  scattering  equations.  But  first,  we  shall 
remark  on  the  time  dependence  of  the  scattering  data.  From  (2.1),  (2.3),  and 
(2.26),  one  obtains 


„  nr  _  nr 

Vi±  *  0  *  3tpk+  • 

(3.21a) 

(3t+ix)p^(c,x)  »  0  . 

(3.21b) 

From  (3.21b),  one  finds 

nr  -iAfXj+xJ  nr  iX*i 

Pj+(t;c,x)e  1  k  =  Pj+(0;c,x)e  J  . 

(3.21c) 

As  a  consequence  of  (3.21c),  we  may  now  replace  the  term  on  the  left-hand  side 
of  (3.21c)  wherever  it  occurs,  with  the  right-hand  side,  provided  we  interpret  all 
p's  as  those  at  t  a  0.  This  will  be  a  minor  simplification  in  the  following 
inverse  scattering  equations,  but  more  important,  it  allows  us  to  immediately 
write  them  in  a  form  valid  for  all  t.  To  obtain  these  equations,  we  simply  sub¬ 
stitute  (3.4)  into  (3.2),  and  upon  taking  a  Fourier  transform,  one  obtains 


U®1  (s)  +  6^F^(x1+S.Xk)  +  /0FS(x^,Xk+v)U6rk(v)dV  »  0 
lJ^s)  +  ^i(xrS,Xj)  +  /V’(Xi-s,Xj-v)L®j(v)dv  «  0 

LJj(s)  ♦  4®xrs,*k)  ♦  «>U(Xj-S»xl) 

+  ;ndV  R^(xj*S,xk+v)Urk(v)  | 


♦  ^(Xj-s.Xi+vjuJV)  =  0  , 
♦  F1ii(xj-s,xrv)L5i(v) 

»?(•)  +  5JFik(Vs>x1)  +  4rFj-(xk+S,x3) 


+  /  dvf  F^k(Xk+sfX^+v)U®^(v) 


+  Ff>(xk+S .Xj-vJL®1 (v)  *0 

♦  Fj3.k(xk«,Xj-v)LjJ(v 


(3.22a) 


(3.22b) 


(3.22c) 


(3.22d) 


pnrfu.v)  «/"  Jj  tm  g  e*l5U  o^(0;C,A)e1Xv  .  (3.23) 

p4*  ••  — 

In  (3.22),  we  have  six  different  kernals  (the  F's);  however,  only  three  are 
Independent.  From  the  m  *  7  and  n  *  3  form  of  (2.28),  one  finds 
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7i 

3k+ 


3kt 


Wl  + 


(3.24a) 


from  the  m  *  5  and  n  *  1  form,  one  finds 

5i  _  ljt 
j-  ri'jn+ 

and  from  the  m  *  1  and  n  s  3  form  we  have 

Ij  3k+  3kt  lj„  n 

pi*pi+  *  Y1Yjpj-  ‘  Wk+  =  0  • 

Thus  from  (3.23)  and  (3.24)  we  have 
*-)  *  ^y/S^v.u)  , 

F^(u,v)  *  VjF|f(v,u) 


F^(u,v)  »  -Ykrki'(v*“)  *  YiYj  s  dsFp;(u,s)F(J"(v,s) 
leaving  only  F?k,  F^,  and  f!^  as  independent. 

A  proof  of  the  existence  and  uniqueness  for  the  solution  (3.22)  is  fairly  easy  to 
do. 

For 

the  identities  in  (3.25),  it  is  fairly  easy  to  show  that  the  homogeneous  solution 
of  (3.22)  must  satisfy 


pi  j* 


3k, 


(3.24b) 

(3.24c) 

(3.25a) 

(3.25b) 

(3.25c) 


,  except  in  the  explosive  case  (y,  =  Yk  a  y<  *  +  1 j,  which  shall  not  handle  here, 
r  a  proof,  we  need  only  to  show  tnat  (5.22)Jhas“no  homogeneous  solutions.  Using 


S  ds 
0 


Y.luJW  +  Yf  11^(5)  I2 

-Yk|uJk(s)|2  -  YjlL^ts)!2)  «  0  • 


(3.26) 


Now,  only  in  the  explosive  case  will  all  the  y's  be  the  same  sign.  In  this  case 
(3.26)  tells  us  nothing  important.  The  only  other  case  is  when  one  of  the  y's 
differs  in  sign  from  the  other  two.  Let  this  y  be  designated  as  y..  Then  (2.26) 
shows  that  only  the  trivial  zero  solution  exists.  Therefore  for  y]  *  -y<  =  -y^, 
the  solution  of  (3.22)  will  be  unique.  (This  is  no  real  restriction,  since  we 
may  Initially  designate  any  one  of  the  three  waves  to  be  the  ith  wave.)  The 
reader  should  note  that  Nlznlk's  statement  in  Ref.  11  that  these  systems  are 
always  solvable  is  valid  in  general  only  for  the  nonexplosive  cases,  unless  further 
restrictions  are  placed  on  the  scattering  data.  This  is  because  we  have  a 
counterexample.  In  that  for  the  explosive  case,  the  profiles  can  initially 
satisfy  (2.14),  but  can  become  singular  as  it  evolves  In  time.8,9 

This  concludes  this  solution  of  the  general  initial  value  problem  for  the  3D3WRI. 
From  the  arbitrary  initial  data  at  t  *  0,  satisfying  (2.14),  one  solves  (2.6)  for 

the  o's  defined  In  (2.26),  of  which  one  really  only  needs  p2k,  o1^.,  and  p]£  for 

this  solution.  Then  one  constructs  the  F's  as  In  (3.23),  solves  the  linear 
Integral  equations,  (3.22),  with  the  potentials  being  recovered  from  Eqs.  (3.7), 
(3.11),  and  (3.14). 

We  remark  that  the  F's  may  be  obtained  directly  from  (2.6).  For  example,  define 
f1j(u;xi.xk)  *  f  e'*!U  *^(4‘>X1iXk)  • 


(3.27) 


! 
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which  is  a  solution  of  (2.6)  satisfying  the  initial  condition 


lim  yJ.J(u;|v-L,-jV+L)  *  «“*i(u-v) 


Then  from  (2.26),  we  have 

F|f(u,v)  »  f]'f(u;v,xk  -  +  -)  ,  (3.29a) 

Fkf(u,v)  =■  fkj(u;Xi  ♦  +  »,v)  .  (3.29b) 

3k 

Similarly,  one  could  also  obtain  F.+(u,v). 

IV.  CONCLUDING  REMARKS 

In  an  earlier  work,®  we  had  obtained  the  inverse  scattering  solution  for  separable 
initial  data  assuming  global  properties  on  the  solution.  The  inverse  scattering 
equations  presented  here,  (3.22),  are  not  equivalent  to  those  in  Ref.  6  [Eq.  (45)]. 
The  truth  of  this  statement  shall  become  clear  shortly.  First,  we  want  to  relate 
the  fundamental  solutions  used  here  with  those  of  Ref.  6.  We  do  this  by  expandlnq 
the  *n  fundamental  solutions  of  Ref.  6  [defined  by  Eq.  (7)],  in  terms  of  \p6r . 

Thus  we  have 


,n  „n,6i  .  ,n,61  .  n.6k  ,, 

*  *  V  .  ♦  aj*  J  ♦  ak*  .  (4.1) 

To  determine  the  coefficients,  we  proceed  as  follows.  From  Fig.  2,  we  have  at 
t  *  0,  as  xk  *  +  *«  xi  fixed  [and  therefore  by  (2.4),  *j  *  -  »] ,  that  only  i);6''  is 
nonzero.  Thus  In  this  limit,  if  we  consider  the  itfl  component  of  (4.1)  we  find 

4»"(cix1  .-»•*•)  *  /  f7aJ(c.A)eUXl  .  (4.2) 

From  Iqs.  (25)  and  (A5)  of  Ref.  6,  we  can  evaluate  the  left-hand  side  of  (4.2), 
obtaining 


where  the  u's  were  defined  In  Ref.  6.  Similarly,  one  also  finds 
aj  *  ukj  * 


(4.3a) 


(4.3b) 


giving 

n  _  n  ,61  ,  n  ,6j  ,  n  ,6k 

*  *  +  wkj*  *  u1k*  •  <4-4) 

Of  course,  the  u's  are  unknown  when  we  do  the  general  initial  value  problem,  so 
we  now  seek  to  see  how  well  we  may  determine  them.  To  do  this,  we  consider  (4.4) 
In  the  limits  opposite  to  those  used  to  obtain  (4.3).  Specifically,  we  consider 


*!J,(x^«+»*)»  *j(xj»*t+)»  and  *k(xk>-,+).  Then  we  have 


n  _  n  61  .  n  6j  .  n  6k 
WJ1  wk1°1-  wkjB1-  uikBi-  ’ 


(4.5a) 


I 
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n 

wij 

n  6i  .  n  6j  .  n  6k 
-  wkipj+  +  ukjpj+  +  pikpj+  * 

(4.5b) 

n 

v)k 

„  n  6i  n  6j  .  n  6k 

ukipk-  +  ukjpk-  +  pikpk-  • 

(4.5c) 

Using  the 
solve  for 

identities  satisfied  by  the  u's,  Eqs.  (A9)  -  (A15)  of  Ref. 
the  p's  in  terms  of  the  u's  and  v's.  This  gives 

6,  we  may 

6i 

°1- 

_  1+/T  i  j  k  ,  i 

'  pki(I  *  vkjvikvj>ji  • 

(4.6a) 

61 

Pj* 

3  ukivkjvij  * 

(4.6b) 

6i 

pk- 

-kt  k  k 

*  *YiVjivikujk  • 

(4.6c) 

•S 

j+  j  "i  + 

-  YiYjwkjvijvkj  * 

( 4 . 6d ) 

•s 

_  j+  j 
aukjpij  • 

(4.6e) 

•s 

*  4  ' 

(4.6f) 

6k 

p1- 

"  *4vjiuji  * 

(4.6g) 

6k 

PJ> 

■4  • 

(4.6h) 

6k 

pk- 

■44  • 

(4.61) 

As  was  the  convention  In  Ref.  6  a  wavy  line  over  any  quantity  indicates  that  it 
is  that  quantity  for  the  final  profiles  (t  *  +  »),  while  those  without  wavy  lines 
over  them  are  those  for  the  distant  past  ("asymptotic  initial,"  t  -*•  -  »)  profiles 
Note  that  (4.6f)  and  (4.6h)  gives  us  directly  a  v  and  a  0.  If  we  now  make  use  of 
some  of  the  many  identities  in  (2.28),  from  (4.6)  one  can  then  show  that 

11 

°j+ 

*  4  * 

(4.7a) 

3k 
p1  + 

*  4  ’ 

(4.7b) 

6j 

°k- 

*  4  * 

(4.7c) 

and 

Ij 

°u 

3  4  * 

(4.8a) 

3i 

k- 

■  4  • 

(4.8b) 

6k 

_  k 
v1j  • 

(4.8c) 

Eq.  (4.7)  contains  exactly  those  v's  required  for  constructing  the  E’s  [Eq.  (A23) 
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of  Ref.  6]  needed  for  constructing  the  final  profiles  (Eqs.  (A22)  and  (A24)  of 
Ref.  6).  Therefore,  we  now  have  that  given  any  general  initial  value  problem, 
by  evaluating  the  p's  listed  in  (4.7),  we  may  in  general  go  directly  to  the 
final  profiles  by  using  the  results  in  Ref.  6.  We  say  in  general  simply  because 
we  are  not  necessarily  always  insured  that  the  p's  in  (4.7)  will  satisfy  those 
conditions  sufficient  for  (A22)  of  Ref.  6  to  possess  a  solution.  (Those 
sufficient  conditions  depended  on  certain  global  properties.)  One  may  likewise 
do  the  same  with  (4.8)  in  determining  what  the  "asymptotic  initial"  envelopes 
were,  except  that  we  cannot  use  (A22)  of  Ref.  6  directly.  This  is  because  the 
permutation  of  i,  j,  and  k  on  the  v’s  in  (4.8)  is  in  the  wrong  order  for  (A22) 
of  Ref.  6.  However,  by  finding  the  linear  dispersion  relations  for  the  N  solu¬ 
tions  (defined  in  Appendix  A  of  Ref.  6)  as  in  (A19)  of  Ref.  6,  one  may  proceed 
to  obtain  inverse  scattering  equations  which  would  involve  the  v's  of  these 
permutations. 


Let's  now  determine  the  p's  required  by  (3.22)  in  terms  of  the  u's  and  v's. 
Again,  from  the  identities  in  (2.28)  and  with  (4.6),  one  finds 


°iivvki  • 

(4.9a) 

lj  _  j  j  kt 

V  -  7jVkj“ijvij  * 

(4.9b) 

3k  -k 
pi+  1 

(4.9c) 

3k  kt  k  -jt 

pj-  '  YjVikvjkvik  * 

(4.9d) 

pj-  “  Y1Yjvki  * 

(4.9e) 

71  ,  -kt 

pk+  ’  Wji  • 

(4.9f) 

In  (4.9),  we  simply  wish  to  point  out  that  the  scattering  data  required  for  (3.22), 
when  viewed  from  the  point  of  view  of  Ref.  6,  are  a  "mixture."  They  contain  one 
reflection  coefficient  for  the  asymptotic  initial  kth  envelope,  vj^,  one 

reflection  coefficient  for  the  final  jth  envelope,  v'h,  and  a  conbination  of  the 

transmission  coefficients  for  the  Initial  1  and  ktn  envelopes  with  the 

t  h  3k 

reflection  coefficient  of  the  i  initial  envelope,  (pj.  is  not  independent.) 


One  result  of  uing  this  type  of  an  admixture  of  the  scattering  data  for  Inverse 
scattering,  is  that  the  separable  solutions  of  (3.22)  will  not  be  the  same  as  the 
separable  solutions  of  (A22)  in  Ref.  6.  [By  separable  soluTTon,  we  mean  the 
solution  that  results  when  the  kernals  of  the  inverse  scattering  equations  are 
separable.]  The  separable  solutions  of  (A22)  of  Ref.  6  are  briefly  discussed  in 
Appendix  B  of  Ref.  6.  We  simply  note  that  assuming  the  F's  to  separate  is 
equivalent  to  assuming  that  the  reflection  coefficients  also  separate.  Thus  the 


t  k  1 

separable  solutions  of  Ref.  6  require  v^,  v^,  and  vkj.  to  separate.  But  as  one 

may  verify  by  reconstructing  the  fundamental  solutions  from  this  separable 
scattering  data,  the  transmission  coefficients  and  the  other  reflection 
coefficients  do  not  in  general .separate.  Thus  the  p's  listed  in  (4.9)  would  not 
in  general  separate  although  etc.  did.  Likewise,  if  we  require  the  p's 
in  (4.9)  to  separate,  we  can  obtain  separable  solutions  obtained  from  (3.22)  then 


vJk  etc.  would  not  separate.  Thus  separable  solutions  obtained  from  (3.22)  will 


not  be  equivalent  to  those  separable  solutions  obtained  from  (A22)  of  Ref.  6. 
Ctlcewlse,  any  other  Inverse  scattering  equations  which  are  based  on  a  set  of 
reflection  coefficients  different  from  the  above  two  sets  would  have  still  another 
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inequivalent  set  of  separable  solutions. 

What  this  suggests  is  that  each  different  set  of  inverse  scattering  equations 
[Cornille  calculated  the  number  to  be  315  different  sets]  produces  one  subset 
of  separable  solutions  from  a  very  large  class  of  closed  form  solutions  of  the 
3D3WRI.  How  large  this  class  of  closed  form  solutions  really  is,  remains  to  be 
seen. 
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The  lump  solutions  and  the  Backlund  transformation  for  the  three- 
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A  Backlund  transformation  is  found  for  the  three-dimensional  three-wave  resonant  interaction, 
and  from  it,  iV-lump  exact  solutions  may  be  constructed.  The  one-lump  solution  is  analyzed  in 
detail,  and  it  is  shown  that  it  describes  such  effects  as  pulse  decay,  upconversion,  and  explosive 
instabilities,  all  in  three  dimensions. 


PACS  numbers:  02.30.Jr,  03.40.Kf 

I.  INTRODUCTION 

Since  the  general  initial  value  problem  of  the  three-di¬ 
mensional  three-wave  resonant  interaction  (3D3WRI)  has 
recently  been  completed, '  one  may  now  turn  his  attention  to 
see  how  one  may  make  use  of  this  method  of  solution.  Obvi¬ 
ously,  one  would  seek  first  to  exploit  the  simplest  classes  of 
solutions.  These  are  called  “lump”  solutions,  the  first  ones  of 
which  were  found  by  Zakharov*  and  later  by  Craik.3  They 
were  then  rediscovered  by  Cornille4  from  his  integral  equa¬ 
tions,  and  were  also  noted  to  arise  from  the  many  and  varied 
inverse  scattering  transforms  associated  with  the 
3D3WRI.1-5  Following  a  suggestion  by  Professor  Corones,6 
it  was  soon  discovered  that  the  complicated  machinery  re¬ 
quired  for  the  general  solution  of  this  problem  was  not  need¬ 
ed  if  one  was  willing  to  only  generate  new  solutions.  Of 
course,  to  solve  an  initial  value  problem  you  still  needed  this 
machinery.  But  if  one  would  only  seek  to  investigate  special 
solutions,  then  an  old  observation  made  by  Professor  Cor¬ 
ones,6  would  allow  one  to  almost  immediately  construct  the 
Backlund  transformation  for  these  equations,  from  which 
these  special  lump  solutions  could  be  quickly  generated. 

These  lump  solutions  in  three  dimensions  are  not  analo¬ 
gous  to  the  soli  ton  solutions  from  one-dimensional  inverse 
scattering  theories,  although  they  are  similar  in  some  re¬ 
spects.  First  of  all,  when  the  envelope  profiles  are  required  to 
be  integrable,  and  square  integrable  in  three  dimensions,  the 
scattering  data  for  the  3D3  WRI  has  been  shown  to  consist  of 
only  a  continous  spectrum,  with  no  bound  states  allowed. 1 
On  the  other  hand,  soliton  solutions  in  one-dimensional  in¬ 
verse  scattering  theories  always  correspond  to  a  pure  bound 
state  nectrum,  with  the  continous  spectrum  being  distinctly 
absent.  Furthermore,  solitons  always  have  a  relation  be¬ 
tween  amplitude  and  width,  so  that  only  one  is  independent, 
and  with  a  distinct  shape  or  profile.  But  lump  solutions  have 
no  such  relation  between  amplitude  and  widths,  and  the  pro¬ 
file  shape  can  be  quite  arbitrary.  Thus  in  three  dimensions, 
we  have  much  more  freedom  in  shaping  and  forming  lump 
solutions  than  was  possible  with  one-dimensional  soliton 
solutions. 

However,  there  are  also  similarities.  The  one-dimen¬ 
sional  soliton  solutions  always  have  a  closed  form  solution, 
since  the  kernels  in  the  one-dimensional  inverse  scattering 
equations  were  separable.  Tne  same  is  true  for  these  lump 
solutions  in  three  dimensions,  in  that  the  kernels  are  also 
separable,  again  allowing  closed  form  solutions.  In  fact,  this 


is  how  one  can  define  a  lump  solution.  And  as  one  could 
construct  JV-soliton  solutions,  so  can  one  also  construct  N- 
lump  solutions.  Furthermore,  tf-soliton  solutions  can  be 
constructed  from  a  Backlund  transformation,  and  as  we 
shall  show  here,  the  same  can  be  done  for  Af-lump  solutions. 

These  jV-lump  solutions  are  important  for  another  rea¬ 
son  too.  Niinik  has  shown  that  any  set  of  potentials  (enve¬ 
lope  profiles)  can  be  approximated  to  any  given  accuracy  by 
a  suitably  chosen  iV-lump  solution.4  Thus,  many  physical 
situations  can  therefore  be  reasonably  well  approximated  by 
these  iV-Iump  solutions,  at  least  for  a  finite  time.  The  latter 
condition  is  necessary,  because  Niinik’s  proof  is  only  valid 
for  a  given  instant  of  time,  and  in  general  one  would  not 
expect  such  an  approximation  to  remain  valid  for  all  time. 

What  we  shall  do  in  this  paper  is  to  derive  the  Backlund 
transformation  for  the  3D3  WRI,  showing  how  one  may  con¬ 
struct  an  N-lump  solution,  and  shall  briefly  discuss  these 
solutions.  Then  we  shall  use  the  one-lump  solution  to  ana¬ 
lyze  the  collision  of  envelopes  in  the  positive  and  negative 
energy  cases.  What  we  shall  find  here  are  solutions  illustrat¬ 
ing  pulse  decay,  upconversion,  and  explosive  singularities. 
These  effects  in  three  dimensions  are  shown  to  be  both  analo¬ 
gous  and  different  from  the  corresponding  effects  in  one¬ 
dimensional  solution 

II.  THE  BACKLUND  TRANSFORMATION 

As  discussed  by  Corones,6  one  way  to  find  a  Backlund 
transformation  is  to  simply  assume  that  one  exists  of  the 
form 

q'=f{9,QA),  (2.1) 

where  q  is  a  known  solution  of  the  nonlinear  system,  q'  is  to 
be  a  new  solution,  Q  is  the  pseudopotential  (s),  and  A  is  the 
eigenvalue  (if  one  is  present).  One  now  simply  requires  q'  to 
be  a  solution  of  the  nonlinear  system,  which  then  can  deter¬ 
mine  what  the  functional  form  for / must  be. 

Well,  the  same  basic  idea  also  works  for  the  3D3WRI, 
as  we  shall  now  illustrate.  The  nonlinear  equations  are 

3a 

-rr  =  r,q]q\,  (2.2) 

°Xt 

where  i,j,  k  are  cyclic  and  equal  to  (1,2,3),  q,  is  the  i enve¬ 
lope,  Xt  '8  f  characteristic  coordinate,  defined  by 

-~-  =  -V,  (2.3a) 

0Xi 
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where  ▼,  is  the  group  velocity  for  the  envelope.  The  yt  in 
(2.2)  carries  the  sign  of  the  coupling  constants,  and  we  as¬ 
sume  the  /s  to  be  real  and  scaled  to  unity  in  magnitude. 

We  use  the  characteristic  coordinates  because  of  the 
resulting  simplifications  in  the  analysis.  From  (2.3)  one  can 
obtain  the  transformation  from  characteristic  coordinates  to 
space-time  coordinates.  Of  course,  by  (2.3a),  we  only  have 
three  characteristic  coordinates,  and  to  complete  the  trans¬ 
formation,  we  must  supplement  (2.3a)  with 

0,+V*lir«-Ot  (2-3b) 

which  defines  a  fourth  coordinate.  A  solution  of  (2.3)  for  x 
and  t  as  functions  of  Xi  and  x*  is 


-  X  'tXi  +  n%4> 

im  t 

-  £x n 


(2.4a) 


(2.4b) 


where  n  is  a  unit  vector  parallel  to  (v,  —  v2)  X  (v2  —  v3).  and  as 
such,  makes  an  equal  angle  with  all  three  group  velocities 
(i.e.,  —  v,-n  =  r2-n  *  v3-n).  Note  that  when  we  keep  any  two 
characteristic  coordinates  fixed,  and  let  t-*±  oo ,  then  the 
free  characteristic  coordinate  approaches  ip  oo . 

As  far  as  (2.2)  is  concerned  x*  is  like  a  dummy  coordi¬ 
nate,  since  no  differentials  with  respect  to  it  occur.  Thus,  in 
solving  (2.2),  we  may  keep  x*  fixed,  then  let  x*  fake  °n  an* 
other  value,  solve  (2.2)  again,  etc.  Thus,  since  x*  is  a  dummy 
coordinate,  we  shall  ignore  it  from  now  on. 

The  scattering  problem  for  (2.2)  is 

3ki>,  *  Ykfjtk'  (2.5a) 

Mk  =  (2.5b) 

where  in  (2.5),  i,j,  k  are  still  cyclic,  giving  six  equations  alto¬ 
gether.  Equation  (2.5)  has  three  conservation  laws,  which  are 

=  <3*  (/,»,),  (2.6) 

and  a  consequence  of  these,  is  that  a  function  D  exists  such 
that 

3,0--*$*,.  .  (2.7) 

To  find  a  Backlund  transformation,  we  now  assume 
that  we  can  find  three  functions,  f,^2,  and  q3,  where 

it  (2.8) 

and  such  that  these  functions  will  then  satisfy  (2.2).  Using 
(2.2),  (2.5),  and  (2.7),  it  is  rather  simple  to  show  that  such  can 
be  done,  and  that 

4jm1j  +  (2.9) 

is  one  such  transformation,  provided  D  is  real.  With  (2.9), 
one  may  now  generate  new  solutions  of  (2.2)  from  old  solu¬ 
tions.  Given  any  solution  of  (2.2),  one  constructs  from 
(2.5)  and  D  from  (2.7).  Then  these  functions  inserted  into  (2.9) 
will  give  a  new  solution. 

In  particular,  we  may  start  with  q,  =  0,  in  which  case 
we  obtain  a  one-lump  solution.  The  solution  of  (2.5)  and  (2.7) 
is  then 


**,(*,). 

d~s+  <?,(*,). 


(2.10a) 

(2.10b) 


where  8  is  some  real  constant,  and 
(?,(«)=£  8,gAu)du. 


(2.11) 


In  (2.10),  we  may,  without  loss  of  generality,  assume 
8  =  ±  1,  since  (2.5)  is  linear  in  tp,  and  only  the  ratio  of 
ii')l>k/D  is  significant.  Furthermore,  if  we  note  that  (2.2)  and 
(2.5)  are  invariant  under  the  change  of  the  signs  of  all  the  q’ s 
and  /s,  we  may  also  choose  8  =  +  1,  which  we  shall  do. 

Then  from  (2.9)  and  (2. 10),  we  have  the  one-lump  solu¬ 
tion  as  being 

1,  =g,gk/D,  (2.12a) 

where 

D=*  l+£y(<7(.  (2.12b) 

<-*  1 

Note  that  in  (2. 12),  g,  is  only  a  function  of x, ,  and  similarly 
for  <?, . 

Given  the  above  solution,  one  may  proceed  to  obtain  a 
two-lump  solution.  Denoting  the  one-lump  D  in  (2. 1 2)  by  Df , 
then  the  general  solution  of  (2.5)  is  now 

*  *,(*,)  +g<F/Dt,  (2.13) 

where 


F-q-  Xtt  f  g'HAu)du, 
■  - 1  Jx, 


(2.14) 


with  i)  being  some  constant.  The  solution  of  (2.7)  is  then 
D  =  Dh  -F-F/D,,  (2.15) 

where 

2>*“1+  (2.16a) 


HAu )  = 


/>■ 


du. 


(2.16b) 


This  gives  the  two-lump  solution  as  being 

qs  =  qt/(DtDk  —  F*F),  (2.17a) 

where 

q,~Dkg'<8k  +h]gkF  +  hkg',F •  +  Dkh  ’hk.  (2.17b) 

Although  we  do  not  now  have  a  general  proof,  it  seems  fairly 
obvious  that  by  this  procedure  one  may  generate  an  arbitrary 
Af-lump  solution. 

Let  us  now  consider  the  simple  one-lump  solution  given 
by  (2. 1 1 ).  The  simplest  form  is  when  one  of  the  q‘s  is  zero.  If 
we  choose  g,  =  0,  then 

?i=ffiUr2)8jCr3)/2>(ir2.T3).  (2-l8a) 

?2  -  ?3  =  0,  (2.18b) 

which  is  a  trivial  solution  of  (2.2).  It  has  only  one  nonzero 
envelope,  and  thus  corresponds  to  a  freely  propagating  enve¬ 
lope  without  any  interactions.  And  in  the  absence  of  any 
interactions,  it  travels  along  its  characteristic,  x>  without 
any  change  (i.e.,  it  is  independent  ofjf,).  It’s  profile  and  shape 
is  determined  by  two  independent  functions  g2  and  g„  one 
for  each  free  dimension.  (Actually,  g2  and  g,  will  also  depend 
on  x*<  but  a*  stated  before,  we  shall  ignore  this  dependence 
since  it  can  be  understood  that  all  functions  and  parameters 
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can  always  depend  on*4.)  Note  that  these  functions  are  com* 
pleteiy  arbitrary;  thus  there  is  a  large  amount  of  freedom  in 
shaping  this  pulse.  However,  the  shape  is  not  totally  arbi¬ 
trary,  because  the  functional  dependence  of q ,  on  *  2  and  *3is 
required  to  be  of  the  form  of  a  simple  product,  except  for  the 
terms  in  the  denominator. 

When  all  then’s  are  nonzero  in  general,  we  have  nontri¬ 
vial  interactions  and  solutions  with  the  general  solution  be¬ 
ing  given  by  (2. 12).  To  obtain  the  asymptotic  initial  profiles 
(the  profiles  as  t— *  —  ao )  according  to  (2.4b),  we  take  the 
limit  of  the  corresponding  characteristic  coordinate  going  to 
+  oo .  Thus,  to  get  the  initial  profile  for  g„  which  we  shall 
designate  by  Q„  we  let^-,-*  +  oo  in  (2. 12)  for  =  (3,1,2) 
giving, 

Qt  *=  gHx&ittiVtt  +  YiGtiXi)  +  ftGstfj)]-  (2.19a) 
Similarly,  the  other  initial  profiles  are 

Qi  “ffllrifelTj)/!  1  +  YtGi\X>)  +  YjGjiXi)] .  (2.19b) 

Ga  =^2Ur2)»iUri)/[  1  +  YtGilXi)  +  ttGjtfi)]-  (2.19c) 
Again,  one  should  note  that  we  have  a  large  degree  of  flexi¬ 
bility  in  shaping  any  one  profile  in  (2. 19).  However,  after  the 
first  one  is  shaped,  say  Q},  then  g,  and g2  have  been  specified, 
and  only  g3  is  left  arbitrary.  Now,  we  are  only  free  to  specify 
“one-half,”  of  another  profile.  So  for  the  general  one-lump 
solution,  we  may  only  shape  “one  and  one-half  ’  profiles  ar¬ 
bitrarily,  subject  to  the  product  form  in  (2. 19).  Even  with  this 
restriction,  one  can  still  obtain  useful  information  concern¬ 
ing  the  nature  of  the  interactions  in  the  3D3WRI,  as  we  shall 
illustrate  later. 

One  can  similarly  obtain  the  final  profiles,  designated 
by  Q, ,  by  taking  the  limit  of  r— »  +  <*  in  (2. 12).  This  gives 

Qj  =  ****/(!  +  YjPj  4-  Y,G,  4-  YkGk),  (2.20) 

where 

Pj  -  Gj(  -  «)  -|"  g]gj(u)du.  (2.21) 

Lastly,  we  should  comment  that  the  two-lump  solution 
given  by  (2. 17)  has  six  arbitrary  functions,  whereas  the  one- 
lump  solution  has  only  three.  Thus,  with  a  two-lump  solu¬ 
tion  one  may  be  able  to  shape  the  asymptotic  initial  profiles 
independently,  instead  of  only  “one  and  one-half’,  as  is  the 
case  for  the  one-lump  solution.  However,  for  now  we  shall 
only  concentrate  on  the  one-lump  solution  in  spite  of  the 
restrictions,  due  to  the  simplicity. 


We  define  the  action  in  the/k  envelope  A,  by 

^(0- J_  dxj  dyf  dzqjqj.  (3.1) 

In  order  to  evaluate  the  above  integral,  we  transform  to  char¬ 
acteristic  coordinates.  Directly  from  (2.4)  for  t  constant,  one 


can  show  that 

dxdydz=*JdxxdXidXk 

^JdXidXidXk 

=  J*XidX3  dXk 

where 

(3.2) 

/«|(t,-v1)X(Yj-tj)|. 

Thus  (3.1)  becomes 

(3-3) 

dxAaj\x„t ), 

(3.4) 

where  the  “reduced  action”  at  is  defined  by 

fljl*V)  =  f  dxA  dXkq'tqj\Xl- 

J  —  SB  J  —  00 

(3-5> 

In  practice,  it  is  impossible  to  evaluate  (3.5)  when 
Xj=  —  t  ~Xt  —  Xk  -  However,  if  instead  we  define 

<*fc*>Xj)  =  j  dx.j  dXk  q’jgj,  (3.6) 

and  since  as  t— *  ±  »,  becomes  independent  of Xj  and  we 
have 

±  oo)  =  ajiXt.Xj—  T  * ),  (3.7) 

thus  allowing  us  to  evaluate  the  initial  and  final  reduced 
actions  from  at.  In  fact,  from  (2.11)  and  (2.12),  we  have  the 
closed  form  solution 

aj^YkYkhpj.  (3.8) 

where 


^  (1  4-  YiP i  +  YjGj)(  1  4-  YkP t  4-  YjGj) 

(1  4-  YjGjHI  +  Y/P i  +  YkP t  +  YjGj) 

Directly  from  this,  we  have  that  the  asymptotic  initial  re¬ 
duced  action  is 

YiYk  M(1  +  YiP, K1  +  YkP k)/(l  +  Yt  +  Pi  +  YkPk)]> 

(3.9) 

and  the  final  reduced  action  a#  is 

aUima)o  +YiYkh*r,  (3.10) 


III.  ONE-LUMP  INTERACTIONS 

In  this  section,  we  shall  investigate  the  range  of  interac¬ 
tions  available  in  the  one-lump  solutions.  What  we  shall  do, 
in  as  far  as  is  possible,  is  to  specify  the  initial  actions  in  the 
asymptotic  envelopes,  and  determine  via  the  one-lump  solu¬ 
tion  what  the  final  actions  must  be.  In  general  we  will  not  be 
concerned  with  what  the  exact  initial  shape  or  form  is.  We 
will  only  be  interested  in  how  much  action  is  in  the  envelope. 
As  we  shall  see,  although  the  shapes  are  cross-correlated  as 
in  (2. 19),  the  actions  are  not,  and  can  be  specified  indepen¬ 
dently.  Thus  due  to  this  simplification,  it  is  well  worthwhile 
to  study  this  case. 


(7  ” 

(j  4-  YiP  i  +  YiP  2KI  4-  Y\P  i  4  YiP »)U  4-  YiP 2  4-  YjP 3) 

(1  +  Y>P iH  1  4-  YiP 2)(1  4-  Y3P j)(l  +  Y\P  1  +  YiP 2  4-  Y3P 3) 

(3.11) 

Note  that  up  to  a  sign  carried  by  ,  the  change  in  the 
action  is  the  same  for  all  three  envelopes,  in  agreement  with 
the  three  conservation  laws  of  action,  which  are 

sxiY,q',qt  4-  Yjqjqj )  -  o,  (3. 12) 

Now,  according  to  (3.9),  the  initial  reduced  actions  are  a 
function  of  the  three  P' s,  and  one  can  also  invert  this  to 
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can  always  depend  on  Note  that  these  functions  are  com- 

pletely  arbitrary;  thus  there  is  a  large  amount  of  freedom  in 
shaping  this  pulse.  However,  the  shape  is  not  totally  arbi¬ 
trary,  because  the  functional  dependence  off,  on*2  and^3  is 
required  to  be  of  the  form  of  a  simple  product,  except  for  the 
terms  in  the  denominator. 

When  all  the  g*s  are  nonzero  in  general,  we  have  nontri¬ 
vial  interactions  and  solutions  with  the  general  solution  be¬ 
ing  given  by  (2. 12).  To  obtain  the  asymptotic  initial  profiles 
(the  profiles  as  /— *•  —  oo )  according  to  (2.4b),  we  take  the 
limit  of  the  corresponding  characteristic  coordinate  going  to 
4-  oo .  Thus,  to  get  the  initial  profile  for  g„  which  we  shall 
designate  by  g„  we  let*,-*  4-  oo  in  (2. 12)  for  [i,j, k )  =  (3,1,2) 
giving, 

Q\  “iritatejUfil/ti  +  riGjUfj)  +  y3g3\x3)1  (2.19a) 
Similarly,  the  other  initial  profiles  are 

Qi  =*;(*>&(*,)/(  1  +  I'.G.tn)  +  r&ix,)} ,  (2.19b) 

Q,  =  sUxiteitiyit  +  riG\(Xi\  +  (2.i9c) 

Again,  one  should  note  that  we  have  a  large  degree  of  flexi¬ 
bility  in  shaping  any  one  profile  in  (2. 19).  However,  after  the 
first  one  is  shaped,  say  Q3,  then  g,  and  g2  have  been  specified, 
and  only  g3  is  left  arbitrary.  Now,  we  are  only  free  to  specify 
“one-half,”  of  another  profile.  So  for  the  general  one-lump 
solution,  we  may  only  shape  “one  and  one-half’  profiles  ar¬ 
bitrarily,  subject  to  the  product  form  in  (2. 19).  Even  with  this 
restriction,  one  can  still  obtain  useful  information  concern¬ 
ing  the  nature  of  the  interactions  in  the  3D3  WRI,  as  we  shall 
illustrate  later. 

One  can  similarly  obtain  the  final  profiles,  designated 
by  Qi .  by  taking  the  limit  of  r-»  4-  oo  in  (2. 12).  This  gives 

Qj  -  glgkA  1  +  y,rt  +  y,G,  +  (2.20) 

where 

rt  »  Gj(  -  »)  - g‘gj(u) du.  (2.21) 

Lastly,  we  should  comment  that  the  two-lump  solution 
given  by  (2. 17)  has  six  arbitrary  functions,  whereas  the  one- 
lump  solution  has  only  three.  Thus,  with  a  two-lump  solu¬ 
tion  one  may  be  able  to  shape  the  asymptotic  initial  profiles 
independently,  instead  of  only  “one  and  one-half’,  as  is  the 
case  for  the  one-lump  solution.  However,  for  now  we  shall 
only  concentrate  on  the  one-lump  solution  in  spite  of  the 
restrictions,  due  to  the  simplicity. 

III.  ONE-LUMP  INTERACTIONS 

In  this  section,  we  shall  investigate  the  range  of  interac¬ 
tions  available  in  the  one-lump  solutions.  What  we  shall  do, 
in  as  far  as  is  possible,  is  to  specify  the  initial  actions  in  the 
asymptotic  envelopes,  and  determine  via  the  one-lump  solu¬ 
tion  what  the  final  actions  must  be.  In  general  we  will  not  be 
concerned  with  what  the  exact  initial  shape  or  form  is.  We 
will  only  be  interested  in  how  much  action  is  in  the  envelope. 
As  we  shall  see,  although  the  shapes  are  cross-correlated  as 
in  (2. 19),  the  actions  are  not,  and  can  be  specified  indepen¬ 
dently.  Thus  due  to  this  simplification,  it  is  well  worthwhile 
to  study  this  case. 


We  define  the  action  in  the/h  envelope  At  by 

dxj  dyj  dzq]qj.  (3.1) 

In  order  to  evaluate  the  above  integral,  we  transform  to  char- 


acteristic  coordinates.  Directly  from  (2.4)  for  r  constant,  one 
can  show  that 

dxdydz»Jdx3dx3dx  „ 

-  J  dx  2  dx  3  dx* 

^JdXidXxdxt 

where 

(3.2) 

/=((*, -t2)x(t2-Vj)|. 

Thus  (3.1)  becomes 

(3-3) 

4(/)  =  jf  dx4aj\x4,t), 

J  —  oo 

where  the  “reduced  action”  a,  is  defined  by 

(3.4) 

aytM)=j"  dxtj  dxkqjqj\Xl. 

(3-3) 

In  practice,  it  is  impossible  to  evaluate  (3.3)  when 
Xj  =  —  t  —\i  ~Xk-  However,  if  instead  we  define 

<*&4 .*,)  =  f  dx,\  dXk  gjq j>  (3.6) 

and  since  as  /— ►  ±  oo ,  becomes  independent  of  xt  and  we 

have 


0/CtV-*  ±  °° )  *  ?  «°)*  (3.7) 

thus  allowing  us  to  evaluate  the  initial  and  final  reduced 
actions  from  a, .  In  fact,  from  (2. 1 1)  and  (2. 12),  we  have  the 
closed  form  solution 


<*/  =  YkYkhpj,  (3.8) 

where 


_  (1  +  Y,r(  4-  YjGj XI  4-  Yk  A  +  YjGj) 

(1  4-  YjGj)(\  4-  Ytrt  4-  Yk^k  4-  YjGj) 

Directly  from  this,  we  have  that  the  asymptotic  initial  re¬ 
duced  action  ap  is 

“jo-  YlYk  W(1  +  Yi^i HI  +  Yk^ *)/(!  +Yi+ri  +  Yk? i *)]> 

(3.9) 


and  the  final  reduced  action  au  is 

=  +  YiY^ntr,  (3.10) 

cr  = 

iL±j^£iJij^£2)(j_±j^£ i  +  y3f'3\{i  +  YtT z  y  ^'3\ 

(I  +  Y\F i )( 3  4-  YtT :!(1  +  YiT j)0  4-  Yi^ t  +  YtTz  +  YtT: j) 

(3.11) 


Note  that  up  to  a  sign  carried  by  YiYk  •  the  change  in  the 
action  is  the  same  for  all  three  envelopes,  in  agreement  with 
the  three  conservation  laws  of  action,  which  are 

Jt\d3X\ YiMi  +  Yjg'jQj)  -  0,  (3.12) 


Now,  according  to  (3.9),  the  initial  reduced  actions  are  a 
function  of  the  three  T ’s,  and  one  can  also  invert  this  to 
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(3.21) 


{ 


( 


obtain  the  r ’s  in  terms  of  the  initial  reduced  actions.  To  do 
this,  one  first  defines 

mt  -  [YtYk  -  Y,Ykexp(  -  r,n«>.)],/l.  (3.13) 

which  is  always  real,  and  for  a>b<l, 

m/-*(a>),/2.  (3.14) 

From  (3.9)  and  (3.13)  one  can  show 

r /(I  +  Yf f)  *  m,mk/mj.  (3.15) 

One  should  note  that  no  nontrivial  solution  exists  when  any 
one  of  the  reduced  actions  is  chosen  to  be  zero.  This  is  a 
consequence  of  using  the  one-lump  solution.  However,  we 
may  choose  any  reduced  action  to  be  as  small  as  desired,  but 
not  zero,  as  long  as  a  physical  solution  will  exist  for  (3. 1 5). 

Assuming  that  a  physical  solution  does  exist  for  (3. 15), 
a  as  given  by  (3. 1 1)  becomes 

j  _  (i  -  yty3mf X»  -  y.yyw f  Ki  -  YtYt^j) 

1  -  YiYi^  -  r.jynJ  -  YtYi^i  +  2r,rrfyni/»,m,- 

(3.16) 

Then  from  (3.10),  (3.13),  and  (3.16),  one  finally  obtains 

m)f  =»  (r»j  -  y;m(mt)J/(l  -  y,y*m? Kl  -  YiYj^l). 

(3.17) 

where  mf  is  that  value  of  m  corresponding  to  the  final  value 
of  the  reduced  action,  as  given  in  (3. 1 3).  We  shall  now  consid¬ 
er  the  two  possible  physical  cases. 

A.  Th*  positive  energy  case 

When  all  envelopes  have  a  positive  energy  one  of  the  y*s 
must  differ  in  sign  from  the  other  two,9  and  that  correspond¬ 
ing  wave  then  has  the  largest  central  frequency.  Without  loss 
of  generality  we  shall  choose  this  wave  to  be  wave  number  1, 
and  thus  we  have 

r,  »-*«-*•  (3.18) 

We  still  have  a  freedom  in  choosing  the  sign  of  y„  since  we 
set  the  value  offi  in  (2. 10b)  equal  to  +  1,  and  as  we  shall  see, 
changing  the  sign  of  y,  will  give  a  different  solution. 

In  order  to  orientate  ourselves,  we  first  list  out  the  val¬ 


ues  for  mf and  /).  From  (3.13)  , 

«f  *  1  —  thus 0 on,  <  1,  (3.19a) 

mf  1,  thus0<m2<eo,  (3.19b) 

mf  «■«*’•  —  1,  thus  0  <  tti,  <  oo ,  (3.19c) 

and  from  (3.15), 

r,  —  mynj/lm,  —  y,m2m3),  (3.20a) 

r2 »  m,77ij/(mj  +  y,m  ,/Ttj),  (3.20b) 

r3 m  m,m2/(mj  +  y,m,m2).  (3.20c) 


Note  that  by  (3.19),  as  the  initial  reduced  actions  are  in¬ 
creased,  the  values  of  m  increase  also,  and  that  m,  must  be 
bounded  from  above  by  unity,  while  m2  and  m,  are  un¬ 
bounded.  From  (3.20)  we  shall  obtain  the  allowed  range  of 
the  initial  reduced  actions  if  the  collision  is  to  be  represented 
by  one-lump  solutions. 

Fust  we  shall  consider  the  y,  -  +  1  case.  Then  for  T , 
to  remain  positive  and  finite  we  must  require 


771,  >  TTIjTTIj, 

and  then  (3.17)  becomes 

m  \f  -  (tti,  -  mj/HjiVf  1  +  TTtjXl  +  mf),  (3.22a) 

=  (m2  +  77i,771j)2/(1  —  mf  Kl  +  mf ),  (3.22b| 

TTify  =  (m  j  -+•  m,m2)2/(l  —  mf  )(1  +  mf ),  (3.22c) 


When  77j,>77ij77ij  this  solution  corresponds  to  a  decay  of  the 
high  frequency  pulse  q,  into  the  two  daughter  waves  q2  and 
q3.  To  illustrate  this,  we  shall  assume  m2  *  m3,  and  then 


from  (3.19)  and  (3.22)  we  find  that 

e*'’=  «‘V»/(1  +  277I177!jV-), 

(3.23) 

which  for  a, 0-* oo  anda20<l  gives 

a,/— ►  -  ln(2aM), 

(3.24) 

so  that  the  final  action  in  a  very  intense  high  frequency 
pump,  will  be  determined  solely  by  the  initial  actions  in  the 
daughter  waves.  This  is  illustrated  in  Fig.  1,  where  we  have 
plotted  logo ,y vs  logo,,  for  various  values  of  The 

main  feature  to  note  is  that  as  a  increases  (for  a  given  value 
of  a  20  =  a  jo),  a,y  remains  equal  to  a,0  (i.e.,  no  depletion  oc¬ 
curs)  until  a  critical  value  of  about  —  ln(2a20)  *s  reached,  at 
which  point,  all  additional  action  in  the  pump  beyond  this 
critical  value  is  dumped  into  the  daughter  waves.  Note  that 
this  is  analogous  to  the  soliton  decay  case  in  the  one-dimen¬ 
sional  3WRI.9  However,  there  the  critical  value  depended 
essentially  only  on  the  absolute  area  under  the  profile  of  the 
pump  itself,  whereas  here,  it  depends  on  the  amount  of  ac¬ 
tion  in  the  perturbing  daughter  waves. 

This  phenomena  of  pump  decay  would  be  expected  to 
hold  true  even  if  the  three  pulse  profiles  were  not  one-lump 
solutions  because  all  that  is  basically  happening  is  that  the 
daughter  waves  are  traveling  through  the  pump,  and  at  the 


*  •  8  «i0 

FIO.  1.  The  decay  case.  An  initially  intense  high  frequency  pump  of  re¬ 
duced  action  a,,  will  decay  to  a  Anal  reduced  action  of  depending  on  the 

initial  reduced  action*  »  a„)  in  the  daughter  waves. 
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critical  value,  the  growth  rate  has  become  equal  to  the  rela¬ 
tive  pulse  width  allowing  depletion  to  occur.  Beyond  this 
simple  picture  our  result  confirms  what  one  would  expect. 
Namely,  the  relative  depletion  becomes  more  and  more  as 
the  initial  action  in  the  pump  is  increased. 

There  is  another  region  of  this  solution  where  m,  ap¬ 
proaches  from  above,  and  from  {3.22a),  one  can  see 
that  for  this,  virtually  total  depletion  of  the  pump  can  occur. 
But  we  do  not  believe  this  feature  to  be  a  general  feature. 
Rather,  we  consider  it  to  be  a  special  property  of  1-lump 
solutions,  and  in  general  it  should  not  occur  for  general 
pulses. 

When  y,  =  —  1  we  have  the  opposite  of  decay,  which  is 
upconversion.  Without  loss  of  generality,  we  may  assume 


nt3>m2,  (3.25a) 

in  which  case  the  allowed  physical  parameter  space,  from 
(3.20),  is 

m,  <m2/m3,  (3.25b) 

and  (3.17)  becomes 

«/,  =  K+  1  +  m\  H 1  +  m\ ),  (3.26a) 

m\  =  ("*2  ~  m,m3)V(l  —  m^Hl  +mj),  (3.26b) 

ml  =  («j  ~  mj/n.jVU  -  mf  )(1  +  mf ).  (3.26c) 

If  we  again  consider  the  case  where  m2  =  ms,  then  (3.25) 
becomes  trivial  and  no  restrictions  are  placed  cm  our  param¬ 
eter  space.  Then 

ea,/=e2*»/[(l  —  m,)(2e* - 1  +«,)],  (3.27) 

and  for  aM-* oo  with  a,'0<l,  we  find 

ay— «w  ~  ln2>  (3.28a) 

while  in  the  limit  of  a,0— 0  and  <0  we  find 

<»./— [«*>  +  («.  (3.28b) 


Equation  (3.28)  gives  two  important  limits  for  the  final  ac¬ 
tion  in  the  pump.  In  Ftg.  2,  we  have  plotted  logo,,  vs  logo*, 
for  various  values  of  loga10.  The  main  features  are  that  as 
°»  ai/=sa„i.  so  that  no  conversion  has  occured.  Then  as 
<*20  increases,  when  it  reaches  the  critical  value  of 
aj0sss(al0),/2,  upconversion  starts  to  occur  with  av  rapidly 
approaching  the  critical  value  given  by  (3.28a).  Again,  this 
feature  is  similar  to  that  which  occurs  in  the  one-dimension¬ 
al  3  WRI 9  except  that  there  the  critical  value  depended  only 
on  the  absolute  areas  under  the  daughter  profiles,  whereas 
here  it  depends  only  on  the  amount  of  action  in  the  high 
frequency  pump.  Still,  for  large  amounts  of  action  in  the 
daughter  waves,  an  almost  total  upconversion  can  occur. 

B.  The  negative  energy  case 

The  only  other  case  which  differs  from  the  above  is 
when  the  high  frequency  wave  is  a  negative  energy  wave,  in 
which  case 

Y\  -  Yi  =  Yy  (3.29) 

Now,  the  corresponding  expressions  for  the  m’s  and  the  r ’s 
are 

*/■  l-e“**,  thusO<my  <  1,  (3.30) 


-4  -3-2-1  0  1  2 


*  *  9  »»0 

FIG.  2.  The  upconversion  case.  Two  interacting  daughter  waves  of  red  heed 
action  aM  »  aw  interact  and  pump  energy  into  the  high  frequency  wave, 
creating  a  pump  wave  of  final  reduced  action  a,f  from  al0. 

rj  *  m,mk/[mj  -  y,m,m*),  (3.31) 

while  (3. 17)  becomes 

m)f  -  {rttj  -  rlm,mt)V(l  -  m?)(l  -  m\).  (3.32) 

When  y,  =  —  1  (3.31)  gives  no  restrictions  on  the  pa¬ 
rameter  space,  so  we  shall  handle  this  solution  first.  By 
(3.30),  if  the  final  reduced  actions  are  to  be  real  then  mf/<  l, 
which  by  (3.32)  requires 

+  m\  +  m\  +  2mtmjm3  <  1.  (3.33) 

If  this  requirement  is  not  satisfied  by  the  initial  reduced  ac¬ 
tions,  then  a  singular  solution  will  develop  with  all  three  ay ’s 
becoming  infinite  at  some  finite  time.  This  can  be  verified 
from  (2. 12).  A  similar  result  was  obtained  in  the  one-dimen¬ 
sional  case.9  However,  here  the  system  seems  to  be  linearly 
stable,  since  if  m7  and  m3  become  infinitesimal,  then  qx  is 
only  unstable  for  m ,  infinitesimally  close  to  unity  (i.e., 
a,„-+ao). 

In  Fig.  3  we  show  this  stability  region  for  the  case  where 


020  aK.  In  this  case,  the  stability  line  from  (3.33)  is  deter¬ 
mined  by 

«'»»2/[l  +(1  —  e—'”),/2]. 

As  01O— *0,  (3.34)  gives  that 

(3.34) 

aM-*ln2  -  (a,o),/2. 
while  as  aM—>0  we  have 

.  (3.35a) 

a  io—  -  ln(4aM). 

(3.35b) 

If  we  consider  q,  to  be  the  pump  and  q2  and  q3  to  be  the 
daughter  waves,  then  (3.35)  and  Fig.  3  show  that  once  the 
action  in  each  of  the  two  daughter  waves  has  exceeded  ln2, 
the  solution  will  be  unstable  for  any  value  of  the  action  in  the 
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(3.36b) 
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F!G.  3.  The  nega' ' ve  energy  case  for  a10  =  iw  When  the  initial  reduced 
actions  lie  outside  and  above  the  curve,  the  solution  will  always  become 
singular  in  a  finite  time.  All  solutions  under  the  curve  are  stable. 

pump.  On  the  other  hand,  as  the  daughter  waves  become 
infinitesimal,  a  large  pump  is  stable  until  its  action  exceeds 
the  value  in  (3.35b).  Thus  in  theory,  a  large  negative  energy 
pump  can  be  stable,  but  due  to  the  critical  value  in  (3.35b) 
being  logarithmic,  even  the  smallest  finite  noise  level  will 
place  a  practical  upper  limit  on  this  stability. 

The  y,  =  +  1  solution  is  stable,  although  the  param¬ 
eter  space  is  restricted.  Without  loss  of  generality,  we  can 
take 

(3.36a) 

in  which  case  (3.31)  gives 


m,  >  m2m}. 

Now,  we  use  (3.32)  to  demand  the./.  mjf  <  1  gives 

m]  +  m\  +m\  —  2m,m2m3  <  1,  (3.37) 

which  due  to  (3.36)  is  always  satisfied. 

IV.  CONCLUSIONS 

With  somewhat  remarkable  simplicity,  we  have  found  a 
quite  interesting  set  of  exact  solutions  for  the  3D3WRI 
which  very  nicely  illustrate  such  effects  as  pulse  decay,  up- 
conversion,  and  explosive  instabilities.  This  was  all  accom¬ 
plished  by  considering  the  very  simple  one-lump  solution 
obtained  from  the  Biicklund  transformation.  We  would  ex¬ 
pect  that  two-  and  three-lump  solutions  would  provide  even 
more  interesting  results. 
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Whistler  wave  self-modulation  in  a  tokamak  plasma 
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Steady-state  self-modulation  of  a  whistler  wave  propagating  at  an  arbitrary  angle  to  the  applied  magnetic 
field,  in  a  typical  tokamak  plasma,  is  investigated-  The  envelope  is  found  to  be  modulationally  stable  for  the 
parameter  regime  choaen. 


Linear  analysis  of  whistler  propagation  in  a  tokamak 
plasma  has  been  reported  by  Theilhaber  and  Bers. ' 

In  the  present  work  we  include  the  effects  of  weak, 
ponderomotitre  nonlinearity.  Several  workers  have  re¬ 
ported  the  modulational  instability  of  whistler  wave  in  a 
magnetoplasma. However,  the  parameter  space  of 
tokamak  plasma  has  not  been  considered. 

We  work  under  the  following  basic  assumptions:  (i) 
The  necessary  accessibility  condition  for  propagation 
into  the  plasma  Interior  is  fulfilled.  This  together  with 
the  requirement  of  minimum  attenuation  at  the  plas¬ 
ma  edge  limits  the  allowable  range  of  the  parallel  re¬ 
fractive  index,  »,=*,c/u»,  to  a  narrow  band,  typically, 
1.2<  n,<  3.  (II)  The  exciting  structure  Is  infinite  in 
the  y  direction  (thus,  d/dy  =  0).  (lit)  The  density  grad¬ 
ient  can  be  treated  as  a  weak  perturbation,  becoming 
important  at  the  same  order  as  the  nonlinearity,  (iv) 
Only  a  cold,  collisionless  plasma  is  considered.  The 
temperature  effects  enter  only  through  ponderomotlve 
density  modification.  In  our  two-dimensional  model, 
we  take  the  external  magnetic  field  along  the  z  direc¬ 
tion  and  let  the  plasma  be  weakly  inhomogeneous  in  the 
x  direction.  We  start  with  Maxwell’s  equations  written 
in  component  form,1 


«  +  *!>*,  -  i  1*,  1 £,  -  9.9.E,  =  0  , 

(la) 

fl*IU,  +  O*+3*+tf1)£,  =  0, 

(lb) 

-3,aA + <«; +*„>£, =0. 

(lc> 

In  Eq.  (1),  the  time  dependence  has  been  removed  as 
exp(-iwf),  where  ui  is  the  incident  frequency  such  that 
0,  «  Q,,  with  O, ,  fi,  being  the  electron  and  ion  gyro- 

frequencies,  respectively.  Also,  the  space  variables 
x,  z  and  the  electric  field  components  are  expressed  in 
units  of  the  incident  wavenumber  fe0  =  uj/c,  and  the  ther¬ 
mal  energy  (1  Q'i’nOeT0l.)l/*,  respectively.  are  the 

central  values  of  plasma  temperature  and  density. 
Equation  (1)  is  nonlinear  due  to  the  density  dependence 
of  the  dielectric  tensor  elements 


*, =*-(■ +%)*. *f). 

where  as  usual 


and 


ufl,  ’ 


v\ia(x)  are  the  plasma  frequencies  of  species  j,  corre¬ 
sponding  to  the  unperturbed  density  n0(x).  (m  is  the  den¬ 
sity  perturbation  caused  by  the  ponderomotive  force. 
One  derives  the  expression  for  6 n/n0  in  the  usual  way 
by  considering  the  dc  part  of  the  electron-ion  motion 
and  subsequently  balancing  the  ponderomotive  and  ther- 
moklnetic  pressures.  The  result’  can  be  expressed  in 
matrix  form  as 


6,/«0 »  ~{E*ME) , 


(2) 
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where  +'  means  an  adjoint,  E  is  the  column  vector  with 
elements  £,,  Ey,  and  £,.  M  is  the  matrix  formed  out 
of  the  linear  part  of  the  dielectric  tensor  elements  KL0, 
Ajo,  and  K„0.  We  then  represent  Eq.  (1)  in  operator 
form  as 

LE  =  (fin/ n0)ME  .  (3) 

In  L  is  the  linear  operator  constructed  from  Eq. 

(1)  «..er  taking  out  the  nonlinear  part. 

Next,  we  carry  out  the  standard  multiple  scale  pro- 
cedure"'7  on  the  system  given  by  (3).  Write  the  elec¬ 
tric  field  as 


E=Sexp(i  j ' n,dx  +  in,zj  +c.c.  ,  (4) 

where  nt=ktc/ ui  is  the  perpendicular  refractive  index, 
and  expand  the  slowly  varying  envelope  S  as, 

+  (5) 


where  e  «  1  is  a  formal  ordering  parameter.  We  as¬ 
sume  the  ordering 

If*, I  »  I u8{ I  »  |aj;  | in, I  »  I  ac|  , 

where  £  =  z  -  J'udx  and  u  will  be  defined  shortly.  Sub¬ 
stituting  (4)  and  (5)  into  (3)  we  find  at  first  order  that 
S  ’  must  be  an  eigenvector  of  L(int,  in,)  with  a  zero 
eigenvalue,  and  that  the  dispersion  relation  for  the  fast 
wave,  ustng  the  approximations,  Iff,,  I  »  |ffj  “1  and 
K\o«  -K„  must  be 

*~K'J(n\-K„)-{n\-Kl0).  (6) 

At  the  next  order  we  find  that  u  must  equal  the  ratio  Of 
the  group  velocity  components,  or 


(7) 


Finally,  at  third  order,  we  arrive  at  the  following  form 
of  the  nonlinear  Schrodinger  equation 

*ai0  +  P^<(l  +  qUlaii-iraI(lnno)ij)  =  O ,  (8) 


where  <|>  is  simply  the  amplitude  of  S’  [i.e. ,  5 '  =  iiVlt 
where  £(«»,,  «»,)VI  =  0  and  V{Vt  =  1).  Equation  (8)  de¬ 
scribes  the  slow,  stationary  evolution  of  the  envelope 
<li(x,t).  The  last  term  in  (8)  arises  from  the  spatial 
nonuniformity  which  we  have  treated  perturbatively. 
Further,  the  coefficients  p,  q,  and  r  depend  on  x  and 
represent,  respectively,  the  effects  of  group  disper¬ 
sion,  nonlinearity,  and  nonuniformity.  We  find  the 
expressions  for  p,  q,  and  r  using  the  linear  dispersion 
(6)  and  noting  that  nj«  lff„0l.  These  are 


P 


[-(2*;  -  K^K*  +  -  K ,  J3  +  (n*  -  K,  „)«K ,  „  1 

2n,(nJ  - Kj3(fC%  -  (nj-  kJ] 

[ff!„(2n! -ff,„-l)  +  (£,„-  l)(n?  -£,„)»? 


(9) 

(10) 


(3nj  -  K, a -2)/fjo+(ft,-l)(n^ -£,„)*  ^ 

+  (*!  -*J‘]  ' 


Equations  (3)  and  (9)-(ll)  are  our  basic  results.  In 
Eq.  (10) 


9(x)  =  naUJTOrl/HajTaa . 


We  next  choose  the  following  typical  tokamak  plasma 
parameters:  central  density,  “2  x  1013  cm'1;  rf 
frequency,  u>  =  5  x  10*  rad/sec;  magnetic  field  S0=*  20 
kG;  plasma  radius  a=  10  cm;  central  electron  tem¬ 
perature  Tte=  1  keV;  central  ion  temperature  Tic  =  200 
eV  and  n,=  1.5.  The  density  and  temperature  profiles 
are  taken  to  be  parabolic.  Then,  fi(x)  =  (1  -x*/«*)*. 

In  the  central,  quasi -homogeneous  region,  we  can 
ignore  the  last  term  in  Eq.  (8)  and  have  roughly, 
IKiol*!.  IK*,! -10,  and  l/f„0i -10\  Then,  Eqs. 

(9 >-(11)  simplify.  In  Eq.  (9)  for  p,  the  first  term  in 
the  numerator  is  dominant  showing  p  to  be  negative. 
From  (10)  we  can  see  that  q  is  positive  definite  since 
the  numerator  is  squared.  [This  follows  from  the  form 
of  (2)  and  (3).  The  same  matrix  M  occurs  in  (2)  and  (3) 
making  the  numerator  of  q  a  perfect  square.  ]  Thus  pq 
<  0,  which  means  that  the  wave  is  modulationally 
stable.  Therefore,  no  solitons  can  form  and  the  non¬ 
linear  propagation  will  qualitatively  follow  that  of  the 
linear  wave.  In  addition  to  nonlinearity,  as  one  goes 
toward  the  edge,  inhomogeneities  can  also  become  im¬ 
portant  effects.  In  order  to  discuss  these,  it  is  con¬ 
venient  to  rescale  Eq.  (8).  Define  <p=tpv~l,  V*  =  2q'\ 
and  $  =  (-p)~l/i£.  Then,  (8)  becomes 

i9t0-a?0  +  2|0|30  +  t/(x)0  =  O,  (12k 

which  again  is  modulationally  stable  and 

Ax)=  9,[ln(2 /q)1'1]  -  ra,(lnn0) .  (13) 

Now,  if  0  is  sufficiently  small  so  that  the  nonlinear  term 
in  (12)  can  be  neglected,  then  (12)  becomes  linear  and 
nothing  more  needs  to  be  said  since  it  is  well  known  how 
to  solve  such  a  linear  problem.  Hence,  we  are  left  with 
only  the  case  when  both  the  inhomogeneity  and  the  non¬ 
linearity  are  simultaneously  important.  Frequently, 
in  such  cases,  nothing  definite  can  be  said  without  much 
work.  However,  for  lower  hybrid  waves  in  the  electro¬ 
static  approximation,  Leclert  et  al. ,"  treated  the  in- 
homogenelty  as  a  weak  perturbation.  At  the  edge  of  the 
plasma  using  the  approximations,  waH/w*«  1  and 
flj  «.  1  and  assuming  a  linear  temperature  profile, 
they  found  that  /  (x)  can  be  approximated  as  /  (x)  =«  1/2*. 

In  this  case  they  found  that  Eq.  (8)  was  exactly  solvable. 

We  shall  note  that  /(x)  as  given  by  (13)  is  profile  de¬ 
pendent  and  goes  almost  like  l/2x,  but  not  exactly.  For 
a  parabolic  density  profile  we  find  that  fix)  corresponds 
to  the  exactly  solvable  case  within  about  30%  in  the 
range,  0.2<x»x/a<  0.5.  On  the  other  hand,  for  lin¬ 
ear  density -temperature  profiles,  we  find  that  /(x)  could 
be  approximated  over  a  wider  x  range  in  order  to  corre¬ 
spond  to  the  exactly  solvable  case.  Thus,  we  conclude, 
subject  to  the  profile  giving  an  /(x)  reasonably  close  to 
l/2x,  that  one  also  can  simply  apply  the  results  of 
Leclert  et  al.  to  whistler  wave  propagation. 

It  seems  that  self-focusing  (i.e. ,  soliton  formation) 
will  not  occur  for  the  nonlinear  "fast”  wave  in  a  toka¬ 
mak  plasma.  This  could  prove  to  be  advantageous  in 
heating  the  bulk  of  the  plasma  for  fusion  applications. 

This  research  was  supported  in  part  by  Office  of  Na¬ 
val  Research  contract  number  N00CT14-76-C-0867. 


1382  Phy*.  Fluid*.  Voi.  24,  No.  7.  July  1881 


R«tt*rch  Note* 


1392 


‘K.  Thetlhaber  and  A.  Bara,  Nucl.  Fusion  20,  347  (1980). 

JV.  I.  Karpman  and  H.  J.  Washlmi,  J.  Plasma  Phys.  18,  173 
(1977). 

3M.  Watanabe,  Phys.  Rev.  A  18,  2689  11978), 

*K.  H.  Spatscheck,  P.  K.  Shukla,  M.  Y.  Yu,  and  V.  r.  Karpman. 
Phys.  Fluids  22,  576  (1979). 


5W.  S.  Wang  and  H.  H.  Kuebl,  Phys.  Fluids  22,  1708  (1979). 

®t).  J.  Benney  and  A.  C.  Newell,  J.  Math.  Phys.  46,  133  (1967). 
7A.  C.  Newell,  Lect.  Appl.  Math.  15,  157  (1974). 

®G.  P.  Leolert,  C.  F.  F.  Karaey,  A.  Be rs,  and  D.  J.  Kaup, 
Phys.  Fluids  22,  1545  (1979). 


1383 


Phyt.  Fluids  24(7),  July  1981 


1393 


From:  NONLINEAR  PHENOMENA  IN  PHYSICS  AND  BIOLOGY 
Edited  by  Richard  H.  Enns,  Billy  L.  Jones, 
Robert  M.  Miura,  and  Sadanand  S .  Pangnekar 
(Plenum  Publishing  Corporation,  1981) 


THE  LINEARITY  OF  NONLINEAR  SOLITON  EQUATIONS 
AND  THE  THREE  WAVE  RESONANCE  INTERACTION 


D . J .  Kaup 

Physics  Department 
Clarkson  College  of  Technology 
Potsdam,  N.Y.  13676 


ABSTRACT 

Based  on  a  representation  found  by  Professor  Newell,  it  is 
illustrated  how  the  general  solution  of  nonlinear  soliton  equations 
are  really  simple  linear  sums.  Then  the  general  three-wave  resonant 
interaction  is  discussed,  what  the  resonance  is,  and  the  three- 
dimensional  scattering  problem  which  is  used  to  solve  it.  In 
particular,  we  contrast  the  standard  one-dimensional  inverse 
scattering  with  this  form  of  three-dimensional  inverse  scattering. 
The  principle  difference  is  that  no  bound  states  occur  in  this  form 
of  three-  iimensional  inverse  scattering,  and  thus  no  solitons  exist 
in  thr  dimensions.  However,  it  is  shown  that  from  a  BScklund 
transturmation,  one  can  construct  localized  solutions,  called  "lump" 
solutions,  and  their  properties  are  discussed. 
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I .  INTRODUCTION 


The  purpose  of  a  school  such  as  this  is  to  provide  a  background 
of  information  for  those  interested  in  a  given  particular  subject. 
The  basic  fundamentals  of  solitons  have  already  been  well  expanded 
on  by  Che  previous  talks,  and  in  general,  the  most  that  I  could  add 
without  excessive  duplication  is  simply  additional  references 
[Kaup,  1977;  Kaup  and  Newell,  1978a,  b;  Kaup  et  al,  1979],  which 
describe  my  viewpoint  on  these  basics.  However,  there  is  one  basic 
point  chat  still  has  not  been  emphasized  here,  and  which  I  have 
always  considered  to  be  striking  and  Important.  That  is  the  fact 
that  although  these  systems  are  indeed  nonlinear,  their  behavior  so 
closely  mocks  or  Imitates  linear  systems,  that  one  is  frequently 
ahead  if  he  simply  forgets  that  it  is  nonlinear,  and  looks  upon  the 
system  as  being  essentially  linear.  For  example.  Professor  Newell 
[Kaup  and  Newell,  1978b]  has  demonstrated  a  striking  representation 
of  the  general  solution  for  q  in  terms  of  the  squared  eigenstates. 
This  expansion,  for  the  Zakharov-Shabat  (ZS)  case  with  r  -  -q*,  is 


'  •  fl  (r  **'  *  7  *V) *  ♦  *2 (r„*,W>£) 


I, (1.1) 


with  the  notation  as  in  Kaup  and  Newell  [1978b].  Note  that  the 
solution,  as  given  in  (1.1),  is  an  exact  linear  sum  (integral)  over 
a  radiation  (continuous  spectrum)  part,  and  a  linear  sum  over  each 
and  every  bound  state  (soliton).  There  is  absolutely  no  difficulty 
in  identifying  what  part  of  the  solution  is  radiation,  and  what 
part  belongs  to  the  kc^  soliton.  It's  right  there  in  the  expansion 
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given  by  (1.1).  The  only  way  Chat  the  nonlinearity  enters  at  all 
in  (1.1)  is  in  the  squared  eigenstates.  In  the  radiation  part,  the 
eigenstate  is  a  plane  wave  only  as  x  ■+■  ±  =>  ,  and  for  x  finite,  under¬ 
goes  phase  shifts  and  a  WKB  swelling  of  its  amplitude  as  it  passes 
over  the  position  of  any  bound  state.  But  still,  qualitatively 
these  continuous  eigenstates  are  very  much  like  plane  waves,  and 
the  radiation  part  of  (1.1)  is  simply  a  "nonlinear  Fourier 
transform",  [Ablowitz  et  al,  1974],  where  b/a  is  the  continuous  part 
of  the  nonlinear  Fourier  transform.  Similarly,  since  the  soliton 
part  of  (1.1)  is  given  in  terms  of  the  bound  states,  it  follows  that 
each  soliton  solution  is  localized.  And  again,  the  only  way  the 
nonlinearity  enters  in  the  soliton  part  of  (1.1)  is  through  the 
squared  bound  states,  where  the  radiation  will  only,  at  most,  minorly 
influence  the  shape  of  these  bound  states. 

Thus  these  exactly  integrable  systems  exhibit  the  feature  that 
although  they  are  nonlinear,  their  behavior  is  very  remarkably 
linear.  Mathematically,  this  is  demonstrated  by  the  system  being 
exactly  integrable  [Ablowitz  et  al,  1974], by  (1.1),  and  even  may  be 
visually  seen  in  almost  any  computer  plot  of  such  solutions.  As  is 
well  known,  by  a  simple  cursory  visual  examination  of  almost  any 
such  solution,  one  can  pick  out  all  the  sol^tons  and  identify  the 
radiation  part,  due  to  the  usual  striking  contrast  between  the  bound 
states  and  the  continuous  eigenstates.  And,  except  for  phase  shifts, 
one  can  actually  visually  see  that  these  states  are  noninteracting. 

So,  what  I  want  to  leave  with  you  at  this  point,  is  the 
empirical  observation,  that  if  you  consider  these  nonlinear  systems 
to  be  "almost"  linear,  many  of  their  "strange"  features  become 
understandable,  and  one  can  be  lead  to  predictions  [Kaup,  1977; 

Kaup  and  Newell,  1978  a,b;  Kaup  et  al,  1979]  concerning  further 
features  of  such  systems . 

For  the  remainder  of  this  lecture,  I  want  to  concentrate  on 
some  of  the  basics  associated  with  three-dimensional  inverse 
scattering,  such  as  that  which  is  used  in  solving  the  three  dimen¬ 
sional  three-wave  resonant  interaction  (3WRI) .  But,  before  we  even 
look  at  that,  we  first  should  describe  this  3WH.I,  and  explain  what 
it  is,  because  a  basic  understanding  of  it  is  very  useful  in 
understanding  the  associated  3D  inverse  scattering. 

There  are  many  examples  that  one  can  use  to  illustrate  the 
3WRI,  one  of  which  dealing  with  electromagnetic  interactions,  was 
given  in  our  general  review  [Kaup  et  al,  1979]  of  the  one-dimensional 
case.  Instead  of  duplicating  that  one  here,  or  something  similar,  I 
shall  go  almost  to  the  other  extreme,  and  instead  consider  only  a 
very  simple  mathematical  model.  We  could  actually  choose  any 
hyperbolic  system  possessing  a  quadratic  nonlinearity  as. its  lowest 
order  nonlinearity.  But  to  keep  things  simple,  we  shall  choose  one 
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of  Che  simplest  of  all  such  models,  namely  the  wave-equation  with  a 
nonlinear  term, 

32*  -  72<f>  -  e<|>2  (1.2) 

where  $  is  a  real  field.  Again,  I  emphasize  that  (1.2)  is  simply  a 
mathematical  model,  which  contains  the  essential  features  which  we 
require:  propagating  waves  and  a  quadratic  nonlinearity.  Almost 
any  such  system  with  propagating  waves  and  a  quadratic  nonlinearity 
will  give  rise  to  Che  3WRI  in  the  weakly  nonlinear  limits.  We  shall 
now  illustrate  this  with  the  model  (1.2).  With  e  »  0,  (1.2)  is 
exactly  linear,  and  one  can  create  solutions  of  (1.2)  using  linear 
superposition.  And,  since  such  a  linear  solution  remains  linear  for 
all  time  when  £  »  0,  there  is  nothing  more  that  needs  to  be  said 
about  such  a  solution.  But,  when  we  "turn-on"  the  interaction  and 
allow  e  to  be  nonzero,  sooner  or  later  something  is  going  to  happen 
to  destroy  this  linear  superposition.  Letting  <f>  be  a  general  linear 
solution  becomes  too  difficult  to  attempt  when  e  /  0.  So  we  simplify 
and  the  easiest  simplification  is  to  let  (>  be  a  sum  of  almost  planar 
waves.  Chat  is  let 

N 

$  "  H  ei9j  u.<(x,t)  +  c.c.  (1.3) 

J-l 

where 

9 j  »  kj  *x  -  t  ,  (1.4) 

c.c.  means  the  complex  conjugate,  and  where  the  envelopes,  uj ,  are 
allowed  to  be  complex  and  are  assumed  to  be  slowly  varying  with 
respect  to  the  phase  of  the  plane  waves.  In  other  words,  any 
envelope  will  contain  many,  many  oscillations  or  wavelengths  under 
it.  Furthermore,  we  assume  each  kj  to  be  well  separated  from  the 
others . 

Under  these  conditions,  the  zeroth-order  solution  (1.3)  will 
appear  to  be  composed  of  N  distinct  envelopes.  Each  one  of  these 
envelopes  will  contain  many,  many  oscillations,  and  each  of  these 
oscillations  will  be  described  by  a  wave-vector,  Tcj  ,  and  a  frequency, 
Uj .  And  as  one  looks  at  any  specific  wave  or  oscillation,  inside 
of  any  envelope,  and  considers  only  its  nearest  neighboring  waves,  the 
solution  does  appear  to  be  a  plane  wave.  It  is  only  when  one 
considers  the  solution  over  many  oscillations  that  one  does  then 
note  the  eventual  decay  of  the  wave,  due  to  the  envelope.  The 
purpose  of  these  envelopes  are  two-fold.  First,  they  serve  to  keep 
the  total  energy  and  special  extent  finite,  and  second,  there  are 
no  real  physical  plane-wave  solutions.  All  physical  solutions  are 
really  bounded,  and  so  using  an  envelope  gives  us  a  physical  solution. 
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When  e  ■  0,  (1.3)  Is  an  exact  solution,  providing  we  restrict 
our  choices  of  aij  to 

uj  -  m2(^>  ,  kj  .  (1.5) 

This  is  just  the  linear  dispersion  relation.  Now,  to  understand 
what  can  happen  to  the  solution  when  e  /  0,  we  shall  first  consider 
the  e$2  term. to  be  an  Inhomogeneous  term,  and  thereby  driving  <t> , 
in  (1.3),  like  a  source  term  would.  So,  we  use  the  linear  Green's 
function,  and  have  that 

’  <(,hom  +  E|  dt'JdV  G(x-x’,t-t'),j>2(x’,t')  ,  (1.6) 

where 

G(x,  t)  -  — - —  f-  eik  x  sin[t(ii(k)  ]  ,  (1.7) 

(2ir)  3  J  u(k) 

and 

iu(k)  »  (k2)**  .  (1.8) 

In  (1.6),  $hom  Is  the  homogeneous  solution  of  (1.3).  Now,  I  want 
to  remind  you  that  one  interpretation  of  (1.6)  is  in  terms  of 
Huygen's  principle.  This  interpretation  is  as  follows.  At  x'  and 
t',  an  amount  of  $  is  created  by  the  $2  term,  of  amplitude  and 
phase  d>2 ,  which  is  then  propagated  to  t  and  t  by  G,  and  its  final 
amplitude  and  phase  at  x  and  t  is  simply  e$2.  Now,  one  simply 
integrates  over  all  possible  values  of  J'  and  t'  for  the  final  result, 
(1.6).  Well,  let's  simply  consider  what  terms  might  be  present  in 
<t>2,  and  take  the  simple  case  where  we  have  only  two  envelopes. 

Then 


<t>2  -  u2e2iSl  +  u2e2i02  +  u*uj  +  u2u2 

+  2Ui-2  e1(01'02)  +  2uiU2ei(9l'+62)  +  c>c>  (1.9) 

Now,  take  (1.6)  ana  (1.7)  and  rearrange  it  so  that  we  do  the  integral 
over  x'  first,  over  It  second,  and  over  t?  last.  The  first  four  items 
in  (1.9)  correspond  to  simple  harmonic  generation  [Kaup,  1978] 
and  side  band  modulations,  which  are  only  special  cases  of  the  3WRI. 
So,  we  shall  ignore  these  terms  here,  and  put  our  attention  on  the 
5th  and  6th  terms,  which  represent  an  interaction  between  the  two 
envelopes.  Then  in  (1.6),  the^ integral  over  It'  will^give  its  + 
largest  contribution  when  It  "  kj  ±  tt2,  and  also  when  k  ■  -(kj  ±  k2) . 
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And,  at  these  values  of  k,  the  Integral  over  x'  also  gives  very 
strongly  peaked  functions  of  It,  which  are  almost  delta  functions  in 
the  above  variables.  Thus,  in  It-space,  the  interaction  separates 
into  distinct  regions,  centered  at  each  of  the  above  values  of  It. 

The  width  of  each  region  in  £-space  is,  of  course,  inversely  propor¬ 
tional  to  the  width  of  the  associated  envelope  in  x-space.  Now  each 
of  these  regions  in  It-space  will  have  a  time  dependent  phase 
associated  with  it.  At  it  -  +tt2.  this  phase  Is  -(wi  +  u2)t,  at 

k  ■  -tc2,  this  phase  is  -(oij  -w2)t,  etc.,  all  of  which  follows  from 

(1.4),  (1.6),  and  (1.9). 

Next,  we  consider  what  happens  when  we  do  the  d3k  Integral  in 
(1.7).  And  since  the  d3x'  integral  gave  essentially  delta  functions 
in  tt-space,  the  d3k  Integral  simply  gives  us  a  sum,  one  term  for  each 
region  in  It-space .  But  this  just,  in  effect,  gives  us  back  what  we 
started  with,  except  that  the  amplitude  and  phase  factors  in  (1.7) 
have  been  inserted.  For  example,  about  tc  *  tcj  +1c2,  we  obtain 

2e  “1U^-  eKkrx+krW'-^t’)  3to[(t-t-)u(S1+52)  ] ,  (1.10.) 

u(^!+k2) 

and  about  the  region  k  «  k1-k2,  we  similarly  have 

2  Ult*2  eUk1*x-k2*x-a)1t'-hD2t')  a 

w(^1-k2) 

and  similarly  for  the  other  terms. 

The  result  exemplified  by  (1.10),  interpreted  in  terms  of 
Huygen's  principle,  is  simply  the  net  result  of  all  wavelets  pro¬ 
duced  by  e$2  at  x'  and  at  t',  upon  summing  over  all  possible  values 
of  x',  chosen  such  that  all  wavelets  end  up  at  x,  and  at  the  time  t. 

We  now  consider  the  last  integral  over  dt ' .  Note  the  time 
dependencies  in  (1.10a)  and  (1.10b).  We  shall  simply  state  the 
result.  If  in  (1.10a),  u  jt  +012,  then  this  term  will  remain 
bounded  by  the  order  of  e  for  all  time.  Thus  the  effect  of  this  term 
is  simply  to  produce  a  small  perturbation  on  the  linear  solution. 

But,  if  (d  “  uj  +u2,  then  this  term  will  grow  linearly  in  t,  and 
cannot  be  considered  as  a  small  perturbction.  In  fact,  it  can  grow 
so  large  that  it  starts  to  deplete  the  initial  envelopes.  The 
Interaction  has  now  become  fully  nonlinear.  This  term  does  not  then 
produce  just  a  small  perturbation  on  the  linear  solution.  This  term 
will  drastically  alter  these  initially  linear  solutions,  and  will 
cause  them  to  interact .  _Jn  terms  of  Huygen's  principle,  the  wave¬ 
lets  produced  by  the  k!+k2  term,  (1.10a),  at  t',  reach  t  with  the 
phase  factors  (dij  +ai2  i  u)t,  since  the  sine  term  in  (1.7)  contains 
both  signs  for  ut.  Thus,  in  general,  these  wavelets 


in[(t-t ')m(£j-£2)  ] ,  (1.10b) 


102 


D.J.  KAUP 


will  reach  £  with  various  and  almost  random  phases,  such  that  when 
one  adds  over  all  t',  much  cancellation  occurs.  But,  if  id  -  idj  +<d2, 
every  one  of  these  wavelets  reaches  t  with  exactly  the  same  phase 
as  every  other  wavelet.  The  wavelets  are  now  all  coherent  and  in 
phase,  so  that  when  one  adds  over  all  t',  one  obtains  a  linear 
growth  in  (t-t'),  which  can  only  be  limited  in  its  growth  by  the 
actual  finite  extent  of  the  initial  interacting  envelopes,  which  up 
until  now,  we  have  considered  to  be  absent,  by  using  only  plane 
waves.  This  is  a  resonance  phenomena,  when  w«(i>j  +u2-  When  this 
resonance  phenomena  occurs,  a  small  perturbation,  as  in  (1.2),  can 
drastically  affect  the  linear  solution,  so  much  so,  that  one  must 
now  consider  the  nonlinear  solution,  and  recognize  that  (1.6)  is 
not  valid  when  resonance  occurs.  And  similarly,  for  those  terms 
which  do  not  contain  resonance,  (1.6)  is  still  a  valid  method  of 
treatment,  since  they  always  remain  small. 

Now,  what  happens  at  such  a  resonance?  As  one  can  see  from 
(1.10a),  a  new  wave,  o r  wavevector  lei  +  1c2,  is  being  created.  It 
has  a  frequency  u  -  oidq+k^,  and  thus  is  a  linear  solution  of 
(1.2),  due  to  (1.5).  It  grows  linear  in  t  (at  least  initially),  and 
when  the  interaction  turns  off  (by  the  two  initial  envelopes 
eventually  separating)  it  propagates  as  a  free  wave.  So,  two  waves 
have  interacted  resonantly,  producing  a  third,  wave,  whence  the 
name  "three-wave  resonant  interaction". 

Of  course,  this  interaction  is  not  restricted  to  the  model 
(1.2),  but  will  occur  in  any  system  which  has  envelope  waves  and  a 
quadratic  nonlinear  interaction,  and  where  the  resonance  conditions 

£1+£2+k3  *  0,  (1.11a) 

<*)1+ai2+al3  ■  0,  (1.11b) 

“i  *  “(fcp*  (1.11c) 

can  be  satisfied.  In  (1.11),  we  are  introducing  a  convention  where 
the  sum  of  all  lc's  and  id's  are  zero,  which  can  always  be  done  for  a 
specific  set  of  lc's  and  (o's,  by  simply  redefining  them  with  appro¬ 
priate  signs.  This  form  Is  chosen,  since  the  resulting  3WRI 
equations  will  be  highly  symmetric. 

So,  when  the  resonance  condition  (1.11)  is  satisfied,  we  cannot 
obtain  a  solution  by  simple  perturbation  techniques,  as  in  (1.6), 
but  must  consider  the  weakly  nonlinear  (e  ■*  0)  case.  Since  two 
waves  are  interacting  to  produce  a  third,  we  start  with  three  waves 
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and  due  to  (1.11),  the  three  phases  are  not  Independent,  but  satisfy 

0l+92  +  03  *  0  ,  (1.13) 

Now  let's  Insert  (1.12)  into  (1.2),  retaining  only  the  lowest  order 
terns.  This  gives 


(1.14) 


[  +  u*ul  ■*■•••  j 

and  where  we  shall  still  ignore  all  effects  of  harmonic  generation1 . 
Upon  balancing  terms  of  like  phase  in  (1.14),  one  obtains 


Oc-vj 


7)Uj  »  £ 


u*u* 
k  i 


(1.15) 


where  vj  »  kj/u..  is  the  group  velocity  (since  dispersion  is  absent) 
and  (j,k,i)  in  (1.15)  is  cyclic  in  (1,2,3).  There  are  thus  three 
equations  contained  in  (1.15).  Upon  scaling  the  envelope  ampitudes, 
one  can  obtain  (1.15)  in  the  canonical  form  [fCaup  et  al,  1979], 


Ot-V  V)qj  "  lYJ V*£ 


(1.16a) 


where  the  q's  are  the  scaled  amplitudes,  and 


Strictly  speaking,  for  the  model  (1.2),  one  cannot  ignore  harmonic 
generation,  since  given  any  £,  there  exists  a  solution  for 
(u(2 £)  *  2mUc).  Thus  due  to  the  absence  of  dispersion  in  (1.2), 
harmonic  generation  is  always  resonant,  and  can  never  be  Ignored. 

In  more  physical  models  which  have  dispersion,  solutions  will  exist 
to  oj(2^)  »  2u(k),  only  for  special  values  of  k.  Thus,  in  general, 
harmonic  generation  is  not  resonant,  and  indeed  may  be  Ignored, 
unless  one  of  the  t's  happen  to  be  one  of  these  special  values. 
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where  Ej  is  the  energy  of  the  envelope. 


(1.16b) 


Once  given  (1.16),  the  method  of  solution  depends  first  on  the 
number  of  independent  dimensions,  or  directions,  appearing  in  (1.16a). 
For  example,  if  you  were  given  the  q's  as  being  independent  of  x, 
then  you  have  only  a  one-dimensional  problem  (only  a  t -dependence) 
regardless  whether  or  not  the  group  velocities  are  in  independent 
directions.  Another  way  to  have  a  one-dimensional  problem  is  to 
have  all  three  group  velocities  equal.  Now,  we  have  only  one 
characteristic  direction,  with  the  different  streamlines  never 
crossing  or  mixing.  So,  we  simply  solve  the  one-dimensional  problem 
along' each  and  every  streamline. 

In  each  case  when  the  3WRI  reduces  to  a  one-dimensional  problem, 
one  can  always  give  the  general  solution  in  terms  of  elliptic 
functions  [Armstrong  et  al,  1962].  When  only  two  of  the  derivatives 
in  (1.16)  are  independent,  one  has  what  is  commonly  referred  to  as 
the  "one-dimensional"  case,  by  which  one  means  one  spatial  dimension 
(plus  one  time  dimension,  giving  a  total  of  two  dimensions).  Solu¬ 
tions  fjr  this  case  were  given  first  by  Zakharov  and  Manakov  [1973], 
and  the  recent  paper  [Kaup  et  a] ,  1979]  in  Reviews  of  Modern  Physics 
gives  an  up-to-date  account  of  what  is  known  about  this  two-dimensional 
case,  both  in  terms  of  Inverse  scattering  and  numerical  calculations, 
and  how  they  both  compare. 

So,  this  only  leaves  the  most  general  case,  namely  when  (1.16) 
has  all  three  derivatives  as  being  independent.  This  is  the  full 
three-dimensional  (3D)  case,  and  is  the  case  I  shall  discuss  here. 

I  shall  not  attempt  to  explain  all  the  "ins-and-outs"  of  3D  inverse 
scattering  here,  since  first  there  is  not  sufficient  time,  and 
second,  this  audience  is  not  primarily  interested  in  these  ins-and- 
outs,  but  rather  in  the  general  principles  involved.  So,  here  I 
shall  seek  to  emphasize  how  this  3D  problem  differs  from  ID  inverse 
scattering,  and  how  it  is  still  similar.  As  for  references  on  the 
3D-3WRI  inverse  scattering,  Cornille  [1979]  and  Kaup  [1980a]  give 
the  first  successful  attempt  to  create  a  workable,  albeit  clumsy, 
inverse  scattering.  The  papers  by  Kaup  [1980b;  1980c]  are  concerned 
with  the  "global  scattering  problem",  which  could  nevertheless  solve 
a  special  class  of  Initial  value  problems.  Kaup  [1979]  gives  the 
final  and  complete  solution  of  the  general  initial  value  problem, 
and  with  remarkable^  hindsight ,  the  paper  by  Kaup  [l98l]  then  allows 
one  to  completely  bypass  Inverse  scattering,  and  construct  physical 
solutions  with  a  technique  very  similar  to,  and  undoubtedly  related 
to  BScklund  transformations.  What  I  shall  do  next  is  to  discuss  the 
principle  ideas  involved  in  Kaup  [1979],  and  conclude  by  discussing 
the  three  principle  types  of  solutions  given  in  Kaup  [1981]. 
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II.  THE  SCATTERING  I' ROB  LEM  FOR  THE  THREE-DIMENSIONAL  THREE-WAVE 

RESONANT  INTERACTION 

Before  discussing  Che  scattering  probleoi  for  this  system,  I 
first  want  to  ensure  that  the  shape  and  nature  of  the  solutions  of 
the  3D-3WRI  are  understood,  because  centering  on  this,  we  can  simplify 
the  method  of  solution.  First,  the  interaction  region  in  space-time 
is  often  finite,  and  is  defined  to  be  that  region  where  two  or  more 
of  the  envelopes  overlap.  If  you  are  in  a  region  of  space-time 
where  there  is  no  overlap  of  the  envelopes,  there  is  no  interaction, 
since  qj  q£  -  0,  and  by  (1.16),  each  envelope  then  propagates  as  a 
free  envelope.  To  know  what  happens  in  the  interaction  region,  we 
must  solve  the  full  nonlinear  equations.  But  if  we  block  this  region 
off,  and  consider  only  all  other  parts  of  space-time,  then  we  are 
considering  only  the  noninteracting  region,  where  the  envelopes  are 
free.  And  since  there  is  no  dispersion,  in  this  region,  these  free 
envelopes  simply  undergo  a  simple  translation,  as  shown  by  the  free 
solution  of  (1.16).  Thus  in  the  noninteraction  region,  we  know 
exactly  what  the  solution  is.  And,  usually  this  region  is  much 
larger  than  the  Interaction  region.  Contrast  this  with  other  cases, 
where  dispersion  is  present.  Then,  one  only  knows  the  solution  at 
infinity.  Almost  all  of  space-time  i:*  now  the  interaction  region, 
and  you  only  know  the  solution  on  the  -oundary.  But  due  to  the 
absence  of  dispersion  in  the  3WRI  equations,  the  opposite  occurs 
here,  in  that  one  knows  the  solution  in  almost  all  of  space-time, 
while  it  is  usually  unknown  in  only  a  finite  region  of  space-time. 

So,  let's  now  consider  the  solution  in  the  noninteracting 
region.  By  (1.16),  each  envelope  here  satisfies 

Ot  +  Vj  •  V) q^  -  0,  (2.1) 

which  therefore  moves  with  the  velocity  v j ,  without  any  distortion. 
Now,  note  that  in  total,  we  only  have  three  operators,  Ot+vj  •  V), 
while  there  are  four  space-time  coordinates.  This  means  that  there 
is  at  least  one  linear  combination  of  the  space-time  coordinates 
which  is  independent  of  these  three  operators.  We  shall  call  this 
combination  x4,  and  define  it  by 

Ot  •  V)x4  -  0,  (2.2) 

for  j  ■  1,2,  and  3.  For  example,  to  find  x4>  go  to  the  rest  frame 
of  one  envelope,  say  qj ,  then  Vj  -  0.  Now  rotate  your  coordinate 
system  such  that  and  V3  lie  in  the  x-y  plane.  Now,  it  is  very 
obvious  from  (2.2)  that  X4  “  z.  As  a  further  point,  consider  (1.16) 
in  this  situation.  Then  no  derivatives  with  respect  to  z  ever 
occur  in  (1.16).  Thus  z  (or  rather,  x4  in  general)  appears  in 
(1.16)  only  as  a  parameter.  This  means  that  you  may  sol^e  (1.16) 


106 


D.  J.  KAUP 


by  fixing  Xi*»  obtain  a  solution,  then  fix  X4  t0  ^e  another  value, 
etc.  In  other  words,  solutions  at  different  values  of  X4  never  mix 
or  affect  one  another. 

So,  with  X4  being  defined  by  (2.2),  there  remains  three  other 
independent  coordinates,  which  we  shall  define  by 


— —  ”  3  .  *  -3  -v .  •  7  • 

3Xj  J  t  J 

(2.3) 

for  j  «  1,2,3.  These  coordinates  we  shall  call 
coordinates".  As  an  example,  if  vj  =  0,  v2  =  i, 
a  solution  of  (2.2)  and  (2.3)  is 

"characteristic 
and  v3  =  j ,  then 

t  *  -Xj  -x2  -x3  > 

(2.4a) 

x  *  -X2 

(2.4b) 

y  -  -x3  . 

(2.4c) 

2  -  x4  . 

(2.4d) 

Of  course,  other  different  solutions  will  exist 
tions  of  the  velocities. 

for  other  orienta- 

From  (2.1)  and  (2.3),  we  have  for  the  free 

solutions  that 

3jqj  ’  °’ 

(2.1’) 

or 

qj  *  qj(xk,X8.,Xl*)  ’ 

(2.5) 

with  j,k,8.  cyclic  in  1,2,3.  Explicitly  in  terms  of  the  very 
special  and  model  situation  represented  by  (2.4),  the  three  equa¬ 
tions  contained  in  (2.5)  are 

q3  -  q3 (-x,-y,2) , 

(2.6a) 

<12  “  q2(-y,  t  -x-y  ,z)  , 

(2.6b) 

q3  -  q3  ( t-x-y,-x,z) . 

(2.6c) 

As  one  will  note,  q3  satisfies  3tqj  "  0,  and  q2  satisfies 
(3t+3x)q2  -  0,  and  q3  satisfies  Ot+3y)q3  »  0. 
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So,  what  the  above  illustrates  is  that  these  characteristic 
coordinates  are  very  special,  are  determined  by  the  velocities,  and 
are  natural  coordinates  to  use  in  this  problem.  When  we  use  these 
coordinates,  the  free  solutions  take  on  a  very  special  form,  as  given 
by  (2.5). 

Since  X4  will  only  enter  our  equations  as  a  parameter,  we  shall 
hereafter  ignore  it. 

Note  that  at  constant  X^  and  Xg,  the  free  solution  for  qj  does 
not  change  as  Xj  is  changed  (provided  we  remain  in  the  noninteracting 
region,  where  (2.1)  is  valid).  Thus  qj  can  be  considered  to  pa- 
gate  along  the  (±)Xj-axis. 

Usually,  the  Initial  envelopes  are  localized  and  could  > 
considered  to  be  bounded  in  space.  As  seen  in  the  model  (2.r  if 

bounded  in  x,y,  and  z,  the  solution  is  also  bounded  in  chara*  'Stic 

coordinates.  Since  characteristic  coordinates  are  natural  c 
aces,  we  shall  use  these  coordinates  instead  of  space-time  ci 
ates.  Thus  our  results  shall  be  independent  of  the  actual  group 
velocities,  and  shall  be  quite  general. 

Consider  a  localized  free  solution  for  qj  as  in  (2.5),  and  as 
shown  in  Figure  1.  In  Figure  1,  I  have  attempted  to  pictorially 
represent  what  a  typical  solution  of  the  3D-3WRI  (for  some  value  of 
X4)  might  look  like,  using  characteristic  coordinates,  and  not  space- 
time  coordinates.  (I  want  to  emphasize  that  the  angles  between  the 
X-axes  in  Fig.  1  need  not  be  90°  as  shown.  What  these  angles  would 
be,  would  depend  on  the  three  group  velocities,  and  their  directions. 
However,  since  no  result  depends  on  the  angles  between  these 
characteristic  coordinates,  we  may  arbitrarily  stretch  these  angles 
out  to  be  90°.  Thus,  in  Fig.  1,  we  show  the  angles  to  be  90°. ) 

As  it  is  drawn,  we  have  two  envelopes  qg  and  qj  coming  together  and 
Interacting,  creating  some  q^,  and  then  everything  separates  as 
t  -*■+•»,  with  different  final  envelopes.  We  note  that,  as  in  (2.4a), 
the  relation 

t  *  “Xi  -  Xj  -  Xk  »  (2.7) 

is  a  consequence  of  (2.3),  and  does  not  depend  on  how  the  velocities 
are  directed.  It  is  from  (2.7)  that  one  can  understand  how  time  is 
directed  in  Fig.  1,  since  (2.7)  defines  a  plane  with  the  directional 
derivative  (1,1,1).  Imagine  such  a  plane  in  Fig.  1.  As  this  plane 
would  be  moved  toward  the  right  in  Fig.  1,  t  would  become  more 
negative.  At  any  time  t,  the  Intersection  of  this  plane  with  q^, 
gives  the  profile  of  q^  at  that  value  of  t.  Note  how  if  this  plane 
would  be  moved  toward  the  origin,  q*  and  q,  would  then  approach 
each  other.  This  would  correspond  to  two  pulses  (envelopes) 
approaching  each  other.  At  the  origin,  they  overlap  and  interact. 
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Fig.  1.  A  graphic  representation  of  a  solution  of  the  3D-3URT  in 
characteristic  coordinates.  This  solution  represents  an 
initial  q^  envelope  and  q.,  envelope  (each  at  the  right) 
colliding,  and  then  emerging  with  a  reduced  energy.  In 
the  process  of  interacting,  an  amount  of  qk  has  been  pro¬ 
duced,  and  is  seen  traveling  away  from  the  collision  center 
along  its  own  characteristic. 
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Then  as  t  becomes  positive,  they  both  come  out  the  other  side,  with 
their  original  profiles  changed  and  with  q^  now  being  nonzero.  Once 
t  has  become  sufficiently  large  so  that  the  envelopes  no  longer 
overlap,  then  the  envelopes  once  again  become  free  envelopes,  and 
propagate  according  to  (2.1). 

Of  course,  there  can  be  initial  conditions  where  the  envelopes 
would  never  separate,  and  there  can  be  initial  conditions  whereby 
the  solutions  become  singular.  However  those  are  special  cases,  and 
before  one  attempts  to  understand  them,  he  had  best  understand  this 
simple  case  as  shown  in  Fig.  1.  All  it  is,  is  two  envelopes  coming 
together,  colliding  and  interacting,  then  separating.  And  in  the 
process  of  interacting,  a  third  envelope  has  been  produced  or 
created,  which  moves  away  along  its  own  characteristic  direction. 


Let  us  now  turn  to  the  scattering  problem  Itself.  The  original 
scattering  problem  was  given  by  Zakharov  and  Shabat  [1974].  However, 
it  was  not  in  a  form  that  one  could  introduce  characteristic 
coordinates  into,  which  caused  it  to  appear  to  be  more  complicated 
than  it  really  was.  Ablowitz  and  Haberman  [1975]  found  another 
scattering  problem  which  was  in  characteristic  coordinate  form, 
and  is  the  one  which  we  shall  use.  It  is 


vijV 


(2.8a) 


(2.8b) 


where  i,j,  and  k  are  cyclic,  so  that  there  are  a  total  of  six 
equations  in  (2.8).  If  one  considers  the  integrability  conditions 
for  these  six  equations,  one  finds  that  the  q's  must  satisfy 

3i«i  *  yi«K  *  (2'9) 

where  again,  (i, j ,k)  are  cyclic,  so  that  (2.9)  contains  three 
equations,  which  if  we  interpret  3^  as  3/3xj,  are  just  the  3D-3WRI 
equations,  (1.16). 

Now  in  the  initial  value  problem,  one  is  given  all  three  q's  at 
some  value  of  t,  which  we  shall  take  to  be  at  t  *  0  for  convenience. 
From  (2.7),  in  terms  of  characteristic  coordinates,  we  therefore 
initially  know  the  q's  only  along  the  plane 


-Xi-Xk 


(2.10) 


So,  we  want  to  solve  (2.8),  only  knowing  this  information.  When 
one  considers  (2.8)  relative  to  the  plane  defined  by  (2.10),  one 
finds  that  three  of  the  equations  in  (2.8)  describe  how  the  three 


( 
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<J/'s  will  evolve  off  of  the  plane  (analogous  to  the  t-evolution 
equations  in  1D-IST)  and  the  other  three  describe  how  the  three  i|»'s 
propagate  in  this  plane.  Of  course,  since  the  plane  is  two- 
dimensional,  having  only  three-first-order  partial  differential 
equations  for  three  functions  leaves  the  solution  underdetermined, 
and  it  is  exactly  due  to  this  underdeterminancy  that  this  problem, 
even  without  any  eigenvalue  in  (2.8),  is  still  a  scattering  problem. 
It  is  not  an  eigenvalue  problem  as  in  1D-IST,  but  it  is  still  a 
scattering  problem. 

To  restrict  ourselves  to  the  plane  given  by  (2.10),  we  arbi¬ 
trarily  pick  Xi  and  xk  to  be  our  independent  coordinates  in  this 
plane.  Then  provided  we  are  restricted  to  be  in  this  plane,  the 
derivatives  with  respect  to’ our  two  independent  characteristic 


coordinates  are  related  to  the  $  operator  by 

3k  ”  ^vj  ”^k^*7  ’  (2.11a) 

3 1  -  (v  -  Vj)*7  ,  (2.11b) 

and  the  three  equations  from  (2.8)  which  correspond  to  the  scattering 
problem  are 

*  (2-12a) 

Ok-v^j  "  Wk-YiV"i  *  (2-12b) 

^k  ”  Y i<l J ^ i  -  Yj >  (2.12c) 


and  the  reason  this  is  a  scattering  problem  is  simply  because  3^^, 
(3k+3j)t|>j,  and  3ki(ik  are  unspecified  in  (2.12).  What  (2.12a)  does 
specify  is  how  changes  as  one  moves  in  the  xk  direction,  and 
nothing  is  said  about  how  must  change  as  one  moves  in  the  x^ 
direction.  Similarly  for  (2.12b)  and  (2.12c),  with  different 
directions  being  involved.  IXie  to  this  underspecification  of  these 
functions.  Integration  of  (2.12)  gives 


♦i  ■ 

*i(xi)  +  j 

•  00 

'  ^k 

f  )(xi,u)du  . 

(2.13a) 

♦j  ■ 

gj(xi+xk) 

/ 

1  (  }  (Xi  +  Xk~v,v)dv  , 

(2.13b) 

•oo 

♦k  ■ 

gk<xk)  +  j 

x< 

{  )(w,xk)dw  » 

(2.13c) 
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where  the  brackets  in  (2.13)  simply  stand  for  the  right-hand  sides 
of  (2.12),  the  exact  form  of  which  is  unimportant  for  (2.13)  and  the 
following  arguments.  The  three  g's  in  (2.13)  are  arbitrary  functions, 
and  their  specification  will  uniquely  determine  the  solution.  We 
emphasize  that  they  are  arbitrary,  and  they  are  arbitrary  simply 
because  (2.12)  did  underdetermine  the  solution  for  the  ij/'s. 

Now,  (2.12)  are  linear  equations.  So,  the  general  solution  may 
be  given  as  a  sum  over  some  selected  complete  set  of  fundamental 
solutions.  Furthermore,  we  can  replace  the  arbitrary  g's  with  the 
Fourier  components,  e*-^xi,  etc.,  since  from  these  plane  waves,  one 
can  reconstruct  any  arbitrary  function.  So,  for  the  fundamental 
solution  we  call  ip  *,  we  take 

g1(xi)  -  eUXi  ,  (2.14a) 

gj  «  g^  ■  0  »  (2.14b) 


while  for  the  fundamental  solution  ^ 


j 


we  take 


*i  "  8k 
*j(xi  +  Xk} 


-iC(X1+Xk> 


and  for  ijr 


we  take 


gi  ■  *j  ■  0  ’ 

.  ^  i4Xk 

8k(xk)  -  e 


(2.15a) 

(2.15b) 


(2.16a) 

(2.16b) 


Now,  let  us  see  what  the  solution  i(f*,  (2.14),  corresponds  to. 

In  Fig.  2,  we  have  pictorlally  represented  this  solution  in  the 
t  ■  0  plane.  We  assume  the  initial  data  to  be  on  compact  support, 
whence  we  can  assume  that  the  potentials  (the  q's)  are  only  nonzero 
inside  the  central  circle,  as  Indicated.  From  (2.14)  and  (2.13a), 
we  have  for  any  Xk  above  the  circle,  that  ■  eicxi  exactly.  Also 
note  that  if  Xi  lies  tq  the  left  or  the  right  of  the  circular 
region,  then  again  »  ei!"Xl.  Thus  can  only  differ  from  eitxi 

either  inside  the  circular  region,  or  1directly  underneath  it. 
Similarly,  one  can  argue  that  is  only  nonzero  in  the  circular 
region  or  directly  to  its  left,  and  is  only  nonzero  in  the  circular 

region  or  to  the  lower  right,  as  indicated  in  Fig.  2. 
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Now,  note  Chat  each  integral  in  (2.13)  serves  to  propagate  the 
solution  of  a  particular  component  in  a  particular  direction.  These 
directions  are  indicated  by  the  arrows  in  Fig.  2.  We  can  now 
interpret  Fig.  2  as  follows.  In  Fig.  2,  we  see  an  incident  wave, 

♦  J  entering  at  the  top,  which  has  transverse  oscillations,  e1!*x*-. 
This  wave  interacts  with  the  q's  and  creates  out  of  this  interaction 
two  different  waves,  and  i|ii,  each  of  which  propagates  off  in 
its  own  characteristic  direction.  So  (2.12)  is  indeed  a  scattering 
problem,  in  that  one  wave  is  partially  converted  (scattered)  into 
two  others. 

But  what  about  the  final  profiles  of  ^(Xfc)  and  (X^X^)? 

Well,  as  one  would  suspect,  each  of  these  final  profiles,  when 
Fourier  transformed,  defines  a  reflection  coefficient,  which  depends 
on  the  exact  structure  of  the  potentials  Inside  the  circular  region. 
Similarly,  the  final  profile  of  'l'i(X^)  defines  a  transmission 
coefficient.  So,  we  do  have  the  potentials  being  mapped  into 
reflection  coefficients,  as  in  1D-IST.  From  the  three  solutions, 
ill1,  i|(J,  and  ijik,  defined  by  (2 .14)-(2.16) ,  we  therefore  have  two 
reflection  coefficients  per  solution,  for  a  total  of  six  reflection 
coefficients.  But,  we  have  only  three  profiles,  so  that  three  of 
these  six  reflection  coefficients  are  not  Independent,  but  are 
dependent  on  the  other  three. 


Furthermore,  (2.13)  is  not  the  only  choice  for  a  solution  to 
(2.12),  since  one  could  choose  different  and  the  opposite  limits 
for  the  integrals  in  (2.13).  For  example,  changing  the  integral 
in  (2.13a)  to  be  from  -■>  to  X^,  corresponds  in  Fig.  2  to  reversing 
the  direction  of  the  corresponding  reflected  wave.  In  all,  since 
there  are  8  independent  ways  of  choosing  the  limits  on  the  integrals 
in  (2.13),  and  since  there  are  three  independent  solutions  per 
choice,  we  have  a  total  of  24  Independent  fundamental  solutions,  and 
therefore  48  different  reflection  coefficients,  of  which  only  three 
are  independent.  Contrast  this  with  the  1D-IST  case,  where  we  have 
only  4  fundamental  solutions  [Ablowitz  et  al,  1974],  and 

and  only  four  different  reflection  coefficients  [Ablowitz  et  al, 
1974],  b/a,  bfS,  ¥/a,  and  E/a,  of  which  at  most,  two  of  the  latter 
are  Independent . 

So,  3D-IST  has  a  much  larger  redundancy  in  it  than  does  1D-IST, 
with  the  reason  for  this  arising  from  the  larger  number  of  directions 
which  one  could  use  for  the  incident  beam,  and  the  reflected  beams. 
Furthermore,  when  one  starts  considering  the  number  of  possible 
forms  for  the  inverse  scattering  equations  themselves,  we  again  find 
a  similar  large  number,  whereas  in  1D-IST,  there  are  only  two 
possible  forms:  Inversion  about  +°  or  about  -<*  .  The  methods 
required  to  obtain  the  3D  inverse  scattering  equations  are  detailed 
in  Kaup  [1979]  and  due  to  the  complexity  of  the  algebra 
involved,  we  shall  not  reproduce  those  results  here.  Instead  we 
shall  simply  outline  them,  and  also  contrast  them  with  1D-IST. 
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First,  we  note  that  the  t -dependence  of  the  reflection  coef¬ 
ficient  can  be  determined  in  the  standard  manner.  We  use  the  three 
equations  in  (2.8)  which  corresponds  to  evolving  the  4>'s  off  of  the 
t  *  0  plane,  and  simply  evaluate  them  for  xj  "  -  °°  and/or  Xk  *  -  “  • 
whence  the  t-evolution  of  the  reflection  coefficients  will  follow, 
since  the  potentials  are  assumed  to  vanish  at  these  limits.  Second, 
one  finds  that  each  fundamental  solution  of  (2.12),  where  the 
incident  wave  is  represented  as  in  (2.14)-(2.16) ,  has  a  particular 
analytic  property  with  respect  to  5.  For  example,  the  fundamental 
solution  t)i*,  defined  by  (2.13)  and  (2.14)  is  in  general  only 
bounded  on  the  real  5 -axis,  whereas  tJiJ  (^k)  is  analytic  in  the  lower- 
(upper-)half  5-plane.  Similarly,  each  of  the  24  fundamental 
solutions  has  a  definite  analytical  property,  with  respect  to  5. 
Furthermore,  each  fundamental  solution  can  be  related  to  almost  any 
other  set  of  three  fundamental  solutions,  via  the  various  transmis¬ 
sion  and  reflection  coefficients,  since  only  three  of  the  24  funda¬ 
mental  solutions  are  linearly  independent.  From  this,  one  can 
construct  "linear  integral  dispersion  relations"  whereby  one 
fundamental  solution  is  given  in  terms  of  an  inhomogeneous  part  and 
an  integral  in  the  complex  5-plane,  over  products  of  reflection 
coefficients  and  other  fundamei  "al  solutions.  Once  these  are 
constructed,  one  has,  in  effect,  solved  the  inverse  scattering 
problem,  because  all  that  is  left  is  simply  "doing  the  algebra". 

So  far,  everything  which  has  been  described  above,  has  very 
closely  paralleled  1D-XST,  and  has  differed  really  only  in  the 
dimensionality,  larger  number  of  solutions,  etc.  But,  it  is  at 
the  point  of  constructing  the  linear  integral  dispersion  relations, 
that  one  will  note  a  distinct  difference  between  3D-IST  and  1D-IST. 

In  1D-IST,  the  poles  of  the  transmission  coefficient,  a-1 (5), 
in  the  upper  half  5-plane,  define  the  bound-state  eigenvalues 
[Ablowitz  et  al,  1974],  each  one  of  which  gives  rise  to  a  soliton. 

But  in  this  3D-IST,  every  transmission  coefficient  is  bounded,  and 
therefore  no  poles  occur,  and  therefore  no  solitons  exist,  as  we 
know  them  from  1D-IST.  The  inverse  scattering  is  done  completely 
in  terms  of  the  continuous  spectrum,  and  only  in  terms  of  the 
continuous  spectrum.  No  bound  states  ever  occur. 

But,  in  1D-IST,  one  property  of  the  inverse  scattering  equations 
is  that  when  the  continuous  spectrum  is  absent,  closed  form 
solutions  exist,  which  are  the  N-soliton  solutions.  This  occurs 
because  the  kernels  in  the  integral  equations  (which  are  the 
inverse  scattering  equations)  become  what  is  called  "separable". 

So,  in  1D-IST,  one  could  equivalently  define  solitons  as  being  the 
separable  solutions  of  the  1ST  equations.  So,  when  one  considers 
the  3D-IST  equations,  quite  surprising,  we  find  that  these  equations 
can  possess  separable  kernels,  and  the  corresponding  solutions  are 
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localized’.  And,  one  may  also  construct  the  analogy  of  the  ID  N- 
soliton  solution,  except  that  these  3D  objects  are  not  quite 
solitons.  And  to  distinguish  them,  we  shall  call  these  3D  objects 
"lumps".  These  3D  "lump  solutions"  we  shall  now  discuss  from  a 
different  point  of  view  in  the  next  section. 


III.  THE  THREE  DIMENSIONAL  BACKLUND  TRANSFORMATION 

As  one  will  recall,  one  of  the  more  general  means  of  construc¬ 
ting  N-soliton  solutions  in  one-dimension,  is  to  use  the  B&cklund 
transformation,  whereby  one  starts  with  a  trivial  zero  solution,  and 
generates  nontrivial  solutions.  Following  a  suggestion  by 
Jim  Corones  [1976],  simply  applying  a  general  technique,  I  have 
found  that  a  Backlund  transformation  does  exist  for  the  3D-3WRI, 
which  is  completely  lntegrable,  and  is 

<Tj  -  qj  +  4<*i(<k/D  •  v  (3.1a) 

where 

3tD  -  .  (3.1b) 

and  each  above  equation  is  cyclic  in  (i,j,k).  In  (3.1a),  q^  is  an 
initial  known  solution,  and  is  a  solution  of  (2.8)  for  tne  known 
q's.  By  direct  substitution,  one  may  verify  that  if  (2.8),  (2.9) 
and  (3.1b)  is  true,  then  qj  will  satisfy  (2.9),  being  therefore  a 
new  solution.  From  (2.8),  one  may  easily  show  that  (3.1b)  is 
integrable. 

To  see  what  kind  of  solutions  we  can  generate  with  (3.1),  just 
set  q^  ■  0,  whence  it  follows  from  (2.8)  that  *  gj(Xj)  and 

«j  *  d  *i(xi>*k(xk)  ’  (3-2a) 

where 

D  -  l  +  y^!  +y2G2  +Y3G3  ,  (3.2b) 

c 00 

Gi(Xf)  ■  I  g*gi(u)du  •  (3.3) 

*xi 


The  solution  (3.2)  is  called  a  "1-lump"  solution. 


116 


0.  J.  KAUP 


A  trivial  1-lump  solution  is  when  one  of  the  g's  is  chosen  to 
be  zero.  We  take  gj  »  0,  then  it  follows  that  q2  •  0  -  q3 ,  while 


* 

83«2 

qi  *  l-hr2G2+Y3G3 


(3.4) 


where  in  (3.4),  g^  is  a  function  only  of  x^*  Now,  (3.4)  is  not  a 
soliton  solution  as  we  know  from  1D-1ST.  First,  we  note  that  its 
shape  and  amplitude  is  quite  arbitrary.  Except  for  the  denominator, 
it  can  be  any  product  of  any  function  of  the  other  two  characteristic 
coordinates.  Note  that  it  is  independent  of  Xj >  which  must  be  so, 
for  a  free  envelope  to  exist.  Thus  in  characteristic  coordinate 
space,  (3.4)  describes  a  "tube"  parallel  to  the  Xj-axis,  when  g2 
and  g3  are  localized. 

Now,  these  N-lump  solutions  can  be  constructed  from  a  Backlund 
transformation,  as  we  have  seen  here  for  the  1-lump  solution.  But, 
in  1D-IST,  the  BHcklund  transformation  is  a  well-known  and  well-used 
procedure  for  generating  ID  N-soliton  solutions.  So,  one  could  say 
that  these  lump  solutions  are  the  extension  of  ID  solltons,  and  at 
the  same  time  one  could  say  that  they  are  not.  The  choice  that  one 
takes  will  depend  on  one's  point  of  view.  But,  the  main  point  to 
be  recognized  is  that  these  lump  solutions  are  similar  to  and  also 
are  different  from  solltons.  Thus  they  are  Indeed  a  different 
quantity,  and  to  emphasize  this,  we  have  chosen  to  use  the  word 
"lump"  to  describe  them. 

Now,  the  general  1-lump  solution,  (3.2)  although  simple,  is 
found  to  contain  in  it  a  breadth  of  information  and  examples,  which 
is  remarkable.  With  just  this  one  solution,  we  can  generate  and 
exhibit  such  effects  as  pulse  decay,  upconversion,  and  explosive 
instabilities,  all  with  one  simple  mathematical  solution  [Kaup,  198l]. 
The  detailed  analysis  of  (3.2)  is  carried  out  in  Kaup  [1981],  so  what 
I  shall  do  here  is  to  present  the  results,  and  hopefully  enough  of 
the  mathematics  to  convince  you  that  these  results  are  true  and 
reasonable.  The  first  thing  which  must  be  done  is  to  parameterize 
the  solutions  (3.2)  in  some  manner.  We  choose  to  use  the  standard 
concept  of  "action"  and  define  the  initial  and  final  action  (a)  of 
an  envelope  by 

aj  "  \_m  *1  \_m  dXk  Vj  •  (3-5> 

The  relation  that  the  above  integral  has  to  the  corresponding 
Integral  in  space-time,  is  discussed  in  Kaup  [l98l].  Here,  we  shall 
simply  comment  that  for  the  initial  and  final  pulses  (but  not  neces¬ 
sarily  for  in-between  times)  the  above  integral  does  reduce  to  the 
usual  definition  of  action. 
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Now,  with  the  definition  of  initial  and  final  actions  by  (3.5), 
one  then  finds  that  the  specification  of  the  three  Initial  actions 
either  i)  uniquely  determine  all  constants  in  (3.2),  except  for 
trivial  phase  factors,  or  ii)  no  solution  of  (3.2)  exists  for  those 
initial  actions.  In  the  latter  case,  usually  the  1-lump  solution 
was  just  not  sufficiently  general  to  represent  such  a  solution. 

So,  there  are  some  interaction  regimes  which  are  inaccessible  to 
the  1-lump  solution.  But  at  the  same  time,  we  find  that  a  very 
large  interaction  regime  is  accessible  to  this  solution. 

Of  course,  if  one  can  determine  an  initial  solution  from  the 
three  initial  actions,  it  follows  that  the  final  actions  can  be 
given  as  functions  of  the  initial  actions.  This  is  the  manner  in 
which  we  shall  discuss  our  results .  We  input  a  certain  amount  of 
action  into  each  of  Che  three  "channels",  or  initial  envelopes.  Note 
that  we  say  nothing  about  the  shape  of  the  profile.  All  we  do  is  to 
specify  a  global  quantity,  the  "action".  Then  after  the  interaction, 
the  initial  action  will  be  redistributed  among  the  three  envelopes. 

We  shall  usually  graph  one  of  these  final  actions  vs.  two  of  the 
initial  actions. 

The  results  that  one  finds  are  as  follows.  For  the  positive 
energy  case,  one  of  the  y's  must  differ  in  sign  from  the  other  two, 
which  we  shall  choose  to  be  yi  *  -Y2  “  -Y3»  where  <uj  is  then  the 
largest  frequency.  The  decay  case  is  one  of  the  possible  solutions 
in  this  case,  and  is  pictorially  represented  in  Fig.  3  as  a  function 
of  space  and  time.  The  large  bottom  cylindrically  shaped  object 
corresponds  to  an  initially  intense  high  frequency  envelope,  and  the 
lower  dashed  lines  correspond  to  small  amounts  of  the  other  waves, 
on  a  collision  course  with  the  high  frequency  envelope.  These  three 
waves  collide  and  interact  in  the  middle  of  the  graph,  and  during 
the  interaction,  action  is  lost  by  the  high  frequency  envelope 
(it  decays  in  strength),  and  reappears  in  the  low  frequency  waves. 
Thus,  by  this  interaction,  high  frequency  waves  can  decay  into  lower 
frequency  waves,  with  the  exact  amount  of  loss  of  action  by  the  high 
frequency  envelope  depending  on  the  initial  actions.  In  Fig.  4,  I 
have  graphed  the  final  action  of  the  high  frequency  envelope  vs. 
the  initial  actions  for  a20  ■  a3Q  .  One  should  note  that,  for  a20 
fixed,  as  a10  is  increased  from  zero,  at  first  nothing  happens 
since  ajf  -  ajo-  But  soon,  a  critical  threshold  is  reached  after 
which  ajf  remains  at  some  constant  value,  with  all  action  bevond  this 
value  being  lost  into  the  two  lower  frequency  daughter  waves. 

The  other  positive  energy  solution  is  just  the  time  reversal 
of  the  above  decay  Interaction.  In  this  case,  simply  reverse  the 
direction  of  time  in  Fig.  3,  and  you  will  see  two  low  frequency 
waves  coming  together  on  a  collision  course  (also  with  a  small 
amount  of  the  high-frequency  wave  present),  which  then  interact, 
surrendering  action  to  the  high  frequency  wave,  which  emerges 
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The  decay  solution  of  the  3D-3WRI  1-lump  solution.  As 
shown,  qj  is  the  high  frequency  envelope,  and  is  very 
intense.  In  the  center  region,  a  very  small  amount  of  q2 
and  q3  collides  with  qj ,  causing  a  decay  of  qt  into  q2 
and  q3 . 
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FI*. 


The  upconversion  case.  Two  interacting  dau^t"  waves  of 
■ri-ion  a-i «  a™  interact  and  puap  energy  into  the  hi* 
frequency  wave,  creating  a  pump  wave  of  final  action  alf. 
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Fig.  6.  The  negative  energy  case  for  &20  ”  a30*  When  the  initial 
actions  lie  to  the  right  and  above  the  curve,  the  solution 
will  always  become  singular  in  a  finite  time.  All  solu¬ 
tions  under  the  curve  are  stable. 
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enhanced.  This  process  is  called  upconversion ,  whereby  energy 
passes  from  low  frequency  waves  up  into  a  higher  frequency  wave.  The 
general  results  in  this  case  for  the  1-lump  solution  is  demonstrated 
in  Fig.  5.  Here  one  should  note  again  the  threshold  phenomena, 
whereby  for  fixed  a10>  does  not  change  until  a20  passes  a 
critical  value,  beyond  which  a;f  increases  linearly  with  a20. 

The  last  case  of  a  1-lump  solution  is  what  is  known  as  an 
explosive  instability,  which  involves  negative  energy  waves.  In 
this  case,  Yi  *  y2  “  y3  =  -1,  and  as  one  can  readily  see,  the 
denominator  in  (3.2a)  may  now  become  zero.  When  this  happens,  the 
solution  becomes  singular  in  a  finite  time,  with  each  envelope 
having  a  singularity.  The  range  of  initial  actions,  for  a20  »  a30, 
in  which  this  instability  occurs  is  shown  in  Fig.  6.  Briefly, 

Fig.  6  simply  shows  that  if  a  negative  energy  solution  is  to  remain 
nonsingular,  one  must  keep  the  initial  actions  within  certain  limits. 

Of  course,  one  is  not  assured  that  these  one-lump  solutions 
are  typical  of  3D  interactions  since  the  solution  is,  in  a  sense, 
quite  special.  However,  comparing  these  solutions  with  ID  solutions, 
with  the  linear  limit,  and  with  what  one  expects  to  occur  in  3D, 
one  is  lead  to  strongly  suspect  that  these  1-lump  solutions  do  indeed, 
at  least  qualitatively,  represent  the  typical  3D-3WRI .  However,  at 
the  moment,  this  is  only  a  conjecture,  which  shall  have  to  wait  for 
further  results  for  verification. 
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Abstract.  A  method  for  solving  certain  nonlinear  ordinary  and  partial 
differential  equations  is  developed.  The  central  idea  is  to  study  monodromy 
preserving  deformations  of  linear  ordinary  differential  equations  with  regular 
and  irregular  singular  points.  The  connections  with  isospectral  deformations 
and  with  classical  and  recent  work  on  monodromy  preserving  deformations 
are  discussed.  Specific  new  results  include  the  reduction  of  the  general  initial 
value  problem  for  the  Painleve  equations  of  the  second  type  and  a  special  case 
of  the  third  type  to  a  system  of  linear  singular  integral  equations.  Several 
classes  of  solutions  are  discussed,  and  in  particular  the  general  expression  for 
rational  solutions  for  the  second  Painleve  equation  family  is  shown  to  be 
d 

-  —In (d+/d_),  where  d+  and  J_  are  determinants.  We  also  demonstrate 

that  each  of  these  equations  is  an  exactly  integrable  Hamiltonian  system.’The 
basic  ideas  presented  here  are  applicable  to  a  broad  class  of  ordinary  and 
partial  differential  equations ;  additional  results  will  be  presented  in  a  sequence 
of  future  papers. 

1.  Introduction  and  Outline 

This  paper  is  the  first  in  what  is  planned  to  be  a  series  of  studies  on  deformations  of 
linear  ordinary  differential  equations  with  coefficients  rational  on  a  Riemann 
surface.  The  deformations  in  question  preserve  the  monodromy  at  singular  points 
of  the  linear  equation,  and  this  requirement  forces  the  coefficients  of  the  linear 
equation  to  satisfy  certain  nonlinear  ordinary  or  partial  differential  equations  of 
considerable  interest.  The  theory  of  monodromy-preserving  deformations  over¬ 
laps  the  theory  of  isospectral  deformations  (i.e.,  soliton  theory),  and  indeed  one  of 
our  aims  will  be  to  understand  the  connections  between  these  two  types  of 
problems.  Applications  of  the  nonlinear  equations  governing  monodromy- 
preserving  deformations  have  been  discovered  in  nonlinear  waves,  statistical 
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mechanics  and  quantum  field  theory;  we  shall  present  some  new  results  along 
these  lines,  and  we  intend  to  develop  relations  between  soliton  ideas  and  the 
applications  mentioned  above. 

The  next  section  of  this  paper  will  describe  in  considerable  detail  the  history  of 
relevant  work  on  monodromy-preserving  deformations,  as  well  as  connections 
between  different  approaches  and  problems.  The  paper  itself  deals  primarily  with 
two  representative  examples.  The  first  of  these  is  the  system 

cic=-*(4C2+x  +  V)iti+(4<q-2tr+v/0t'-2 

Cj-  =(4£q  +  2ir  +  v/£)u,  +  i(4<; 2  +  x  4-  2  q1)v1 , 

with  x,  q ,  r,  v  constant  in  £.  The  singular  points  of  (1.1)  are  at  £=  x  (irregular)  and 
£  =  0  (regular)  if  v*0.  A  deformation  of  (1.1)  is  monodromy-preserving  if  the 
Stokes  multipliers  associated  with  formal  solutions  about  {=  x,  the  monodromy 
matrix  about  £  =  0.  and  the  matrix  connecting  fundamental  solutions  at  £  =  0  and 
x  are  unchanged  (when  x  is  varied,  and  q,  r  change  as  functions  of  x).  For  this  it  is 
necessary  and  sufficient  that  (as  function  of  x)  r=qx,  and 

qxx  =  2q3  +  xq-v.  (1.2) 


(1.2)  is  the  second  Painleve  equation  [1],  By  posing  an  irregular-singular  Riemann- 
Hilbert  problem,  we  exploit  the  connection  with  (1.1)  to  reduce  (1.2)  to  an 
equivalent  system  of  linear  singular  integral  equations.  In  a  special  case,  this 
reproduces  the  solution,  due  to  Ablowitz  and  Segur,  of  (1.2)  by  a  Marchenko 
integral  equation  [2],  Other  special  cases  yield  the  rational  or  Airy-function 
solutions  of  (1.2)  discovered  by  Airault  [3],  but  this  time  by  procedures  very 
familiar  from  the  inverse-scattering  derivation  of  multisoliton  formulae. 

The  second  and  somewhat  more  complicated  example,  whose  study  we  begin 
in  this  paper,  is  afforded  by  the  system 


i>K=  |  -ix+  ^j-coshuj |  -  +  ^j-sinhuj  t>2, 

sinh  u)  + (,x  ~  ^■coshM)tv 


(1.3) 


This  system  has  irregular  singular  points  at  C  =  0,  x.  The  deformation  equation  is 
equivalent  to  a  special  case  of  the  third  Painleve  equation. 


(xux)x  =  —4  sinh  u .  (1.4) 

This  equation  and  its  linearization  via  the  Riemann-Hilbert  problem  for  (1.3) 
provide  a  link  between  the  inverse  scattering  transform  and  the  extensive  work  of 
Barouoh-McCoy-Tracy-Wu  [4-6]  on  the  Ising  model  and  of  Sato  et  al.  [7]  on 
monodromy-preserving  deformations  and  quantum  field  theory. 

Our  principal  aims  in  this  first  paper  are  : 

1.  To  point  out  relations  between  mondromy  -  and  spectrum  -  preserving 
deformations. 

2.  To  introduce  a  new  method  for  solving  the  initial  value  problem  for 
equations  such  as  (1.2)  and  (1.4)  which  can  be  written  as  monodromy  preserving 
deformations. 
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3.  To  point  out  that  both  (1.2)  and  (1.4)  are  exactly  integrable  Hamiltonian 
systems. 

4.  To  discuss  the  connections  between  our  method,  the  inverse  scattering 
transform  and  the  novel  ideas  of  Krichever  and  Novikov  for  investigating 
multiperiodic  solutions  of  soliton  equations. 

Following  a  general  discussion  in  Sect.  2,  in  Sects.  3  and  4  we  describe  in  detail 
the  mapping  from  the  coefficients  of  the  differential  equations  (1.1)  and  (1.3)  to  the 
monodromy  data  and  prove  that  this  data  is  independent  of  x.  In  each  case  we  also 
derive  the  inverse  mapping  which  allows  one  to  reconstruct  the  solutions  to  (1.1) 
and  (1.3)  (and  therefore  both  the  equations  they  satisfy  and  the  coefficients  in  these 
equations,  the  quantities  of  interest)  from  a  knowledge  of  the  monodromy  data. 
The  result  appears  as  a  set  of  coupled  linear  singular  integral  equations.  We 
examine  several  limiting  cases  and  derive  some  useful  formulae  for  special  classes 
of  solutions,  although  we  have  not,  as  yet,  been  able  to  prove  the  existence  and 
uniqueness  of  solutions  in  the  general  case. 


2.  Introduction  and  Discussion 

2 A.  Deformations 

Nonlinear  ordinary  and  partial  differential  equations  do  not,  in  general,  admit 
explicit  solutions,  because  the  solutions  of  the  typical  nonlinear  equation  are  so 
wildly  irregular  that  they  could  not  possibly  be  represented  by  known  functions. 
Conversely,  nonlinear  equations  with  very  well-behaved  solutions  should  be 
expected  to  have  uncommon  properties.  One  feature  shared  by  many  such  special 
nonlinear  equations  was  discovered  towards  the  end  of  the  19th  century,  was 
exploited  for  about  forty  years  and  then  (apparently)  forgotten ;  quite  recently  it 
has  re-emerged  in  a  somewhat  different  form.  This  is  the  observation  that 
“solvable”  nonlinear  equations  arise  as  integrability  conditions  for  certain  kinds  of 
deformations  of  linear  equations. 

The  most  recent  version  of  this  technique  centers  on  the  idea  of  isospectral 
deformation.  The  best  known  and  most  celebrated  example  involves  the 

d1 

Schrodinger  operator  [8]  L  =  -  +  q(x).  One  asks,  how  can  one  deform  the 

coefficient  ^(x)  as  a  function  of  an  additional  parameter  t,  so  that  the  eigenvalues 
of  L  [as  operator  on  1?{R),  say]  do  not  change?  The  simplest  nontrivial  such 
deformation  is  already  one  of  great  physical  importance:  the  deformation  is 
isospectral  if  q(x,  t)  satisfies  the  Korteweg-de  Vries  equation, 

=  0.  (2.1) 

In  recent  years,  studies  of  isospectral  deformations  have  uncovered  many  more 
nonlinear  equations  of  physical  relevance  and  mathematical  interest :  the  whole 
subject  appears  to  be  deeply  involved  with  Lie  groups  and  differential  and 
algebraic  geometry. 

Another  kind  of  deformation,  perhaps  not  as  widely  known,  is  associated  with 
the  monodromy  group  of  Fuchsian  differential  equations.  Consider  a  (matrix) 
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system  of  ordinary  differential  equations, 

r>rt  A  (2.2) 

where  the  AJ  are  constant  mxm  matrices.  The  fundamental  solution  of  (2.2)  is  (in 
general)  a  multi-valued  function  of  complex  {.  If  i  moves  on  a  path  |£  —  aj=e 
encircling  aJt  the  solution  Y(aj+e)  will  change  into  Y(aj  +  ee2,“)=Y  which  is  a 
matrix  whose  rows  are  linear  combinations  of  the  rows  of  Y{Q, 


y(0  =  M,T(f). 


(2.3) 


Mj  is  the  mono'dromy  matrix  at  ay  The  deformation  problem  is:  how  can  one 
change  the  AJ,  as  function  of  the  poles  aJt  so  that  the  monodromy  matrices  Mj 
remain  fixed?  The  simplest  nontrivial  example  is  again  of  considerable  interest. 
The  linear  Eq.  (2.2)  is  taken  to  be  a  2  x  2  system,  with  three  poles  fixed  at  0, 1,  x, 
and  one  pole  t  subject  to  variation.  A  priori ,  there  are  twelve  adjustable  entries  in 
the  coefficient  matrices  AJ(j  =1,2, 3),  but  they  can  all  be  expressed  in  terms  of  a 
single  function  r(r)  which  satisfies  the  equation  [9, 18] 


z"  + 


T  1  11,1 

1  1 

1 

t  +  r- 1  +  z-t  *  2 

z  +  z-l  ‘ 

Z-T 

z(z—  l)(z  — t) 
r4(r-  l)2 


+y 


t-l 

(2-l)J 


-<5 


t(T-l) 

(Z-T)2 


(2.4) 


The  frightening  Eq.  (2.4)  is  the  most  general  2nd  order  equation 


z"  =  R(t,z,z/) 


with  R  rational  in  z,  z'  and  analytic  in  t,  which  has  the  property :  the  location  of 
any  algebraic,  logarithmic,  or  essential  singularity  of  its  solutions  is  independent  of 
the  initial  conditions. 

Equations  with  this  property  were  studied  in  exhaustive  (and  exhausting)  detail 
by  Painleve  and  Gambier  [1],  There  are  fifty  canonical  types,  which  include  linear 
equations  such  as  z"  =  z,  equations  solved  by  elliptic  functions,  such  as 

z"  =  2z3  +  cz- v,  (2.5) 

and  six  equation  types  whose  general  solutions  can  be  proved  not  to  be  expressible 
in  terms  of  the  basic  special  functions  (except  for  isolated  cases,  see  Sect.  3  below). 
These  six  equations  are  called  Painleve  equations,  and  their  solutions  Painleve 
transcendents.  These  equations  are,  as  the  summary  above  indicates,  distinguished 
among  non-classical  ordinary  differential  equations  of  the  form  (2.4)  in  that  the 
nonpolar  singularities  of  their  solutions  can  be  predicted  from  the  equation  alone. 
Equations  (1.2)  and  (1.4),  which  we  study  in  this  paper,  fall  into  this  class  [(1.4) 
only  after  the  change  of  variables  /=*■].  We  shall  describe  later  some  of  the 
important  applications  of  the  Painlevt  transcendents. 

A  third  kind  of  deformation  involves  the  properties  of  solutions  of  ordinary 
differential  equations  near  irregular  singular  points.  This,  indeed,  will  be  the  main 
concern  of  the  present  paper,  and  for  the  moment  we  provide  a  brief  description 
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only.  Consider  the  system 

T  =  A{QY,  (2.6) 

where  the  (matrix)  function  A  is  polynomial  in  £.  f  -  x  is  an  irregular  singular 
point,  and  typically  only  formal  solutions 

y(0«e™Ci{l+c,r,+c2rJ  +  -},  (2.7) 

are  available  near  x.  A  formal  series  such  as  (2.7)  is,  in  fact,  asymptotic  to  a  true 
solution  Y  in  certain  sectors  5  in  the  complex  ; -plane,  and  one  may  have 

y,~y  in  Sj 

Yk~Y  in  St 

for  different  true  solutions  Yjt  Yk  in  different  sectors  Sj,  Sk.  The  discontinuity  of 
asymptotic  expansions  is  known  as  the  Stokes  phenomenon,  and  the  matrices  which 
connect  the  different  true  solutions  with  fixed  asymptotic  expansions  in  the 
various  sectors  are  called  Stokes  multipliers ,  Yj=  YkMkj.  The  deformation  problem 
we  pose  is:  to  change  the  coefficients  in  (2.6)  so  that  the  Stokes  multipliers  Mkj 
remain  constant. 

The  immediate  object  of  our  paper  is  to  study  this  deformation  problem  for  a 
particular  2x2  system  which  leads  to  the  second  Painleve  equation 

q"  =  2q*  +  xq—v  (2.8) 

as  integrability  condition.  (2.8)  is  a  nonautonomous  version  of  the  elliptic  function 
Eq.  (2.5).  We  will  reduce  this  nonlinear  ordinary  differential  equation  to  a  system 
of  linear  integral  equations,  and  in  the  process  we  will  recover  some  known  special 
solutions.  There  are,  however,  deep  and  entirely  unexplored  connections  amongst 
these  various  types  of  deformation  problems,  and  equally  interesting  relations 
between  monodromy-preserving  deformations  and  questions  in  statistical  me¬ 
chanics,  quantum  field  theory,  and  wave  dynamics.  We  plan  to  address  some  of 
these  topics  in  later  papers,  and  want  to  detail  in  this  overall  introduction  the 
ingredients  of  what  we  think  will  eventually  become  a  beautiful  and  useful 
complement  to  current  soliton  theory. 


2B.  Applications 

Painleve  transcendents  are  encountered  in  several  important  physical  problems,  of 
which  we  describe  two.  In  one  of  these,  the  connection  with  solitons  (more 
precisely,  with  isospectral  deformations)  is  evident!  In  the  other,  there  are  certain 
analogies  with  soliton  theory  which  first  stimulated  our  interest.  We  now  outline 
the  relevant  facts. 

I.  Self-Similar  Solutions  of  Wave  Equations.  Although  the  following  considerations 
apply  to  many  soliton  equations,  we  restrict  ourselves  to  the  modified  Korteweg- 
de  Vries  (MKdV)  equation,  in  the  form 

ft- “0- 


(2.9) 
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If  q(x ,  t )  solves  (2.9),  then  so  does 
q{x,t)  =  fSq{fix,pit) 

for  any  /?.  A  solution  which  is  invariant  under  this  scaling  is  called  self-similar : 
<?(x,  r)  =  <j(x,  r).  It  follows  that  for  such  q, 

q(x,  r)  =  (3r)“  l,3/(x(3r)~ ,/3).  (2.10) 

The  function  f(q)  satisfies 

/"  =  2/3  +  c/-v  (2.11) 

(v  is  an  arbitrary  integration  constant),  as  can  be  seen  by  substitution  of  (2.10)  into 
(2.9).  (2.11)  is  the  second  Painleve  equation.  Now,  it  is  known  that  MKdV  can  be 
integrated  by  the  inverse-scattering  problem  for 

”2*- '<>2=9^ 

with  the  r-evolution  of  the  eigenfunctions  governed  by 
v  „  =  ( -  4iC3  -  2  iq20  v  l  +  (4 ?q  +  2  %qx  -qxx  +  2q3)v2, 

»2 ,  =  ~  2 Kqx  -  qxx  +  2 qi)vl  +  (4i'C3  +  2iqzQv2  . 

For  the  self-similar  solution  (2.10),  the  t  equation  is  in  a  sense  redundant,  since 
q(x,t )  is  known  for  all  t  once  it  is  given  for  r  — 1/3.  say  {q{x,  l/3)=/(x)).  This 
observation  can  be  put  to  use  in  two  ways. 

Ablowitz  and  Segur  [10]  in  their  analysis  of  the  asymptotic  behavior  of 
solutions  of  the  KdV  equation  were  led  to  the  following  procedure  (described  here 
for  MKdV).  Apply  the  usual  inverse  method  for  MKdV  up  to  the  Marchenko 
equation  by  which  q(x,  t)  is  determined  from  the  scattering  data.  At  that  stage, 
assume  q{x,t)  to  be  self-similar,  and  observe  that  t  can  be  scaled  out  of  the 
Marchenko  equation  altogether.  This  leads  to  the  Fredholm  equation, 

K»(*.y)-cAi|iy^j  -  | 

K2(x,y)»-^  j  Kt(x,s)  Ai 

and  one  recovers  the  Painleve  transcenden*  f(x)  by 

/(x)-K,(.x,x).  (2.15) 

It  is  a  consequence  of  the  scaling  invariance  of  the  Marchenko  equation  that  the 
reflection  coefficient  r(()  has  the  special  form 

HO-ee'*’3.  (2.16) 

The  Fourier  transform  of  R(Q  is  the  kernel  of  (2. 14).  which  explains  the  occurrence 
of  the  Airy  function.  This  method  produces  the  unique  solution  of  (2.11)  which 
satisfies 

/(x)->-pAi(x),  x-*  +  x 


K2(x,s)  Ai^-y^-j 

I1?) 


(2.12) 


(2.13) 
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(Hastings  and  McLeod  [11]).  More  recently,  Ablowitz  et  aL  [12]  have  shown  how 
to  bypass  the  r-evolution  in  linearizing  (111)  and  similar  equations  for  solutions 
which  decay  at  +  x.  This  is  more  satisfactory,  since  scattering  theory  is  not  really 
applicable  for  potentials  such  as  fix)  which  have  poles,  or  at  least  decay  slowly  at 
+  or  -  x. 

It  is  also  possible  to  use  the  scaling  invariance  directly  on  the  inequation  (2.13). 
If  v(.x, t, 0  solves  (2.12),  (2.13),  then  so  does  v(0x,/?3r,/?_IO  for  the  potential  q. 
Define,  in  the  case  of  self-similar  q, 

wl-vO-vf*.  iO: 

then 

v(x,  r,  {) * w(x(3f)“  I,\  f(3r)1,  J) . 

Hence 


dt  1 ’  dx  y  ;  ac  ’ 


dw 


and  upon  using  the  x-equation  (2.12)  to  eliminate  — ,  one  can  rewrite  (113)  as 
follows  [we  replace  x(3t)' 1,1  by  x,  and  C(3 1)1 3  by  C]  : 
w,t -  - «4CJ  +  x  +  2/J) w,  +(4 W+  2 if’)wi 
**'2;-(4C/'-2i/')wl+i(4{I+x  +  2/i)w2. 

This  is  coupled  to  (2.12),  rewritten  now  without  use  of  t: 


(217) 


(218) 


If  one  imagines  /(x)  to  decay  so  rapidly  at  +  x  that  scattering  theory  can  be 
applied,  one  looks  at  a  solution  of  (2.18)  which  satisfies 


w(x,  O' 
At  +  x, 


x-»-x. 


w(x,0-o({)Qe-^  +  lKC)(j)^ 
and  it  follows  from  (217)  that 


"(0 _ 


Inverse  scattering  then  reproduces  the  results  of  Ablowitz  and  Segur.  There  is  a 
conceptual  question,  which  leads  to  the  main  point  of  our  paper.  In  MKdV  theory, 
the  x-equation  (2.12)  is  basic.  It  is  deformed  in  t  in  a  special  way;  namely,  so  that 
the  transmission  coefficient  a(<[)" 1  is  independent  of  t.  The  f-evolution  (213)  is  one 
possible  expression  of  this  requirement,  and  MKdV  is  the  integrability  condition 
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for  these  two  systems.  For  self-similar  solutions,  however,  there  is  no  t  in  (2.18),  so 
what  is  being  deformed?  As  we  explain  in  this  paper.it  is  now  the  ^-equation  (2.1 7) 
(alias  t -evolution)  which  is  basic.  Vary  x  in  (2.17),  and  change  the  remaining 
coefficients  as  functions  of  x  so  that  the  Stokes  multipliers  of  (117)  are  independent 
of  x.  The  original  x-equation  (118)  describes  the  appropriate  evolution  of  the 
solutions  of  (2.17)  in  x,  and  the  Painleve  equation  (111)  with  v=0  is  the  integrability 
condition.  In  this  way  an  isospectral  deformation  leads,  for  self-similar  solutions,  to 
monodromy- preserving  deformations  associated  with  the  irregular  singular  point. 

We  also  want  to  point  out  that  whereas  the  self-similar  solutions  of  integrable 
evolution  equations  appear  to  give  solvable  nonautonomous  ordinary  differential 
equations,  there  are  many  members  of  the  latter  class  which  do  not  result  from 
self-similar  limits  of  the  former.  (See  Example  2,  Appendix  I.) 

II.  Correlation  Functions  of  the  Ising  Model.  A  most  remarkable  occurrence  of 
Painleve  transcendents  was  discovered  by  Barouch  et  al.  [4]  and  was  incorporated 
into  a  powerful  general  framework  by  Sato  et  al.  [7],  The  interest  here  is  in 
computing  the  k-point  correlation  functions  of  the  rectangular  Ising  model  in  the 
scaling  limit.  First  we  recall  some  terminology  about  the  Ising  model.  A  spin 
variable  <7*.  =  ±  1  is  attached  to  each  point  of  an  M  x  N  lattice.  The  energy  £(<r) 
corresponding  to  a  configuration  a  *  {<rM}  is 

S  N  MS 

£(*)=-./,  £  I  I  I 

m1r*1  m-  1  «*  1 

(periodic  boundary  conditions).  The  partition  function  is 

I*-""’. 

(summed  over  all  possible  a),  and  the  fc-point  correlation  functions  are 

«*((»!.»  i) . = 

9 

One  is  interested  in  obtaining  explicit  formulae  for  these  quantities  as  M,  N—  co.  It 
is  well  known  that  the  partition  function  is  not  analytic  at  some  critical  /Jc, 
corresponding  to  a  critical  temperature  Tc.  The  scaling  limit  is  a  continuum  limit  of 
the  lattice  as  T-*T*  [13],  The  2-point  correlation  functions  and  their  scaling 
limits  were  first  evaluated  and  studied  in  [4].  Of  particular  interest  for  us  is  the  fact 
that  the  2-point  functions  in  the  scaling  limit  admit  closed  expressions  in  terms  of 
solutions  of  the  third  Painleve  equation  (see  the  survey  by  Tracy  [13]).  Without 
invoking  any  deformation  ideas,  Wu  et  al.  derived  series  expansions  for  the 
correlation  functions ;  certain  of  these  expansions  for  k  =  2  are  equivalent  to  the 
Neumann  series  subsequently  studied  by  Ablowitz  et  al.  [12],  and  identical  to 
iterative  solutions  obtained  from  our  singular  integral  equations  (see  Sect.  4 
below). 

The  deformation  idea  was  introduced  into  this  circle  of  problems  by  Sato  et  al. 
[7],  Their  work  presents  a  remarkable  synthesis  of  apparently  unrelated  fields :  the 
theory  of  rotations  in  Clifford  algebras,  monodromy-preserving  deformations,  and 
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quantum  field  theory.  Certain  of  their  discoveries  show  a  particularly  strong 
similarity  to  facts  familiar  from  inverse-scattering  theory  and  lead  directly  into  the 
investigations  of  the  present  paper. 

We  present  a  brief  sketch  of  the  basic  deformation  problem  of  [7]  (algebraic 
details  of  the  connection  are  given  in  Appendix  III).  [7]  deals  with  solutions  of  the 


two-dimensional  Dirac  equation  for  w  = 


—  w„  amw. ,  m>0,  (2.19) 

dz  dz 


which:  are  multivalued,  having  root  type  branch  points  at  2n  points  av . .., ak, 

ai*  ■••»£*? 

w  t  (a,  +  e2*‘(z  —  aj,  a,  +  e  ~  2’‘(z—dJ) 

=  —  e~2*iKw(z,z),  (2.20) 

satisfy  certain  growth  conditions  at  (a,,  a,),  v»l,  ...,k  and  decay  as  e~ 2m,:1  as 
|z|-»oo.  For  n=  1,  the  only  solution  is  a  modified  Bessel  function  of  the  second 
kind.  In  general,  the  space  W*  of  such  solutions  is  k  dimensional  [7],  Let 


/w“>\ 

W=  WlJJ)T 

W  «/ 


(2.21) 


be  a  basis  (appropriately  normalized)  of  W*.  There  is  a  differential  equation 
satisfied  by  W, 


M  w=|bA+bJ-+£)w> 

’  cz  dz 


(2.22) 


are  constant  matrices  which 


where  Mr-z- - :r  +  rl  ,  and  B,  B,  E 

T  dz  dz  2\0  -1/ 

depend  on  1„  a,  and  3„  v=l,  Equation  (2.22)  together  with  (2.19)  completely 
characterizes  the  space  W*.  One  now  asks :  how  do  the  matrices  in  (2.22)  change  as 
functions  of  the  branch  points  af  3y?  Because  these  matrices  characterize  W*,  which 
in  turn  is  the  space  of  solutions  determined  by  the  raonodromy  requirement  (2.20), 
this  question  is  about  deformations  of  (2.19),  (2.22)  preserving  the  root  mono- 
dromy  and  growth  conditions.  The  solutions  of  the  deformation  equations  lead  to 
closed  expressions  for  the  k-point  functions ;  for  k  =  2,  these  reduce  to  the  formulae 
mentioned  above  involving  the  third  Painleve  transcendent.  In  [7],  Eq.  (3.3.39), 
Sato  et  al.  point  out  that  a  formal  Laplace  transform 


W(z,z)«f 


/m"v 


2  nu  \ 

converts  (2.19),  (2.22)  into 


u-~-  -l-m/lu  — G"‘mAGu'l  +  F^»v(u)  = 
du  ] 


0. 


(2.23) 


1 

t 
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This  again  produces  a  system  of  ordinary  differential  equations  with  poly¬ 
nomial  coefficients,  with  irregular  singular  points  at  u=* 0,  x.  These  equations 
involve  the  aJt  ap  and  other  parameters.  We  may  ask :  how  should  these  other 
parameters  change  as  functions  of  ap  a;,  if  the  Stokes  multipliers  of  (223)  are  to 
remain  constant?  For  fc=  1,  the  system  of  deformation  equations  is  trivial,  and  for 
k  =  2  one  recovers  the  sinh-Gordon  similarity  solution  (i.e.  a  special  case  of 
Painleve  III).  The  exact  connections  are  given  in  Appendices  I  and  III. 


2C.  Classical  Work 


The  work  of  Sato  et  al.  was  in  part  stimulated  by,  and  then  re-applied  to,  some 
classical  problems  of  deformation  theory.  We  have  already  mentioned  the  work  of 
Fuchs  [9]  on  Painleve  VI  as  a  deformation  equation.  The  general  system  of 
deformation  equations  for  (2.2)  was  derived  by  Schlesinger  [14]: 


3AJ  jA\  A1] 
da,  Oj—a, 


(2.24) 


"  M 

jh  fa, 


*0. 


[7,  Part  II]  details  a  constructive  solution  method  for  (2.24)  based  on  a 
specialization  of  the  deformation  theory  of  the  Dirac  equation  (Sect.  B,  above). 
Equation  (2.24),  of  course,  relates  to  monodromy  groups  of  systems  whose 
singular  points  are  all  regular.  The  question  of  irregular  singular  points  was  also 
taken  up,  by  Gamier  [15],  but  (as  far  as  we  can  tell)  on  a  purely  formal  level,  by 
analogy  with  results  of  Fuchs  on  the  regular-singular  case.  Gamier  considers,  in 
connection  with  Painleve  II,  the  2nd  order  equation  for  y{ 0, 


>«■ 


I-iP+I 


'  3/4 

K-K)2 


(2.25) 


He  then  asks :  how  can  one  complement  (2.25)  by  an  equation 

y,«Ay  +  By;  (226) 

with  A,  B  rational  in  {,  so  that  (2.25),  (2.26)  is  an  integrable  system  (in  the  sense: 
y*u  *>"«*)?  If  in  (225)  and  /0  *  A,  it  turns  out  that  one  possible  choice  for 
(2.26)  leads  to  Painleve  II  as  the  integrability  condition, 

A"«2A3-t-X/— V. 


There  has  apparently  been  no  discussion,  so  far,  of  the  deformation  theory 
underlying  (225),  (2.26),  even  though  the  work  of  Birkhoff  [16, 17]  presents  most 
of  the  necessary  ideas  relating  to  the  monodromy  concept  for  an  irregular  singular 
point1.  Starting  from  the  requirement  that  the  Stokes  multipliers  of  (2.25)  [or 
rather,  of  (1.1)]  be  independent  of  x,  we  will  prove  (in  Sect.  3)  that  an  equation  like 
(2.26),  with  rational  A,  B,  must  be  satisfied. 


t  After  this  work  was  completed,  we  learned  of  work  of  K.  Ueno  on  this  question  (see  Sect  5) 
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2D.  Further  Connections  Between  Isospectral  and  Monodromy- Preserving 
Deformations 

Of  the  three  deformation  problems  listed  in  Sect.  2A,  only  two  have  been  shown  to 
be  related  up  to  this  point  of  our  discussion. 


isospectral 


It  is  probably  not  surprising  that  connection  2  can  be  established.  If  one  coalesces 
two  or  more  regular  singular  points  of  an  ordinary  differential  equation,  one 
expects  to  get  an  irregular  one.  Indeed,  Gamier  [15]  states  (without  details)  that 
an  equation  such  as  (2.25)  is  obtained  from  one  with  all  singular  points  regular  by 
confluence,  with  the  corresponding  deformation  equations  passing  into  each  other. 
This  amounts  to  the  observation  of  Painleve  (see,  e.g.  [1])  that  the  6th  equation, 
(14),  (which  is  the  integrability  condition  for  a  regular  monodromy-preserving 
deformation)  yields  all  other  Painleve  equations  I-V  (associated  with  irregular 
monodromy)  by  appropriate  limiting  procedures.  Yet,  the  geometric  content  of 
this  statement  is  still  very  obscure. 

Much  more  surprising  is  connection  3,  again  due  in  large  part  to  Gamier  [18], 
It  is  fairly  well  known  (Davis  [19])  that  the  change  of  variables 

/-  ]/xg,  t  =  fx3/J 
converts  Painleve  II  into 


„  ,  ,  1,1 

'2gi-2g--g  + 


9  7 


2v 

3f 


which,  for  |t(— »oo  in  certain  regions  of  the  t  plane  reduces  to 
g”~V-2  g. 

This  is  solvable  in  terms  of  elliptic  functions.  Indeed,  the  solutions  of  Painleve  II 
are  "asymptotically  elliptic”  (much  as  Bessel  functions  are  asymptotically  trigono¬ 
metric).  Gamier  takes  the  general  Schlesinger  system  (2.24),  lets  the  as~*cc  so  that 

Q.  1, 

- *  —  (fixed)  and  sets  logij  =  r^;  then  (2.24)  formally  becomes 

at  */ 


76 


K  Flaschka  and  A.  C.  Newell 


This  is  now  an  autonomous  system,  which  Gamier  integrates  in  terms  of  Abelian 
functions.  It  is  remarkable  that  his  basic  lemma  says  that  the  eigenvalues  of  the 
matrix 


it 


n 


n 

i«  i  }•  i 


AJ 


are  unchanged  when  the  A J  solve  (2.27)  -  a  typical  isospectral  (low.  One  special 
case  singled  out  (and  solved)  by  Gamier  is  the  system 


(228) 


which  is  now  known  [20, 21]  to  contain  the  finite-gap  KdV  theory  as  special  case. 
It  was,  in  fact,  discovered  some  60  years  earlier  by  C.  Neumann  as  describing 
uncoupled  harmonic  oscillators  constrained  to  move  on  a  sphere. 

Gamier ’s  system  (2.27)  covers  a  large  class  of  the  integrable  periodic  problems 
solvable  by  inverse  spectral  methods.  There  are  other  known  periodic  isospectral 
flows  contained  in  (2.27).  We  will  discuss  these  in  the  next  paper,  in  which  we  will 
also  re-interpret  Gamier's  method  in  the  language  of  isospectral  flows. 


3.  The  General  Solution  of  Painleve  II 
3A.  Outline 

Ve  have  already  mentioned  (and  full  details  are  given  in  Appendix  I)  that  r  =  qx 


and 

<?**==  V+*<?-v  (3.1) 

are  the  integrability  conditions  of  the  Eqs.  (3.2)  and  (3.3)  below 

Pi{a“(-4»C,-i(x  +  2<i2))»1+  j4C<i+^  -*•  2ir j u2 >  (3.2a) 

vt<  ■  ^  +  jr  -  2irj  i ,  +  (4i{J  +  i(x  +  2$J))r2 ,  (3.2b) 

o,x=-i(Vt+qv2,  (3.3a) 

+  (3.3b) 


The  method  of  isospectral  deformation,  or  1ST,  concentrates  its  principal  attention 
on  (3.3).  In  order  to  implement  the  method,  one  must  have  some  information  on  q 
as  function  of  x;  for  example,  that  it  decays  to  zero  or  a  constant  as  x-»  ±  oo  and 
also  that  certain  moments  exist.  If 

J  (l+lxDlqldxcoc, 

-  oo 


(3.4) 
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one  can  define  the  fundamental  solution  matrices  tfHx,  £)  and  *P(x,£)  by  the 
asymptotic  properties 

#(x,£)-*£(x,£)=  Q  as  x— -oo  (3.5a) 

and 


<P(x,0-£(x,0  as  x-  +  oo.  (3.5b) 

Condition  (3.4)  ensures  that  certain  analyticity  properties  hold,  and  in  particular 
that  the  scattering  matrix  A(0  =  <P~l'fl  is  defined  with  its  diagonal  entries 
admitting  analytic  extension.  The  £  behavior  of  .4(0  (or  the  (£,  t)  behavior  of  4(£,  t) 
-  see  [33])  is  inferred  from  (3.2) 

For  the  class  of  equations  and  solutions  we  wish  to  discuss,  condition  (3.4)  does 
not  hold.  Therefore,  we  propose  a  new  method,  in  which  one  focuses  central 
attention  on  Eq.  (3.2)  and  uses  (3.3)  as  an  auxiliary  equation.  We  note  straightaway 
that  (3.2)  is  much  simpler:  the  coefficients  are  polynomials  in  the  independent 
variable  £.  The  points  £  =  0  and  £  =  x  are  regular  and  irregular  singular  points  of 
the  equation,  respectively,  and  the  solution  matrix  is  a  meromorphic  function  of  £ 
on  an  appropriate  Riemann  surface.  If  v  is  an  integer,  the  solution  matrix  is 
meromorphic  in  the  finite  complex  £  plane;  otherwise,  one  must  introduce  the 
multisheeted  Riemann  surface  of  £v. 

The  steps  in  the  method  exactly  parallel  the  steps  used  in  1ST.  First,  at  a  given 
value  of  x,  where  q  and  qx  are  given,  one  determines  various  properties  of  the 
solution  matrix  connected  with  the  singular  points  £  =  0  and  £  =  x  of  the  equation. 
Around  the  singular  point  £=x,  one  has  the  Stokes  phenomenon:  the  analytic 
continuation  of  a  solution  from  one  sector  to  another  does  not  have  as  its 
asymptotic  expansion,  as  £-*x  in  the  new  sector,  the  analytic  continuation  of  the 
asymptotic  expansion  in  the  first  sector.  If  one  identifies  a  solution  matrix  in  each 
of  the  sectors  abutting  infinity  by  a  fixed  asymptotic  behavior,  then  these  solution' 
will  not  evolve  from  one  sector  to  another  in  a  continuous  fashion,  but  will  be 
connected  by  Stokes  multiplier  matrices.  The  entries  of  these  Stokes  multiplier 
matrices  are  the  Stokes  multipliers  and  are  part  of  the  characteristic  data  of  the 
singular  point.  The  other  data  needed  at  £=x  are  the  coefficients  of  the 
polynomial  in  the  exponent  of  the  formal  asymptotic  expansion  of  the  fundamen¬ 
tal  solution  matrix.  If  the  rank  of  the  irregular  singular  point  is  r,  then  the 
components  of  the  solution  vector  will  have  asymptotic  expansions  of  the  form 

«p{j>,£'}£,jt  +  o(i)j.  (3.6) 

In  the  case  under  discussion,  r  =  3,  co3  =4i/3,  a>2  =0,  at,  =  ix,  1  =  0.  One  also  needs 
to  know  how  the  solution  changes  as  the  point  £  =  x  is  encircled ;  does  it  return  to 
the  value  in  the  first  sector?  This  can  be  determined  by  examining  the  behavior  of 
the  solution  in  the  neighborhood  of  the  regular  singular  point.  Thus,  one 
introduces  the  monodromy  matrix  at  £  =  0.  Finally,  one  must  specify  the 
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connection  matrix  between  canonical  fundamental  solution  matrices  at  £=0  and 
£  =  30.  The  characteristic  parameters  at  £  =  x  (the  Stokes  multiplier  matrices  and 
/),  the  monodromy  matrix  at  £  =  0.  and  the  connection  matrix  are  together 
called  the  transform  data. 

The  second  step  in  the  method  is  crucial.  We  ask :  how  do  the  transform  data 
evolve  as  the  parameters  a in  (3.6)  change?  From  (3.3),  we  will  show  that  their 
evolution  is  trivial:  they  are  constant. 

Therefore,  the  third  step  is  to  reconstruct  the  coefficients  r  and  q  in  (3.2)  and 
hence  q  and  qx  at  any  x.  This  is  achieved  by  deriving  linear  singular  integral 
equations  for  the  columns  of  the  fundamental  solution  matrix. 

We  now  discuss  these  steps  in  detail  in  connection  with  the  system  (3.1H3.3). 


3B.  The  Direct  Transform 

A  formal  asymptotic  analysis  of  (3.2)  at  £=x  will  show  that  the  two  linearly 
independent  solutions  have  the  expansions 


/  l-^(<d--V-q4  +  2v<j)+...\ 


V<z,(£.  x)~ 


iq 

\T<  +  - 

LH  +  . 

2C 

\  l  +  ^(q2x-xq2-q*  +  2vq)+J 


(3.6a) 


(3.6b) 


Since  our  concern  is  with  (3.1),  we  will  henceforth  write  qx  for  r.  If  (3.1)  holds, 

X 

q2-xq2-q*  +  2vq  =  —  $q2dx  +  const  and  if  q,  qx  tend  to  zero  sufficiently  rapidly 

X 

as  x-»x,  this  coefficient  is  simply  J  qldx.  The  growth  or  decay  of  the  two  formal 

X 

asymptotic  expansions  $>(U(£,x)  and  £>|2)(£, xj  as  (~*oc  is  determined  by  the 
exponential  factor  e±4,it’  3 ;  the  former  (latter)  series  is  dominant  (recessive), 
meaning  exponentially  growing  (decaying),  as  f-*oo  in  the  sectors  S,,  Sj  and  S, 
shown  in  Fig.  1  below,  and  recessive  (dominant)  in  the  sectors  S2,  S4,  S0, 

Sj-  |f|  l£l>C,  some  <?,  gargC<y|. 

The  initial  lines  of  the  sectors  Sj  are  called  the  anti-Stokes  lines.  The  lines  on  which 
the  solutions  are  maximally  dominant  or  recessive  (in  this  case  n/6  +  nj/3, 
j  —  0, 1,  ...,5)  are  called  the  Stokes  lines. 

Consider  the  solutions  yj^'fC.x)  and  v(,2,(C.x)  of  (3.2)  which  in  S,  have  the 
asymptotic  expansions  (/)“’  and  These  solutions  will  usually  be  defined  by 
integral  representations  following  the  procedure  suggested  by  Birkhoff  [16],  or  as 
solutions  to  integral  equations.  Then,  by  standard  methods  (steepest  descent, 
iterative  solutions),  one  can  find  asymptotic  expansions  for  these  solutions  in  other 
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The  si*  sectors  of  infinity  for  (3.2) 

sectors  and,  by  taking  appropriate  linear  combinations,  one  can  determine 
canonical  bases  {t^u(C,*)*  which  have  the  properties 

¥>'/’( C,x)~V<J>(C.*)  in  Sj .  (3.7) 

We  emphasize  that  the  sector  Sj  includes  its  initial  ray  on  which  the  asymptotic 
expansions  are  neutral  (neither  growing  nor  decaying).  The  fundamental  matrix 
'P/C.x)  will  not,  in  general,  be  equal  to  its  contiguous  neighbors  ,  and  *PJ+ ,, 
but  will  be  related  to  them  by  the  Stokes  multiplier  matrices  A^x), 

*Vi  (C,x)='P/;,.'cM/x).  (3.8) 

Each  Aj^x)  is  triangular  and  has  the  form  ^  or 

The  entries  at  are  called  the  Stokes  multipliers.  The  reason  the  matrices  are 
triangular  is  this:  one  can  show  by  analytic  continuation  of  the  integral 
representation,  that  a  solution  which  is  recessive  in  Sj  admits  analytic  continuation 
to  Sj+l  and  has  the  same  asymptotic  expansion  (which  is  now  dominant)  there 
[16].  On  the  other  hand,  the  dominant  solution  in  a  sector  St  may  need  to  pick  up 
a  recessive  component  before  it  can  represent  a  recessive  solution  in  the 
neighboring  sector  SJ+ 1. 

This  phenomenon  was  first  discovered  by  Stokes  in  1857  in  his  analysis  of  the 
Airy  function 

Ai(x)*>^-  f  etkx*iklj3dk . 

2  it 


(3.9) 


80 


H.  Flaschka  and  A.  C.  Newell 


i 


i 


Stokes  noticed  that  whereas  the  asymptotic  expansion 


(3.101 


is  valid  in  the  Poincare  sense  in  the  region  )argx|  <  7t,  it  is  necessary  that  a  portion 

of  the  solution  whose  asymptotic  behavior  is  —7= - exp(|x3/2)  be  added  before 

2  j/rex1'4 

argx  reaches  it.  At  which  value  of  argx  the  extra  portion  is  first  added  was  the 
subject  of  debate,  a  debate  only  recently  resolved  by  Olver  [22],  who  pointed  out 

that  uniform  bounds  on  the  error  were  only  obtainable  for  |argx|  <  y,  that  is,  up 


to  the  last  Stokes  line  before  argx  =  n.  In  fact,  Stokes  himself  knew  by  direct 
calculation  that  the  asymptotic  representation  (3.10)  was  a  poor  approximation  to 

the  exact  solution,  which  he  computed  by  power  series,  once  |argx|  exceeded 


For  our  purposes,  it  is  not  crucial  to  know  on  which  line  a  given  dominant 
solution  must  pick  up  a  multiple  of  the  recessive  solution ;  all  we  use  is  that  in  each 
sector.  l),  i j>(2>)  in  the  Poincare  sense  of  asymptotic  expansions  (that  is, 

exponentially  small  terms  -can  be  omitted). 

The  Stokes  multiplier  matrices  Aj  have  certain  symmetry  properties  which 
follow  from  the  symmetry  properties  of  (3.2).  If  'FfC.x)  is  a  solution  of  (3.2),  so  is 

JVfP(  -  C,  X),  where  M  =  J).  Thus, 


Va ’(C. x) « M ip(,2>( - (, x),  <pl,2,(C.x)»MvV'(-C.x),  Ve *(C, x)  =  M vl32,( -  C,  x)  (3.10a) 


as  each  of  these  solutions  is  recessive  in  the  sector  indicated  by  the  subscript,  and 
recessive  solutions  are  uniquely  determined  by  their  asymptotic  expansion.  The 
dominant  solutions  satisfy  the  same  symmetry  properties : 

V{42 ’({,  x)=  M ip\' '( -  J ,  x),  C,  x)  =  M -  (,  x). 


i42,(C.x)-MVy’(-C,x).  (3.10b) 

Indeed,  since  Mvl,l,(-C,x)  goes  like  Qexp(4j(J/3  +  i{x)  on  arg;  =*n  and  is  also  a 

dominant  solution  in  S4,  it  is  exactly  The  remaining  relations  of  (3.10b) 

follow  similarly.  If  q(x)  is  real,  then  if  ?*(C,x)  is  a  so'  ;*.-m  so  is  M ¥'*(£*,  x),  which 
will  imply  further  restrictions  on  the  Stokes  multipliers  [see  (3.26)]. 

We  now  write  down  the  fundamental  solution  matrices  lP/(,x)*(v’Iil,(C,x), 
x))  which  have  the  asymptotic  behavior 


1- 2^(^-*q2-q4+2vq)  + 


(3.11) 
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where  0=4iC3/3  +  i'Cx.  From  now  on,  we  drop  the  subscript  on  *P,. 


0£argC<y  f'l(C.x)a'P{C,x)-(V<1'>V(J*),  (3.12a) 

j^*rgC<y,  *i(C,x)-W.x)Q  j),  (3.12b) 

y^arg {<*.  *-,(£,  *)«fyC.*)(J  J).  (3.12c) 

*S«gC<y.  %  (3.12d) 

ySargf<y.  9s((,x)= **«. X)(J  J).  (3.12e) 

ygargC<2*,  (P6(£,x)=<P5(C,x)(‘  ®),  (3.12f) 

2KSargC<yf  y,({,*)-fMC.*)(J  {]•  .  (3.12g) 


We  remark  now,  and  prove  later,  that  each  9^,  x)  also  satisfies  the  x-equation 
(3.3).  The  fundamental  matrix  (P,(£,  x)  is  defined  on  a  sector  including  the  positive 
real  axis  arg£=»2jr.  If  9  is  meromorphic  in  the  complex  C-plane,  9-,  =  9.  However, 
multivaluedness  cannot  be  seen  from  the  asymptotic  behavior  at  £  =  oo,  but  can  be 
inferred  from  the  behavior  of  the  solution  about  (  =  0.  This  we  shall  consider  in  a 
moment.  First,  however,  let  us  use  the  symmetry  properties  (3.10)  to  show  that 
d*a,  e  =  b,  /=c.  For  example,  since  4 *2>*Vlil,+aV*1,\  onc  has  M v>j°(  — C) 
* M ip*,1 '( —  0 + ~ 0  or  9}2,(0mV>4 *(C)  +  av*’(C)-  Comparison  with  (3.12e) 
shows  d*a.  The  remaining  relations  follow  similarly. 

It  is  straightforward  to  write  down  linearly  independent  solutions  of  (3.2)  near 

2n4- 1 

C  *0.  When  v  is  not  a  half  integer  — - — ,  they  are  of  the  form 

*“,c,«,_L.e-«{(_;)-Ti.(2,,+v+xl(;)+...},  an.) 


^.xH-j^C’e**  {Q +  ...},  (3.13b) 

where  the  normalizing  factors  et’tx),  ux=*q{x)  have  been  introduced  in  order  that 
(3.13)  satisfy  (3.3).  The  coefficient  vectors  in  (3.13)  can  always  be  chosen  to 

alternate  between  and  |  _  j j ;  this  is  automatic  when  v + n,  but  we  impose  this 

pattern  also  when  v-n.  The  reader  can  readily  verify  that  even  though  v  be  an 
integer,  so  that  the  difference  2v  of  the  indicia]  roots  -  v  and  +  v  is  an  integer,  no 

I 
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logarithm  terms  are  needed.  When  v=»  — - — ,  there  will,  in  general,  be  logarithm 
terms.  The  two  linearly  independent  solutions  will  then  be  4>,J,(C,x)  and 


*)  -  -  x )  Ini  +  x) . 


(3.14) 


where  <£UI'  has  the  form  of  £“*  times  a  holomorphic  function.  In  (3.14),  j  is 
proportional  to  the  coefficient  of  iJ,_  1,2  in  the  series  (3.13a).  For  example,  when 

j~2^qx+q1+^je~u.  (3.15) 

Note  that  the  logarithms  will  disappear  if  j  =  0;  when  v  =  j  this  implies 

qx+q1+j=‘0.  (3.16) 

(3.16)  defines  a  one-parameter  family  of  solutions  of  (3.1)  for  which  the  second 
order  Painleve  equation  reduces  to  a  first  order  equation  (see  3F). 

The  solutions  61"  and  <t>a>  satisfy  the  symmetry  condition 

M^(  1  ’(C e ”  '*) »  -  e”*'  </>' 1  ’(i)  —  itj e ~  ’**  <f>k Z)(0 .  (3.17a) 


M^u,(Ce  " '*)  »e~ni  . 


(3.17b) 


Also,  from  (3.14),  if  <H£,x)  is  the  fundamental  matrix  (<^ll), q),J))  in  0^arg£<2jt, 
then 


(3.18a) 


is  a  fundamental  solution  matrix  in  the  sector  (2n,4n).  The  matrix  J  is 


(3.18b) 


where  j  is  only  nonzero  when  v  is  a  half  integer,  in  which  case  e~2*i'=e2xiy  =  -  1. 
We  remark  now,  and  prove  later,  that  J  is  independent  of  x. 

Finally,  we  specify  the  relation  between  (P(£,x)  and  x)  to  be 


<F(C,x)«dKC,xM,  (3.19a) 

where 


and  ad- fiy—  1  since  defF*det<f  *  1. 

The  set  of  data 

T«  {<L,b,c,<x,p,6,x6-Py^l,v,j,wl,(o1,w3,l} 
is  the  transform  data ;  in  our  case,  <u3  *  4i/3,  u>2  *  1-0,  to,  -  ix. 


(3.20) 
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3C.  Some  Properties  of  the  Transform  Data. 

With  the  conventions  adopted  here,  the  transform  data  are  not  uniquely  specified 
by  (3.2),  (3.3)  because  there  are  some  ambiguities  in  the  definitions  (3.13),  (3.14)  of 
<P.  First,  we  consider  this  situation  when  2v  is  not  an  integer.  The  exponent  ±  u{x) 
in  (3.13)  is  determined  only  up  to  an  arbitrary  constant ;  a  change  in  this  constant 
amounts  to  the  multiplication  of  4>(tl  by  some  k  and  of  </><2)  by  k~‘.  Therefore,  a 
one-parameter  family  of  connection  matrices  A  is  consistent  with  a  normalization 
of  the  type  (3.13).  One  could  remedy  this  by  imposing 


but  as  the  ambiguity  will  cause  no  problems,  we  shall  not  insist  on  such  a 
condition.  When  v  is  an  integer,  another  potential  indeterminacy  appears  because 
any  linear  combination  +  k<j>{2)  will  be  of  the  form  £-"x  holomorphic  function. 


This  would,  however,  violate  the  patterns  imposed  on  the  coefficients  in 


(3.13),  and  hence  the  symmetry  (3.17).  When  v=> 


2n+ 1 


and  ;'4s  0,  there  is  again  one 


free  scaling  parameter,  and  A  and  the  jump  j  are  determined  up  to  this  parameter. 


The  only  really  singular  situation  arises  when  v  = 


2»  + 1 


and  j—0.  Then  the 


symmetry  condition  (3.17)  does  not  distinguish  between  different  linear  com¬ 
binations  <f>il)+k<t>ll).  This  case  is  exceptional  in  many  respects;  to  illustrate  its 
peculiar  features,  we  tum  now  to  an  analysis  of  various  relations  among  the 
transform  data. 

Our  attitude  is  always  that  x  and  v  are  given,  and  that  q  and  r  in  (3.2)  are  to  be 
found.  If  the  transform  data  do  indeed  determine  those  two  complex  numbers, 
then  all  of  a,  b,  c,  j,  a,  y,  6  should  depend  on  only  two  quantities  in  the  list.  Of 
course,  ctS~  0y*l,  and  there  will  always  be  one  free  parameter  in  A  and  j  due  to 
the  scaling  freedom  just  discussed.  Modulo  this  indeterminacy,  we  have  the 
following  results : 


(A)  As  long  as  v* 


2n+ 1 
2 


or  v  = 


2n+ 1 
2 


and  j* 0,  any  two  of  the  three  Stokes 


multipliers  determine  all  transform  data. 

2n  j  B 

(B)  If  v*  — - —  and  j = 0,  -  or  -  determines  all  remaining  transform  data  (the 

2  pa. 

second  determining  constant  in  this  case  being  j).  In  particular, 

a  =  b=«c**(— iy*li. 


Remark.  The  inverse  problem  for  the  exceptional  case  (B)  can  be  solved  -  all 
systems  (3.2)  with  such  transform  data  can  be  constructed  explicitly. 

We  now  prove  assertions  (A),  (B).  To  this  end,  we  derive  two  sets  of  relations 
among  the  transform  data ;  the  relations  are  consistent  but  carry  slightly  different 
information. 
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First,  we  note  that  from  (3.19a)  and  (3.18a) 

and  thus 


«•-«:  %  x  x  x  x 

Now  choose  (eSl  (whence  Ce2,ieS7)  and  let  |{|-*co ;  both  and  ffO  then 

tend  to  the  same  asymptotic  matrices.  Hence, 


:  x  x  x  x  x 

If  we  write 

°-C  3(i  X  X  i)' 


then 

AG2=J~iA. 


(3.22)  does  not  use  the  symmetry  (3.17)  and  so  misses  some  information.  Thus, 

we  derive  a  second  set  of  relations.  In  (3. 19a),  set  f  =  £e"‘*,  and  apply  M=  *  j. 

Use  Mip,l)(Ce"‘*)*tp(42,({).  M  v1 2,(£  e  ‘  ‘')  “  y V  '(C)  on  <P  and  (3.17)  on  <P  in  the 
resulting  expression.  Finally,  re-express  y* ’,  v>'42>,  0n)  and  $,2)  in  terms  of  ym,  v>(2> 
by  (3.12)  and  (3.19a),  and  equate  coefficients  of  yU),  yjU).  The  result  is: 

6=  -a.6eni-Pye-'%i  +  njaPe-n> 

1 +ah  =  2ay  cosvjr  — 7r/aJe-,*i 

l  +  fcc*=  —  2fl6casYK  +  njfi1e~'ni  ^  ^ 

a  +  c  +  abc  =  fiy  enl  +  xS  e~  —  njafl  e~  . 

From  (3.23),  we  deduce  immediately  that, 

a+h  +  c  +  ahc*  ~2isinv7t,  (3.24) 


so  that  any  two  Stokes  multipliers  (and  v)  determine  the  third  [(3.22)  almost  yields 
(3.24) ;  the  sign  of  the  right-hand  side  is  not  determined].  (3.23)  is  not  convenient  if 
one  wants,  as  we  do,  to  express  everything  in  terms  of  these  two  Stokes  multipliers. 
(3.22),  on  the  other  hand,  is  linear  in  the  entries  of  A.  A  tedious  but  straightforward 
computation  shows  the  following. 

When  2v  is  not  an  integer,  or  when  v=»  — j—  and  j'+O,  (3.22)  has  rank  2,  so  that 

a,  /?,  y,  S,j  are  determined  up  to  two  arbitrary  constants ;  one  is  fixed  by  a<5  -  fiy  =*  1. 
the  other  reflects  the  scaling  freedom  in  $. 

When  v  *  n,  (3.22)  reduces  to  /  -  /,  while  (3.23)  yields  expressions  for  a,  /?,  y,  S  in 
terms  of  two  Stokes  multipliers  (again,  up  to  the  one  free  constant). 
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When  v*  and  j=Q,  (3.22)  reduces  to  /  =  /  again.  (3.23)  can  be  solved  for 
a,b,c  to  give 

a*h»c  =  (-l)"+1i.  (3.25) 


This  has  used  <x5-fiy  =  1,  and  there  are  no  further  constraints  contained  in  (3.23). 
Thus,  A  depends  on  three  free  parameters.  Two  are  connected  with  the  inde¬ 
terminacy  of  the  definition  of  <$,  as  explained  above.  The  third  parameter,  which 
a  8 

can  be  taken  to  be  -  or  -  (a  or  ft  may  be  zero),  labels  different  systems  (3.2) 
p  ^ 

corresponding  to  the  one  parameter  family  of  solutions  of  (3. 16)  (this  will  be  shown 
later  in  this  section ;  the  systems  will  be  constructed  explicitly). 


Remark  1.  (3.22)  provides  a  quick  proof  of  the  absence  of  logarithms  when  v  =  n. 
Indeed,  (3.22)  says  traceG2  =  traced" 1  =  2 ;  computing  trace  G2,  one  finds  that  this 
implies  a  +  b+c+abc= 0.  The  characteristic  polynomial  of  G  then  turns  out  to  be 
A2  - 1  *0,  so  its  eigenvalues  are  ± !.  G  is  therefore  diagonalizable,  and  hence  so  is 
G2.  But  J=AG2A~i  has  Jordan  block  form  unless  j=0. 

Remark  2.  When  can  all  Stokes  multipliers  be  zero?  Since  then  G2  =»  /,  (3.22)  shows 
that  J  =  f,  whence  v  =  n.  This  is  another  case  of  which  all  systems  (3.2)  can  be 
constructed  explicitly. 

Remark  3.  If,  contrary  to  our  previous  position,  v  is  considered  unknown,  another 
parameter  from  the  transform  data  must,  of  course,  take  it  place.  Suppose,  for 
example,  that  a,b,c  are  given.  Then 

a  +  h  +  c-t-ahc— —  2«sinvji  (3.24) 

determines  vmod2,  and  it  is  clear  that  (3.22)  and  (3.23)  are  not  affected  by  a 
replacement  v-*v  +  2m.  If  a,b,c  are  replaced  by  their  negatives,  (3.22)  and  (3.23) 
remain  consistent  provided  v-*v  +  2/n+l.  In  other  words,  sets  of  transform  data 
which  differ  only  by  an  integer  translation  in  v  and  sign  of  a,b,c  are  possible ;  this 
circumstance  is  related  to  Airault’s  [3]  Backlund  transformation,  which  produces 
a  solution  of  (3.1)  for  v±  1  from  a  solution  of  (3.1)  for  v. 

Remark  4.  If  x,q,r  in  (3.2)  are  real,  the  symmetry  K((,x)-»MK*((*,x)  shows 
a=-c*.  (3.26) 


3D.  The  x-Dependence  of  T 

It  has  been  mentioned  repeatedly  that  the  transform  data  are  independent  of  x, 
provided  that  the  Painleve  equation  (3.1)  is  satisfied.  We  verify  this  result,  and  also 
prove  a  strong  converse:  given  matrix  functions  !fyx,{),  <P(x, Q  with  global 
connection  properties  characterized  by  transform  data  independent  of  x,  there  are 
unique  systems  (3.2),  (3.3)  satisfied  by  tf>.  As  a  corollary,  one  can  see  that  there  is 
at  most  one  set  of  functions  *P;,  <P  possessing  given  transform  data. 

Because  Eq.  (3.2)  is  determined  solely  by  the  global  connection  properties  of  its 
solution,  while  (3.3)  follows  from  the  x-independence  of  the  connection  parame¬ 
ters,  the  whole  theory  can  be  rephrased  in  a  much  more  geometrical  manner 
without  reference  to  differential  equations ;  this  is  done  in  Sect.  6. 
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In  the  remainder  of  this  section,  we  deal  with  functions  satisfying  the  following 
conditions:  ,  .  . 

(a)  matrix  functions  ft  holomorphic  in  Sy=  k||CI>0,  (j- l)j  £arg£<  y>, 
such  that 


'Pj-.'P** 


0=|  iC3  H-  , 


as  |£|-»oo  in  Sj,  and 

^♦1  -Vi-  ICI  >  some  q  . 

(b)  A  matrix  function  <t>  of  the  form 

?)• 

with  <WC)  holomorphic,  such  that  for  {eSy 


¥',(0«<«0>UeM=l. 

[For  sake  of  simplicity,  we  omit  the  modifications  necessary  when  <P(Q  contains 
logarithms.] 

The  formal  series  ¥(()  is  assumed  to  have  the  symmetry 

(c)  J). 

The  functions  studied  earlier  have  all  these  properties. 

We  now  prove  the  following  facts : 

Proposition  1.  Let  <t>  satisfy  (3.2),  with  ft,  <P  normalized  as  in  (3.6)  and  (3.13).  If 
the  Painleve  equation  ( 3.1)  holds  (so  that  (3.2),  (3.3)  are  compatible ) ,  then  these  ft,  <t> 
are  also  solutions  of  the  x-equation  (3.3). 

Proposition  2.  If  ft,  <P  satisfy  both  (3.2)  and  (3.3),  then  the  Stokes  multipliers  Ar  the 
connection  matrix  A,  and  the  jump  matrix  J  are  independent  of  x. 

Remark.  Propositions  1  and  2  show  that  the  transform  data  introduced  above  are 
all  independent  of  x. 

Proposition  3.  Let  f 1J,  $  have  properties  (a),  (b),  (c),  and  suppose  that  At  and  A  are 
independent  of  x.  Then  ¥j,  <t>  satisfy  differential  equations  of  the  form  (3.2),  (3.3). 

Proposition  4.  There  can  be  no  more  than  one  set  of  Junctions  Wj,  <P,  satisfying 
properties  (a),  (b).  (c)  above. 

Proof  of  Proposition!.  Write  Eq.  (3.2)  as  f \^P*¥  and  (3.3)  as  f'-Qf. 
Differentiate  the  first  of  these  equations  with  respect  to  x  and  solve  the  resulting 
inhomogeneous  equations  by  variation  of  parameters  to  obtain 

( 

'P,-'P('P-"Px)(Q+Vl'P-'Px'PdZ. 

to 


A. 


(3.27) 
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But  the  compatibility  condition  of  (3.2)  and  (3.3)  is  P*  =  Qf  +  [G,P]  and,  since 
'P'NQi  +  CQ,  P])=  4r(« rlfin  we  have  from  (3.27)  that 

Now  let  C0  tend  to  infinity  on  the  initial  ray  of  that  sector  in  which  P  ~  P  as  given 
in  (3.6).  One  finds  Px-QP  =  0 which  tends  to  zero.  Hence,  PX=*QP.  A  similar 
proof  holds  for  <f>. 

Proof  of  Proposition  2.  We  prove  that  Aj  is  independent  of  x.  A,=  PJ  and 
thus  AJX  =  -PJl  PjxPJ  uPJ+l  +  PJx'Pj+lx=- PflQPJ+ ,  +  -  0.  The 

proof  that  A  and  J  are  independent  of  x  is  similar. 

Remark.  From  the  form  of  7  when,  for  example,  v  =  |,  it  is  by  no  means  obvious 
that /,= 0.  However,  note  that  the  x  derivative  of j**2^qx  +  qi+  jje~2“  *s  zero  by 
virtue  of  (3.1). 


Proof  of  Proposition  3.  First  we  note  that  (c)  implies  the  following  symmetry  for 
the  coefficient  C,  in  the  expansion  P : 

-MC,Af-C,. 

It  follows  that  CU,--CUI  and  Ct<11- -CUJJ:  we  set  and 

C,  ,,  *p.  Now  differentiate  PJ+l~PjAj  with  respect  to  x,  and  multiply  bv  VJ+{ : 


1  -  1 »  VMW 1  =  VixPJ 1 . 


Pj.'Pf 1  >s  therefore  well-defined  and  holomorphic  in  a  deleted  neighborhood  of  x. 
and  its  asymptotic  expansion  is  PxP~l,  uniformly  for  |£|  >  some  q. 

The  asymptotic  expansion  is  therefore  convergent ;  we  set 

'  (3.28) 

Q({)  being  a  Laurent  series  in  f l,  with  a  simple  pole  at  £»  x.  Near  C *0,  we  find 
in  a  similar  way  that 

-'r,xr;lmQ(Q. 

But  ‘ 1  is  holomorphic  at  f  ■(),  so  that  Q({)  contains  no  negative  powers  of  {. 
The  explicit  form  of  Q{Q  is  now  easy  to  obtain  by  inserting  the  expansion  P  into 
(3.28).  The  result  is 
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Hence,  VJt  <P  satisfy  an  equation  of  the  form  (3.3)  in  x.  A  similar  argument  shows 
that  Wk  1  is  well-defined  and  holomorphic  away  from  0,  oo,  so  that 

P[Q  has  a  double  pole  at  f  =  oo.  Near  £  *=0,  we  find 

Hence,  P(Q  contains  at  most  the  negative  power  f We  wish  to  show  that  in  fact 
1  enters  P[Q  in  the  form 


Put  <P(0)|  q  ®_1(0)  =  (eiy).  First,  we  note  that  the  diagonal  entries  cu,  e22 

must  be  zero;  otherwise  there  would  be  a  term  £*”  in  the  expansion  'P  [16].  In 
terms  of  the  entries  #,/0),  this  means 

*.i(0)*22(0)+*,2(0)tf21(0)-0. 

But  also  det<P(0)  =  1,  and  a  short  computation  shows  that  2  =  e^1  -  Property  (c) 
implies  the  symmetry 

P{-0=-MP(0M, 


and  this  forces  el2**e21,  so  ei2**e2i  -  ±1.  as  was  to  be  shown. 

It  now  remains  to  compute  f.  f~  ‘  =  P(0  through  the  f°  term.  There  are 
certain  non-obvious  cancellations,  e.g.  of  terms,  which  are  automatic  by  the 


/  y  £\ 

analysis  at  £ = 0.  By  (c),  C2  has  the  form  ^ J .  One  finds  that 


with  N  — 


-1 


PiO =(4<C2  +  oc)  {lV  +  l-  [C„  Af]  +  ^  ([C2,  N]  +  [IV,  CJ  C,)J 

P(0=(4«'C2  +  ix  +  2V)(-Q  °)+4£<j(° 


If  rs4z-2ipq,  this  is  precisely  the  form  required  by  (3.2),  up  to  the  ambiquity  in 
the  sign  of  v.  The  hypotheses  do  not  allow  one  to  distinguish  between 


with  <P  as  defined  in  (3.13), 


+  o)’  with 


Monodromy-  and  Spectrum-Preserving  Deformations 


89 


Had  we  assumed,  in  addition,  that  $(0)  is  proportional  to 
+  l  would  have  been  the  only  acceptable  one. 


the  choice 


Remark.  In  the  first  case,  q  will  satisfy  Eq.  (3.1).  In  the  second  case,  q  solves 
q^^lq3  +xq  +  v,  but  -q  again  solves  (3.1). 

Proof  of  Proposition  4.  Suppose  that  f'  and  Yj  (/=  1 . 7)  have  property  (a),  with 

the  same  Stokes  multipliers  Aj,  and  suppose  that  ^  =  <PA,  V[  -  <P'A  with  <P.  <P' 
satisfying  (b).  Then 


f''* ,  Vjl  [-V;  A  jAJ 1  f ; 1  =  <PJ  • , 


so  S&'Pj'PJ1  is  well-defined  and  holomorphic  about  C=x,  and  from  the 
asymptotic  expansion  one  sees  that  S  is  a  Laurent  series  in  £,  S(O=/+0|7j.  Near 
C=0, 

S(0  *  V’  1  = V  0 - 1  =  V  <i>  - 1  = , const  +  0(0 , 

a  Taylor  series  with  no  negative  powers.  Hence  S(C)  =  L  as  was  to  be  shown. 


3E.  The  Inverse  Transform 

We  now  turn  to  the  existence  problem ;  are  there  solutions  f',  <t>  giving  rise  to  a 
prescribed  set  of  transform  data?  Here  we  derive  linear  singular  integral  equations 


Flf.2.  The  contours  in  the  C-pline  for  the  inverse  problem  for  Painlevi  II 
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from  which  the  solutions  and  <P  may  be  constructed.  The  parameters  in  these 
equations  are  x  and  the  Stokes  multipliers.  For  simplicity  of  presentation,  we  take 
v  *  n,  a  positive  integer.  The  results  for  v  #  n  are  given  in  Appendix  IV. 

Consider 


f 


«-c 


0=4iC3/3  +  iCx; 


(3.31) 


for  convenience,  we  take  i  to  lie  in  the  interior  of  S,.  Our  goal  is  to  write  a  system 
of  linear  singular  equations  for  <p,u  and  yt2>.  The  strategy  will  be  to  relate,  by 
Cauchy’s  theorem,  the  integral  along  C,  to  one  along  C2  and  to  continue  this 
process  around  the  singular  point  {  =  oo. 

We  begin  by  noticing  that 


f  y^Cdi-2 y(J)  +  J  (3.32a) 

c,  S  j  W  C2  Vi  S  V 

where  we  have  used  (3.12b).  Now  yl22'  x  as  x  in  S2,  and  therefore  it  is  not 

wi2,el> 

possible  to  relate  the  term  ~a  J  by  contour  integration  to  an  integral 

Cj  {—  i 

along  C y  This  integral  is  not  transformed  any  further  and  appears  in  this  form  in 
the  final  equation.  We  can,  however,  continue  with 


Ci  ;-s 


rti  /1\ 

~J\oj 


Cj  V  V2  *» 


Continuing  in  this  manner  around  the  C- plane  we  find. 


(3.32b) 


c,  £-<. 

J.T^’ 


and 


f  ^>e> 

L  «-c 


^  T\o)  I, ’ 


(3.32c) 

(3.32d) 

(3.32e) 


(3.32f) 


Here,  we  have  used  which  is  a  consequence  of  the  assumption  v  =  n. 

Adding  the  Eqs.  (3.32a)  through  (3.320,  we  find 


b  ,  (p,2,e*  be  f  v(1,e* 

+  =-r  j  J  ~rdi, 

2ki  c„  2 itic\.S-C 


(3.33) 
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where  we  have  substituted  for  ip</,,y=2,4,6  from  (3.12)  in  terms  of  vn\  \pU)  and 
used  identity  (3.24),  a  +  6  +  c  +  ai>c=0.  The  contour  C42  is  one  which  runs  inward 
along  CA,  then  clockwise  along  y4  and  y3  and  goes  out  along  C2  The  contours  C64 
and  Ci6  (which  is  —  CA4)  are  defined  in  a  similar  way  (see  Fig.  3). 


Remark.  Note  that  the  same  contours  are  used  in  the  integral  representations  of 
the  Airy  functions.  In  fact,  (3.33)  contains  the  Airy  function  representations  as  a 
limiting  case  [see  example  (i)  which  follows  in  3F]. 

By  considering 


c. 


TT 


we  find 


(3.34) 


b  , 

-  +  , — r  J  — : — 
<-o  c,, 


2jm' 


(3.35) 


Cjj  £  ^ 

Equations  (3.33)  and  (3.35)  are  linear  integral  equations  whose  solution  determines 
4><u  and  v,2\  and  hence  ail  the  coefficients  in  the  Eq.  (3.2).  In  particular,  from  the 
asymptotic  expansions  (3.6).  we  known  that 

lim  2iCv><f'e~9  (3.36a) 

-  -  lim  2i;V‘)e8  (3.36b) 

where  the  subscripts  in  (3.36)  refer  to  the  component,  and  not  to  the  sector. 
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The  integral  Eqs.  (3.33)  and  (3.35)  have  been  derived  on  the  assumption  that 
functions  Vj  with  the  prescribed  Stokes  multipliers  exist.  Conversely,  one  wants  to 
answer  the  following  questions : 

(1)  For  which  x,a,b,n  does  a  solution  of  (3.33),  (3.35)  exist? 

(2)  Does  it  exhibit  the  prescribed  Stokes  jumps? 

(3)  What  properties  of  q[x)  can  one  deduce  from  the  solution  (P  so 
constructed  ? 

(4)  What  is  the  dependence  of  <j(x)  on  the  parameter  a,b? 

Some  preliminary  observations  follow  from  the  known  properties  of  the 
Painleve  transcendent,  q(x).  It  is  never  an  entire  function  of  x,  unless  it  is 
identically  zero ;  it  is,  however,  the  ratio  of  two  entire  functions.  This  suggests  that 
for  given  n,  a,  b,  the  solution  of  (3.33)  and  (3.35)  will  exist  for  all  but  a  countable  set 
of  x.  In  particular,  the  inverse  problem  (Riemann-Hilbert  problem)  is  not  always 
solvable  subject  to  the  symmetry  imposed  on  (3.2). 

It  is  not  too  hard  to  see  that  any  solution  of  the  integral  equations  will  have  the 
required  jumps ;  this  follows  from  the  behavior  of  the  Cauchy  integrals  when  £ 
crosses  an  integration  contour.  The  first  problem,  however,  is  existence  of  a 
solution.  We  have  not  found  a  proof;  indeed,  we  have  not  really  looked  for  one. 
The  reason  is  this:  other  irregular-singular  monodromy  problems  will  lead  to 
different,  and  more  complicated  sets  of  singular  integral  equations  -  see  Sect.  4,  for 
example.  One  needs  a  quite  general  theorem,  if  case-by-case  existence  proofs  are  to 
be  avoided.  It  is  clear  that  existence  will  depend  in  a  subtle  way  on  the  exponent 
0(0,  particularly  when  0  contains  several  independently  varying  parameters  (cf. 
Appendix  II).  Local  existence  in  x  is  probably  easier  to  get,  but  not  of  much 
interest  for  applications  to  Painleve  equations.  Thus,  we  restrict  ourselves  in  this 
paper  to  the  examination  of  various  limiting  cases  and  special  examples.  Other 
properties  of  Eqs.  (3.33),  (3.35)  are  under  investigation. 


3F.  Special  Solutions 


(i)  The  linear  limit 

Take  v=*0  and  a,b,c,  small.  The  usual  procedure  in  solving  (3.33)  and  (3.35)  is  to 
form  the  Neumann  series.  Here  we  keep  only  the  terms  linear  in  the  parameters  a, 
b,  and  c.  We  find 


f 

C4J 


di. 


Therefore  from  (3.36) 

q~-  |  e,,<’/J*2^dx+-  f  «"«*«♦ 

n  C.2  n  C.t 

=  (a+  Ai(x)~  jBi(x) 


(3.37) 
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when  Ai(x)  and  Bi(x)  are  the  Airy  functions.  Note  that  when  q{x)  is  real,  c  =*  -  a*, 
b  —  a*-a  to  leading  order  and 

a  +  a*  A..  .  i(a  — a*)  k 

q  »  ___  Ai(x)  +  — ~ —  Bt(x) 

»  Rea  Ai(.x)—  Ima  Bi(x) .  (3.38) 


(ii)  Solutions  which  decay  as  x—  +  oo.  Throughout  this  example,  v  is  taken  to  be 
zero.  In  this  case,  a  one-parameter  family  of  solutions  of  (3.1)  has  been  studied  by 
use  of  the  Marchenko  equation  of  the  inverse  scattering  transform  ([2, 10-12]), 
Eq.  (2.14).  Such  techniques  apply  when  q(x)-*0  sufficiently  rapidly  as  x-»  +  oo; 
(3.1)  then  reduces  to  qxx  =*  xq  for  large  x.  It  can  be  proved  that  q(x)  has  the  expected 
asymptotic  behavior, 

q(x)~<?Ai(x)  (3.39) 

for  some  constant  q. 

The  rapid  decay  (3.39)  ensures  that  the  constructions  of  scattering  theory  can 
be  used  on  the  x-equation  (3.3)  at  x  *  +  oo.  In  particular,  the  eigenfunction  vix,  Q 
of  (3.3)  with  asymptotic  behavior 

u(x,0~ei?J[|jj,  x-  +  Q0 

is  defined  for  large  enough  x,  and  it  admits  the  triangular  representation 

tKx.Oe'^-H  +  J  K(x,s)^~x)ds.  (3.40) 

By  repeated  integration  by  parts  in  (3.40),  one  may  derive  the  asymptotic 
expansion 

b(x,0«-“«~Q  +  £s.  +  ...  (3.41) 


valid  in  the  upper  half  (-plane.  Now,  u(x,  ()e~*' 3(1:5  is  precisely  the  solution  v(2)  of 
(3.2)  on  arg(=0,  and  since  the  expansion  (3.41)  is  valid  in  Sv  S2,  S3,  the  Stokes 
multiplier  b  must  vanish.  In  this  case,  (3.33)  reduces  to 


V<1,(0e*<!) 


i  a  ,  tp<2)e® 


(3.42) 


Since  tp(  n + atp(2)  **  tp‘4‘  ’  =  Mtp<2,( — 0,  we  may  change  (-*-(  in  (3.42);  then 


(3.43) 
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Substitution  of  (3.40)  into  (3.43),  followed  by  a  Fourier  transform  [23],  will  recover 
the  Marchenko  equation  (2.14).  The  constant  q  in  the  asymptotic  form  (3.39)  of 
q{x)  coincides  with  the  nonzero  Stokes  multiplier  a. 

In  this  example,  therefore,  one  can  see  explicitly  how  the  Stokes  multipliers  a 
and  b  characterize  the  Painieve  transcendent  q{x): 

b- 0  implies  q(x)~* 0  as  x-*  +  x, 

a  describes  the  asymptotic  behavior,  <j(x)~aAi(x). 

It  is  shown  in  [1 1]  that  there  is  exactly  one  q(x)  satisfying  these  conditions.  A  more 
detailed  analysis  [11]  of  the  Marchenko  equation  (2.14)  reveals  that  <j(x)  has  no 
pole  on  the  real  axis  when  -  l  <a<  1,  whereas  it  has  at  least  one  real  pole  when 
\a\  >  1.  A  proof  based  on  (3.43)  would  be  quite  analogous  to  the  argument  in  [11] : 
for  |<j|<  1,  the  inhomogeneous  Eq.  (3.43)  can  be  solved  for  any  real  x  (remember 
that  x  enters  in  9),  while  any  a  with  |n|  >  1  is  eigenvalue  of  (3.43)  for  some  real  x.  It 
may  be  possible,  however,  to  go  beyond  the  results  of  [1 1, 12].  Since  (3.43)  is  local 
in  x,  one  can  study  the  limits  x-»  ±  oo  separately.  This  is  relevant  to  the  solution  of 
the  connection  problem  for  the  second  Painieve  transcendent  [10, 1 1] :  what  is  the 
behavior  at  x  =  -  oo  of  the  solution  which  goes  as  (3.39)  at  +  oo?  The  Marchenko 
equation  (2.14),  by  the  time  x  goes  to  -  oo,  contains  information  about  q{x)  for  all 
real  x,  and  it  is  apparently  difficult  to  extract  the  asymptotics  at  -  oc. 

Connection  formulas  between  singular  points  of  Painieve  transcendents  are 
important  in  several  applications ;  in  the  Ising  model,  for  example,  the  behavior 
near  x=0  of  the  third  transcendent  is  of  physical  interest  [4, 13].  We  hope  to 
return  to  these  questions  in  a  later  paper. 

( iii)  The  rational  solutions :  the  “’solitons”  of  the  Painieve  equations.  In  the  inverse 
scattering  transform,  the  solitons  are  associated  with  the  bound  states  of  the  x- 
equations  (3.3)  which  are  located  at  the  poles  of  the  reflection  coefficient  in  the 
upper  half  (-plane.  The  analogue  to  the  multisoliton  solution  is  a  class  of  rational 
solutions  which  are  associated  with  the  poles  of  the  fundamental  solution  matrix 
ffC.x)  at  (=0.  When  v  =  n,  we  find  these  solutions  by  setting  a  =  b  =  c  *  0.  Then 
from  (3.35),. 

V<2l(()e -*  =»  Q  -  Res  .  (3.44) 

We  mention  that  Eq.  (3.44)  will  provide  the  rational  solutions  for  the  full  class  of 
equations  of  the  Painieve  II  family  which  is  defined  and  discussed  in  Appendix  II. 

Near  (=0,  the  solution  tpt2)  will  be  a  linear  combination  of  4>{l)  and  <£12’  as 
given  in  (3.13)  and  thus  will  have  the  form 

Now  since  a=*b»c=0,  is  meromorphic  and  tends  to  r]  as  (-»cc  and 

therefore  must  have  the  form  '  ' 
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which  follows  from  (3.44).  From  (3.6), 
q(x)=2  iun.lA,  q2=+2i-^uH_ll 

where  the  subscripts  1  and  2  refer  to  the  components  of  u„_,.  Set 


(3.46) 


«*  -  I  Tfi,  0  =  £  ito2j+  lC2j+  l/2j  + 1  +  . 

J-0  /.0 

Expand  tp<2>  in  a  series  in  £, 


We  compute  the  coefficient  of  £*,  and  demand  that  it  be  orthogonal  to  ^ 

k  =  -n,  . . . ,  n  - 1 ,  as  required  by  (3.45).  With  the  notation  ^  =  u{  +  u^,  rj.  =  u{ - u{, 
the  resulting  2n  equations  can  be  written  (if  we  use  T0=  1): 


C'o=0 

'loTt+'li=0 


f)oT2»- 1  +  •  •  •  +  1' TV =(- iy  T,_ , . 


(3.48) 


(3.49a) 


(3.49b) 


It  is  useful  to  observe  that  the  matrices  in  (3.49)  are  Wronskians.  Indeed, 
=  so  that  TJX’*iTJ_l.  Hence,  the  derivative  of  each  column  is  i  times  the 
next  column. 

We  now  solve  (3.49)  for  by  Cramer’s  rule.  The  denominator 

d 

determinants  are  denoted  by  d * ,  d  _ .  By  the  Wronskian  property,  —  d  ±  is  a  single 
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determinant  in  which  the  last  column  is  replaced  by  its  derivative,  and  it  is  easy  to 
see  that  this  derivative  is  in  all  cases  proportional  to  the  right-hand  side  of  (3.49). 
Specifically, 


From  (3.46)  we  find 


q2  =  -(logd  +  d_)„. 


(3.51) 


These  are  the  solutions  determined  by  Airault  [3]  through  a  series  of  recursion 
relations.  The  first  two  are,  for  the  case  0=  f  i'£3  +  Kx : 


n*l.  A 


1, 


A  _  » ix, 


<?  = 


x ' 


na  2.  d+=ix,  A. 


4  ix 3  1  3x2 

3-—.  +  iTP- 


Observe  that  all  these  solutions  satisfy  a  Riccati  equation : 
qx+q2=-2(logA+)xx.  (3.52) 


An  interesting  class  of  solutions  of  the  higher-order  equations  of  the  Painleve  II 
family  with  0  given  by  (3.47)  is  obtained  when  -  2(ln  A  ,  )xx  in  (3.57)  is 

n(n-I) 


These  solutions  are  related,  by  a  Miura  transformation,  to  certain  rational 
solutions  of  the  KdV  hierarchy  [25].  To  get  these  solutions,  let 
fl*i(toa+1fn+l  +{x)  and  pick  n^k+ 1.  In  that  case,  all  entries  of  d  +  arise  from 
powers  of  i'Cx  in  the  expansion  (3.47)  of  e*,  and  d,  is  the  Wronskian  determinant  of 
(ix)1  (ix)4  (ix)2"~2 

l’^2T’  “if*  '"’(2n — 2)T'  'S  eas®^  seea  to  **  ProPortiona^  toxx2X3...x"-1 

■o<-  n 

1  .  Hence,  -2(Iogd+)„»n(n- l)/x2. 

For  each  n,  only  one  solution  of 


Mn-1) 

72  ■ 


will  also  solve  a  Painleve  equation,  and  in  fact  it  will  solve  all  the  equations  of  the 
Painlevi  II  family  (Appendix  II)  in  which  the  first  nonzero  power  of  J  (besides  i(x) 
is  at  least  C2*-1. 


2 n  -+*  1 

(iv)  Solutions  with  v-  — - — ,j«0.  It  was  noted  in  3C  that  this  is  an  exceptional 
case.  We  begin  with  a  detailed  description  of  the  situation  for  v»^. 
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According  to  (3.15)  and  (3.16),  (=0  implies 

+  j-0. 

I 

d 

Let  q(x)=  —  In*;  then 

whose  general  solution  is 

^  =  C1Ai(-2-‘,3x)-i-CjBi(-2-l'3x). 

The  solutions  of  (3.2),  (3.3)  can  be  verified  to  be 

/(l  —  -I-)  Ai(z)  — 2~ 1/3  -p-  Ai'(z)\ 

*«.*>- 

U  1  +  yj  Ai(z)  +  2  - 1/3  Ai'(z) j 
and  G(f,  x),  which  contains  Bi  instead  of  Ai ;  here 


z«eta(22'3C,  +  2*  1/3x).  a0*21,6  |/5t  e>n,t . 

Using  the  asymptotic  properties  of  Airy  functions,  one  may  verify  that 
'Pl  »(— iF  +  G,F-iG), 

V2=(-2iF,F-iG)-'Fl(_}  J), 

<PJ«(-2iF,-F-iG)='P:(*  “'J, 

1Fs-(-«F-G,-2F)-(F4(‘  "j), 
iP6«(«F-G,-2F)- J), 

<P7-(iF-G,-F-MG)-<P6(J 

from  which  it  is  evident  that  a  *  6 = c  =  —  i.  The  solution  matrix  <P(C,  x) 
“(^<n(f.-*),d><2’({.-*))  defined  by  its  behavior  at  the  origin  {*0  is 


(KJ  +  K2G) 
‘^(X.Cj-^C,)’ 


any  K2/Kl+C2/C1 


^'--(CjF+CjG), 

ao 


k! 


i 


.4 
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where  /?0  *  iaJ2*t2n.  The  indeterminacy  described  in  3C  is  seen  in  the  arbitrariness 
of  K2,  K2. 

Finally,  note  that  since  Ai(z)  and  Bi(r)  are  single  valued  functions  of  (,  the  only 
contribution  to  the  jump  matrix  J  is  from  the  square  root  f'W2.  Hence,  /«  — /. 


We  next  describe  the  general  case  v  * 

Let  A(x,  {)  be  a  fixed  solution  of  A 
sought  in  the  form 


2n  +  l 


(nfe  0). 


(—  2  x~  f2M.  The  solution  <£,2)  of  (3.2)  is 

«0C 1/2  |>4(x.  0  (c0  +  + . . .  +  •)  +  Ax(x,  C)(j  +  ...+  J .  (3.53) 

where  C0  =  ^_^j,  and  the  coefficients  follow  the  alternating 

/  1\  2«-*-» 

U  i  P4116™-  By  deflnidon- the  leading  power  in  4>{2)  »  C  2  One  must  therefore 

'X  '  2m+1  2m  —  1 


equate  to  zero  the  coefficients  of  £  2  . f  2  in  (3.53);  this  gives  2n+l 

equations  for  C,, ...,  C,+ t,  d2,  ...,d„+l,  and  the  coefficients  of  these  equations  will 

dj  |  2«*> 

.  The  coefficient  of  (  2  in  (3.53)  is  [see 


;«o 


involve  derivatives  ^/t(j c,{) 

(3.13)],  and  its  log  derivative  is  the  required  q(x). 
A  concise  expression  is  afforded  by 

_  d  ,_W(y . y*-») 

*  dxln  W(y . y<«>)  ' 


where  y(x)«A(x,0),  and  W  is  the  Wronskian  determinant.  (These  solutions  were 
discovered  by  Airault  [3].) 


4.  Paintevi  III;  Solution  of  an  Initial  Value  Problem 

4A.  Outline 

In  Appendix  I,  we  show  that  the  equation 


(xuj,  =  -4sinhu, 

(4.1) 

a  special  case  of  the  Painlevi  equation  of  the  third  kind, 
condition  for 

is  the  integrability 

p1{-|-ix+  ■lfCoshujvl  +  ^—^rL  +  ^sinhuji;2, 

(4.2a) 

■*-(  2{  *  +  ^coshujuj. 

(4.2b) 

and 

q--uJ2, 

(4.3a) 

Oix-Wi+i^- 

(4.3b) 
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In  Appendix  III,  we  show  how  these  equations  relate  to  the  work  of  Sato  et  ai.  [7], 
Following  the  steps  described  in  Sect.  3,  we  give  the  general  solution  of  (4.1).  The 
principal  difference  between  (3.2)  and  (4.2)  is  that  the  former  has  one  regular  and 
one  irregular  singular  point,  while  the  latter  has  two  irregular  singular  points,  one 
at  C  «■  qo  and  the  other  at  £«0. 


4B.  Step  l :  The  Direct  Transform  and  Properties  of  the  Transform  Data 

It  is  straightforward  to  write  down  the  asymptotic  forms  v>(1),  v>t2)  of  two  linearly 
independent  solutions  of  (4.2)  as  {-*oo : 


Vu,(C.x)  =  e 


-  ixq2/ 2  4-  if  I  -  cosh  u)\ 
iq/2 


-iq/2 
ix<32/2  — t(l-coshu) 


)-}• 

4 


(4.4a) 

(4.4b) 


Note  that,  from  (4.1),  xq2/2-hcoshu~\  const.  We  have  found  it  con¬ 

venient  for  reasons  of  symmetry  to  include  the  i/{  term  in  the  exponent  of  (4.4).  At 
C»0,  two  linearly  independent  solutions  <p[l\  <£UI  have  the  asymptotic  behavior: 


Me.*)-*'*'*'"' 


(1+...), 


(4.5a) 


<£,l‘(C,x)-e«*+« 


(1  +  ...). 


(4.5b) 


In  particular,  we  note  that,  if  we  write  V =(^(l>,yt2))  and  $ *(^u>,<?<2)),  the 
following  relations  hold: 


M'P(-C,x)-#(C,x)Af,  M*-{,x)-*(C,x)M 

and 


(4.6) 


> 

1 
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Indeed,  from  Eqs.  (4.2),  (4.3)  one  can  show  that  if  1P(C,x)*(ytu(£.x),  vt2>((,x))  is  a 
solution,  then  so  is 


(-54 


M«P(-C,x)  and  NY 


From  the  asymptotic  expressions  (4.4),  (4.5),  we  observe  that  the  lines  on  which 
the  asymptotic  solutions  change  from  recessive  to  dominant  and  vice  versa,  the 
anti*Stokes  lines,  are  argj=*n7i,  n»  —  2,  — 1,0, 1,2,....  Accordingly,  we  designate 
the  sectors  -2ngargC< -ti,  -rtgargC<0,  0gargf<»t,  x^argC<2«,  and 
2jt<(argC<3rt  as  S_2, S.,,  S„  S2,  S3,  respectively,  and  define  Y/{, x)  and 
7=  —  2,  —  1, 1,2,3  to  be  the  solutions  in  these  sectors  which  have  the  asymptotic 
behaviors  (4.4)  and  (4.5)  on  the  initial  ray  of  each  sector.  For  convenience,  we  omit 
the  subscript  1  when  referring  to  the  first  sector.  ,j  , 

We  will  now  show  that  all  the  Stokes  multiplier  matrices  for  the  Yj  are  f  \ 

or  I  '  and  for  the  <J>j,  ^  ^ )or  Q  First,  if  x<0,  yj' 11  and  <£U)  are  recessive 

in  S_2,  S3,  and  dominant  in  S_  2,  S2,  \p<2\  $a>  are  recessive  in  J.,,S2  and 

dominant  in  S_2,  Sj,  S3.  Therefore, 


'-■'-(i  *’-*4.!,  i)' 

“)•  “)• 


o  i  r 


V>3*Vl 


From  the  symmetry  (4.9),  we  have  that 
MV(Ce-",x)M-1«V2(C,x), 
MY2(Ce'‘*,x)M~ 1 »  Y}({,x). 


(Alla) 

(4.11b) 


To  see  this,  observe  that  the  left-hand  sides  of  (4.11)  are  solutions  of  (4.2)  with  the 
required  asymptotic  properties  on  the  initial  rays  of  the  respective  sectors  S2  and 
Sy  Substitute  in  (4.11b)  from  (4.10)  and  find 


<  H,  > 


whence  a2*a.  By  a  similar  argument,  a^2*o_,=a.  We  can  also  prove  that  a  is 
the  only  Stokes  multiplier  connecting  the  matrices  <Pr  If  x>0,  the  Stokes 
multiplier  matrices  are  the  transposes  of  those  for  the  case  x<0: 


’*-<  ?)•  :)■ 


The  matrices  Y  and  <t>  will,  in  general,  not  be  single- valued.  We  next  calculate 
the  monodromy  matrices  J*  and  J  defined  by  the  relations 


(4.13) 
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in  terms  of  the  Stokes  multipliers  a  and  a.  The  subscripts  - ,  +  refer  to  the  cases 
x<0  and  x>0,  respectively.  From  (4.10)  (the  case  x<0),  we  have 


Now  let  {sSj  tend  to  infinity;  then 


since  both  f* 3(CeJ*‘)  and  *F(0  tend  to  ¥( Q.  Similarly,  if  x>0. 


Also, 

J 


-U  .;«• 


Finally,  we  specify  the  connection  matrix  A  between  (F  and  <P, 
V  =  <PA,  A ^ 


7  &)' 


(4.14) 

(4.15) 

(4.16) 

(4.17) 

(4.18) 


From  the  normalizations  of  *P  and  <£,  ad  — fly  =1.  Let  us  now  derive  relations 
between  J,  J_,  A,  for  the  case  x<0.  Let  in  (4.18),  and  use  (4.13)  to  find 


AJ.=JA. 


(4.19) 


Since  J _  and  J  are  similar,  their  traces  are  equal;  from  (4. IS)  and  (4.17),  a*=sa. 
s*  ±  1.  Comparison  of  the  other  entries  in  (4.19)  gives 

p**sy,  a»s(<5+«y).  (4.20) 

Among  the  transform  data,  therefore,  there  are  only  two  independent  constants 

y 

which  we  take  to  be  a  and -.  The  reason  for  the  sign  parameter  s  is  discussed  later. 
0 

Similarly,  if  x>0,  we  find 

AJ+-JA,  (4.21) 


from  which  we  have 

a«sa,  a  =  sd,  fi=s(y  +  ad). 


(4.22) 


4C.  Step  2 :  The  x-Dependenee  of  the  Transform  Data 

Arguments  which  exactly  parallel  those  given  in  Sect.  3  show  that  : 

(1)  If  (4.2)  and  (4.3)  and  therefore  (4.1)  hold,  the  transform  data ,  which  consist 

of  the  Stokes  multiplier  matrix  °  j,  the  monodromy  matrices  and  the 

connection  matrix  A,  are  independent  of  x. 
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(2)  Conversely,  if  the  transform  data  are  independent  of  x,  and  if  we  specify 
functions  fj,  <Pj  to  be  (a)  connected  as  in  (4.10),  (4.13),  and  (4.18),  with  (b)  the 
symmetry  properties  stemming  from  (4.9),  and  (c)  with  the  asymptotic  expansions 
(4.4)  and  (4.5),  then  the  functions  Vj,  <Pj  satisfy  differential  equations  in  £  and  x 
which  have  precisely  the  form  (4.2),  (4.3).  The  coefficients  in  the  equations  are 
directly  related  to  the  coefficients  in  the  specified  asymptotic  expansions. 


4D.  Step  3:  The  Inverse  Transform 

Here  we  show  how  to  derive,  at  any  fixed  position  x,  a  singular  integral  equation 
for  the  matrix  function  lP(£,x)  from  which  one  can,  in  principle,  construct  the 
function  f'(£,  x)  and  the  Eq.  (4.2)  which  it  satisfies.  Since  the  coefficients  in  this 
equation  are  functions  of  the  solution  u(x)  of  (4.1),  we  have  therefore  found 
u(x) (mod 2m)  for  any  given  x.  We  first  look  at  the  case  x<0.  Consider 

j 

f  — — r-d£  with  0  =  i£x+  -.  (4.23) 

Ci  _  4 

The  reader  should  refer  to  Fig.  4  for  the  definition  of  the  contours.  The  contour  T 
has  a  large  radius,  the  contour  y  a  small  one.  Let  £eS,,  outside  the  circle 
designated  by  L 


FI*  4.  The  contours  in  the  (-plane  for  the  inverse  problem  for  Painlevi  til,  x<0 
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Using  Cauchy’s  theorem,  we  obtain 

But  v>tl)s=^l>  and 


L  i-C 


Cj  C  *»  Aj  C  > 


We  add  the  two  equations  to  obtain 

p|2y 

2ni  c,  C-C 


«p«‘y= 


1\  a  1  fv(,y  Jr 

nl +  iZi  J 


(4.24) 


(4.25) 


(4.26) 


upon  making  use  of  the  relations  v'2‘>  =  v“>  and  [from  (4.13)]  ^‘•(Ce2’'1)- v(1,(0 
-  atpa,(0-  2  is  the  union  of  the  two  contours  k ,  and  k2.  We  will  see  later  that,  in  the 
linear  limit,  the  second  term  on  the  RHS  of  (4.26)  gives  rise  to  the  solution 
K0(4  V ~x)  °f  the  linearized  (4.1),  and  the  third  term,  which  will  be  associated 
with  the  off-diagonal  terms  in  the  connection  matrix  A,  gives  rise  to  the  solution 
f0(4  |/-x)  of  the  linearized  (4.1). 

Using  (4.18),  we  find 


,(2)p8 


f^UL AP  1  r^ll>e*  JE  .  y  r  y 

Js  r  C  j  ••  v  “f"  C  J  c  r 


A* 


which,  because  0(1)e®  is  bounded  on  the  contours  yl  and  y2  whose  radius  is 
arbitrarily  small,  is  equal  to 


_if^,  1  f*(V 


di+sl 


vi2y  .  ip<iy 

+  J jzrd^ 

Aj  C  ^ 


But  <£l2n*0(1\  and  continuing  the  second  integral  into  the  lower  half  plane  and 
using  the  relations  0“  ’(Ce2*')  =  4>(  1  >(£} - sa<£( 2)(C)  and  v’<l)-  ^,n»  |v‘2),  we  find 

f  4>(2>e* rfr  |  y  f yU)g*  f« 

<1,  «-{** *'•  ’ d(‘ 


Finally  using  <£(2I«  -/fytl,  +  *V<21  and  replacing  a  and  0  from  (4.20),  we  find 


1\  «  ?y(W 

W  2m  o  t-C  2 nidi  {-{ 


y 

Eij~  r  ^ 


a2y  f  v(2)({)e®  Jr  ay  f  Jc 


(4.27) 


which  together  with  Mv(2,(fei*)«<p<1,(0  defines  the  solution  matrix  !P({,x). 

(4.27)  is  a  singular  integral  equation  in  which  the  parameter  x<0  only  appears 

in  the  exponent  0(£)»i£x  +  -.  The  initial  conditions  u(x0),  ux(x0)  are  represented 
by  the  parameters  a  and  j.  Notice  that  the  sign  parameter  s  has  disappeared 
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altogether  and  plays  no  role  in  the  determination  of  the  solution  u(x)  of  (4.1).  Its 
appearance  in  the  transform  data  is  a  consequence  of  the  symmetry 


or 


-1  O' 
0  l 


*-(J 

present  in  (4.2),  (4.3).  This  is  reflected  in  (4.27):  note  that  if 

is  a  solution,  then  so  is  V<U(C  -  a,  -  |j  and  ^  *  l)v,U>(^’  ~a'  ~  i 

se.ve  that  i 

«u-c 

We  now  apply  the  linear  limit  to  (4.27)  by  taking  a  and  ^  to  be  small,  neglecting 

all  quadratic  and  cubic  terms  in  the  parameters  and  approximating  tpil)  by  ee 
to  leading  order.  Then,  using 

q\x)*=  — —  =»  —  lim2iCy(j>e~®=  lim  2i(<p{11)ee  (4.28) 

(the  subscripts  refer  to  the  components),  we  find  that 


Observe  that  this  transformation  also  satisfies  the  symmetry  condition,  since 

o\  ‘~x  °w 

o  i)M- 

V. 


</(.x)  =  ^le2,ix+2,,'dZ. 

n  a  no  i 


Integrating  with  respect  to  x,  setting  <J  =  —=e*  in  the  first  integral,  taking  X  to 

J/-x 

be  the  circle  |<fj  =  -V  in  the  second  and  setting  c  =  -  ^=e‘*,  we  find 
y-x  y -x 

u{x)=  —  f  cos(4  y  -  x  sinh4>)d4>  +  j  e*vrTx'>n*  d<j) 

It  O  HO  Q 


la 


K0(4]/^)+7^I0(4  l /^7). 


(4.29) 


,V. 


We  observe  that  if  u  is  real,  a  is  pure  imaginary  and  -  is  real.  This  may  be  proved  as 

o 

follows.  If  u  is  reaL,  Mip*((*,x)  is  a  solution  if  v(C,x)  is.  From  the  asymptotic 
behaviors  we  have  that  V.  ,(C)M  and  MV*(J*)  =  nQM.  But 

¥_l  =  IP  |  and  'P1  =  and  from  these  relations  we  find  a*=  —  a. 

y 

The  reality  of  j  follows  from  similar  arguments. 

O 

The  solution  of  (4.1)  studied  by  Sato  et  al.  corresponds  to  the  case  |  =  0 ;  that  is, 

0 

the  inside-outside  connection  matrix  A  is  the  identity  (s>0).  From  the  remarks  in 
example  2  of  Sect.  3F,  the  reader  may  convince  himself  that  this  is  also  the  case 
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which  can  be  treated  by  inverse  scattering  theory.  In  other  words,  the  function 
y(U eill‘  is  analytic  in  Im£  >0  and  in  particular  bounded  as  (-*0  only  if  tpUl  contains 
no  component  of  <pa\  which  from  (4.18)  and  (4.20)  means  that  /f  =  y=0. 

When  x  >0,  the  derivation  of  the  singular  integral  equation  is  simpler  and  can 
be  accomplished  without  the  contour  k.  Let  (eS2. 

Use  Cauchy’s  theorem  to  express  J  — — —  dc,  in  terms  of  an  integral  along  C2. 

c,  «-<, 

Because  this  will  involve  an  integral  along  yt  on  which  contour  <p{2)e*  is 


F««.5.  The  contours  in  the  C-plane  for  the  inverse  problem  for  Psinlevi  III.  x>0 


exponentially  large,  we  must  subtract  an  appropriate  amount  of  tp(2‘  from  t p<u  in 
order  that  the  <t>{2)  component  be  eliminated : 


1 


tp<V 


v(l)_Zv<2> 


O  Ci  {-<, 


6 

«-c 


e*  dl;  -  ni 


+  l(  V-S-di 


i 

I 

I 
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But  y'21  =  ya)  =  y2u  — av(2 ’.  Thus  we  have 


vi" 


’H 


Vi’ 


c,  4-4  c,  4—4 

m(lle® 

Now  0(1VS,  0<2le9  are  bounded  on  r2  and  y2  respectively,  and  thus  J  ■ 

Cj  £  > 

can  be  continued  to  arg4  =  2n.  On  this  line,  </>'2l H(e2,i)  =  ip1 1  ’(Ce2*')  +  aipl2,(^e2,,i) 
*(1 4-a2)v<ll({)  —  ay>i2\0  +  ay)i2)({)—  a2tpn\C)  =  Vn\0-  Thus  the  integrals 

in* 1  u)(,l)e® 

j  — — —  on  args  =  0  and  j  -  r  d£  on  arg£  =  In  cancel.  We  find 

c,  C-4  C!  4  —  4 


a  ^  y2  (4)<r  >'  ?  V>2  (4)e8 


*W=  ^  f  I 


2m  J0  i-4 


2nid  Jx  4-4 


(4.30) 


Taking  the  linear  limit,  we  obtain  (as  expected) 


u(.x)  =  a/f,02,(4  ]/x)+  -y0(4  j/x)  with  x>0,  (4.31) 

the  solution  of  the  linearized  (4.1). 

We  remark,  in  conclusion,  that  just  as  the  contours  involved  in  the  singular 
integral  equations  for  finding  the  solution  of  Painleve  II  are  those  used  in  the 
representations  of  Airy  functions,  so  the  contours  appropriate  for  (4.1)  are  familiar 
from  the  representations  of  Bessel  functions. 


5.  Hamiltonian  Systems 


Another  property  shared  by  monodromy  -  and  spectrum  -  preserving  defor¬ 
mations  is  that  the  deformation  equations  can  be  written  as  completely  integrable 
Hamil’onian  systems.  The  modified  Korteweg-de Vries  equation  (2.9)  c  n  be 


SH  1  00 

written  qt-d/dx~,  with  H=  -  J  (ql  +  q*)dx.  It  can  be  shown  [24]  that  the 

^  -  oo 

mapping  to  scattering  data  is  canonical  and  that'  suitable  combinations  of  the 
scattering  data  are  action  -  angle  variables.  In  contrast,  Eqs.  (1.2)  and  (1.4)  can 
each  be  written  as  a  four-dimensional  Hamiltonian  system  with  x  playing  the  role 
of  time. 

Consider  (1.2)  and  let 


X 

P 1  =*<?*. 4 15**?. Pi  =2  J  q2dx,q2  =  x. 

xo 

Then 

H(pl,ql,Pi,ql)=  ip?  —  +P2-  + 


(5.1) 

(5.2) 


is  the  Hamiltonian.  It  can  be  verified  directly  that  is  constant  and  that 
Hamilton’s  equations  are  satisfied  by  (1.2).  But  we  have  already  shown  that  each 
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piece  of  monodromy  data  (a,  b,  c,j,  a,  /?,  y,  6)  is  also  a  constant  of  the  motion  and 
thus 


ax  =  {H,a]  =0, 

(5.3) 

where  {H,a}  is  the  usual  Poisson  bracket.  Therefore  we  have  two  independent 
constants  of  the  motion  in  involution  and  thus  the  system  is  exactly  integrable. 
Similarly,  for  (1.4),  set 

Pi=xux,ql=u,p2=‘i]  u2xdx,q2  =  x 

X o 

(5.4) 

and 

ff(Pv<h'P2’‘h)=1^ pi+p2+4coshqt . 

(5.5) 

Again  any  one  of  the  monodromy  data  is  an  independent  constant  of  the  motion 
which  commutes  with  H  and  the  system  is  again  integrable. 

The  Hamiltonian  property  carries  through  for  any  one  of  the  members  of  the 
Painleve  II  family  discussed  in  Appendix  II. 

We  have  not  as  yet  examined  in  what  sense  the  transformation  from  x,  q,  qx  to 
the  monodromy  data  is  canonical  nor  have  we  identified  the  appropriate  angle 
variables  in  the  new  coordinates. 

6.  Further  Discussion 

There  is  a  vast  literature  on  monodromy  problems,  starting  with  the  investigate;,- 
of  Riemann  on  analytic  functions  defined  by  their  branching  properties  up  t" 
algebraic  geometry  studies  of  recent  years  (for  an  introductory  survey,  st?  [>*•>; 
We  have  not  found  modem  mathematical  work  which  has  concerned  itself  w.i.i 
the  “lineanzability"  properties  of  the  nonlinear  deformation  equations  which 
express  the  monodromy  preservation  property,  excepting,  of  course,  the  papers  by 
Sato  et  al.,  and  the  recent  thesis  of  Ueno. 

It  has  been  mentioned  repeatedly  that  the  work  of  Sato  et  al.  [7]  not  only 
provided  the  stimulus  for  the  present  paper,  l  it  also  suggests  many  further 
problems  about  singular  points  and  deformation  theory.  After  completing  a  first 
draft  of  this  paper,  we  learned  that  K.  Ueno  of  the  Kyoto  University  RIMS  had 
carried  out  investigations  [27]  which  overlap  ours  to  some  extent.  He  derives 
deformation  equations  for  nxn  systems  with  singular  points  of  various  ranks  at 
C-0,  oo,  and  establishes  results  of  the  kind  contained  in  Sect.  3C  above.  In  other 
respects,  his  work  and  ours  are  complementary.  He  has  not  yet  considered  the 
inverse  problem ;  on  the  other  hand,  he  had  found  a  remarkable  generalization  of 
our  rational-solution  example  in  3F.  By  including  apparent  singularities  in 
equations  such  as  (3.2)  or  (4.2),  i.e.,  by  including  a  term 


with  certain  assumptions  about  the  indicia!  roots  at  the  otj,  he  can  recover  the 
N-soliton  solutions  of  MKdV,  sine-Gordon,  etc.  (an  appropriate  limit,  in  which  all 


t’ 
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Xj-> 0,  should  yield  the  rational  solutions).  This  is  the  clearest  evidence  yet  that 
soliton  and  self-similar  solutions  will  fit  into  a  unified  framework. 

As  we  expect  that  monodromy-preserving  deformations  will  play  an  increas¬ 
ingly  important  role  in  diverse  problems  of  physics  and  applied  mathematics,  we 
now  give  a  brief  description  of  some  of  the  other  papers  we  have  found  particularly 
useful.  We  also  outline  various  reformulations  of  the  inverse  problem  discussed  in 
earlier  sections,  in  order  to  emphasize  the  similarities  with  well-established  and 
successful  approaches  to  other  inverse  spectral  problems. 

The  pioneering  work  on  irregular-singular  Riemann-Hilbert  problems  is  that 
of  BirkhofF  [16,  17].  In  [16],  Birkhoff  analyzed  the  behavior  of  certain  canonical 
equations  near  an  irregular  singular  point,  counted  the  number  of  characteristic 
parameters  of  the  asymptotic  solutions  and  showed  it  to  equal  the  number  of 
adjustable  coefficients  of  the  differential  equation,  and  hence  suggested  the 
possibility  of  solving  the  inverse  problem.  In  our  formulation  of  the  problem,  we 
have  been  guided  more  by  inverse  scattering  than  by  BirkhofPs  solution,  which  we 
have  found  to  be  inaccessible  on  certain  points.  ' 

While  the  structure  of  solutions  near  an  irregular  singular  point  has  been  the 
object  of  many  studies  since  BirkhofTs  influential  papers,  the  problem  of  finding 
equations  with  prescribed  Stokes  multipliers  is  encountered  only  rarely.  The 
extensive  work  of  Sibuya  [28]  should  be  mentioned  in  this  connection;  its 
relevance  to  deformation  problems  is  still  unexplored.  The  work  of  Sat5  et  al.  is 
obviously  relevant  to  problems  of  irregular  singular  monodromy ;  except  for  a 
brief  comment  in  [7,  III],  however,  they  have  not  developed  this  aspect  of  their 
theory.  Their  work  shows  that  irregular  singular  points  of  ordinary  differential 
equations  can  be  transformed  to  regular  singular  points  of  partial  differential 
equations.  Indeed,  the  idea  suggested  by  their  approach,  to  use  partial  differential 
equations  to  find  representations  of  and  to  investigate  solutions  of  ordinary 
differential  equations  with  irregular  singular  points,  has  not  yet  been  explored  and 
seems  to  be  a  fruitful  area  for  study. 

The  irregular-singular  Riemann-Hilbert  problem  fits  quite  naturally  into  the 
inverse  spectral  approaches  developed  for  the  solution  of  nonlinear  evolution 
equations.  We  briefly  describe  the  various  connections. 

In  [29],  Zakharov  and  Shabat  solve  the  inverse  scattering  problem  as  follows. 
Define  solutions  i,  y>  of 


vlx  +  Kvt=qv2 
vix-Kvi~qvl 
by 

4>  ~~  oo,*~  +  oo.  (6.1) 

Then  4>~ay+by>,  where  y*(yj(x,{*),  <p*(x,{*)r  (<j  is  real).  Set 


*C.x>- 


e1^,  lm(<0. 


(6.2) 
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From  the  jump  of  <P  across  the  real  axis, 
>K£.  x)  a  <Pii  +  iO,  x)-  #(<;'  -  iO,  x). 


(6.3) 


reconstruct  <P  by  a  Cauchy  integral;  this  leads  to  a  system  of  singular  integral 
equations  for  t p. 

One  can  reword  this  approach.  For  lm£>0,  <P(C,x)  has  an  asymptotic 


expansion  The  analytic  continuation  of  this  expansion  to  lm(<0 

is  not  the  expansion  of  an  analytic  continuation  of  <P  from  Im£  >0;  rather,  it  is  the 
expansion  of  <P  as  defined  by  (6.2)  in  Im(  <0.  The  jump  (6.3),  r/(£,  x),  is  given  by 


^|e«*4KC,x);  (6.4) 

it  is  analogous  to,  and  has  the  form  of,  a  product  of  a  "Stokes  multiplier”  and  a 
"recessive  solution”.  In  contrast  to  the  cases  discussed  in  the  present  paper. 
b 

however,  -(£)  has  a  very  general  dependence  on  f.  The  reason  is  that  0({,x)  and 
a 

ip(C,  x)  do  not  satisfy  differential  equations  in  £  with  polynomial  coefficients.  When 
they  do  [if  q  evolves  in  a  self-similar  manner,  or  if  the  t  dependence  is  dropped  in 

(A.4)],  the  reflection  coefficient  has  the  form  of  the  product  of  ^(0)  and  exp8i£J/3. 

Appropriate  scaling  of  the  solutions  <j>  and  \j>  with  the  factors  exp±4i£3/3  then 
shows  the  jump  (6.4)  to  be  the  product  of  a  Stokes  multiplier  and  a  recessive 
solution. 

Zakharov  [30]  has  recently  propounded  an  extension  of  inverse-scattering 
ideas,  based  on  Riemann- Hilbert  problems.  This  generalizes  the  Zakharov-Shabat 
method  sketched  above,  in  that  the  eigenfunctions  are  reconstructed  from 
prescribed  jumps  across  arbitrary  closed  curves  in  the  £-plane.  Whereas  Zakharov 
has  formulated  his  new  method  in  extreme  generality,  the  only  solutions  published 
so  far  have  a  soiiton  character,  in  that  they  correspond  to  point  spectra  of  certain 
operators.  Our  paper,  from  this  perspective,  provides  the  first  other  type  of 
solution  derivable  by  ideas  related  to  Zakharov’s  and  not  accessible  to  inverse 
scattering.  The  curves  across  which  the  “jumps”  are  prescribed  are  more  com¬ 
plicated  in  our  examples  than  is  envisaged  in  [30], 

It  is  interesting  that  the  irregular  monodromy  preserving  deformations  relate 
as  naturally  to  periodic  inverse  spectral  theory  as  they  do  to  scattering  theory.  The 
approach  developed  by  Krichever  ([31],  see  also  Novikov  [32])  is  particularly 
relevant.  Give 

i)  a  Riemann  surface  S,  of  genus  g ,  with  a  point  called  oo, 

ii)  a  nonspecial  divisor  P:  +  ...  +  Pr 

and  seek  a  function  ip(x,f,y,P),  meromorphic  for  PeS,  except  at  P«  x,  such  that 

iii)  ip~exp(*x  +  R(fc)r  +  2(fc)y)  near  ‘Hi  is  the  local  parameter  at  xj, 

iv)  y(0,0,0,P)-l, 

v)  the  poles  of  y  are  at  Plt  ...,P,,  independently  of  x, t, y. 
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There  is  a  unique  such  function ;  it  is  analogous  to  the  Bloch  eigenfunction  of 
a  differential  operator  with  periodic  coefficients.  The  coefficients  in  the  asymptotic 
expansion  of  ty  at  fc  =  cc  are  functions  of  x,r,y,  from  which  solutions  of  a  certain 
Zakharov-Shabat  equation 

can  be  constructed. 

These  requirements  determine  a  holomorphic  line  bundle  over  the  Riemann 
surface  S.  The  transition  functions  of  this  bundle  are  defined  in  the  finite  part  of  S 
from  functions  which  locally  realize  the  divisor  (ii),  and  at  oo  by  the  function  (iii). 
The  bundle  depends  on  x,t,y  because  of  this  construction  at  oo,  and  it  turns  out 
that  the  variation  with  x,  t,  y  is  linear  in  the  space  of  moduli  of  line  bundles,  i.e.  the 
Jacobian  variety  of  R.  This  leads  to  the  well-known  linearization  of  isospectral 
flows  on  the  Jacobian,  by  means  of  ^-functions. 

The  Stokes  multiplier  problem  suggests  an  analogous  construction.  In  con¬ 
nection  with  (3.2),  for  example,  we  cover  the  complex  plane  by  six  slightly 
overlapping  sectors.  To  each  point,  we  attack  the  group  SL(2,€).  The  transition 
functions  of  an  SL(2,C)  principal  bundle  are  defined  by  the  Stokes  matrices  (3.12), 
with  some  modifications  to  incorporate  av+0  branch  point  or  a  pole.  This 
construction  is  not  really  useful  until  the  discontinuity  of  Stokes  jumps  at  oo  can 
be  resolved ;  only  a  bundle  over  a  non-contractible  surface  will  carry  nontrivial 
geometric  information.  Nevertheless,  the  idea  is  suggestive  and  is  currently  under 
investigation.  We  expect  that  the  bundle  will  vary  with  the  coefficients  x,  r, . . .  in 
the  exponent  0(0 ;  this  geometric  interpretation  should  make  quite  clear  that  in 
any  deformation  problem,  the  coefficients  of  0(0  are  to  be  regarded  as  independent 
variables.  In  particular,  our  method  is  applicable  to  classes  of  nonlinear,  non- 
autonomous  equations  in  several  independent  variables  (some  examples  are  given 
in  a  report  to  appear  in  the  Proceedings  of  the  1979  US-USSR  Symposium  on 
Solitons  held  in  Kiev). 
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Appendix  I 

Here  we  quote  results  published  in  reference  [33].  It  was  shown  there  that  the 
most  general  equation  with  x-dependent  coefficients  which  can  be  solved  by  the 
inverse  scattering  transform  associated  with  the  n,h  order  rntem 

Vx~UR0  +  P{x,t))V,  (A.l) 

Ro=(0y S'j),  Pi+Pj,  P  « (p,j),  pl( «  0,  V  an  n- vector,  is 

<HDk,  t)P,  -  flfD*,  f)[C,  P]  +  F{Dk,  f)x[R0,  P] .  ( A.2) 

In  (A.2),  G,  Si,  and  F  are  entire  functions  of  an  integro-differential  operator  DK,  C  is 
a  diagonal  matrix  and  the  bracket  denotes  the  commutator.  The  operator  D„, 
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which  is  only  applied  to  off-diagonal  matrices  HF(h,J,  hn  =  0,  is  defined  as  follows. 
First  introduce  the  matrix  [Hr)k  =  | ^  -j,  the  solution  of  [R0,  (Hr)R]  =*  Hr. 

X 

The  diagonal  counterpart  of  Hr  is  defined  to  be  HD  =  -  j  [Hf,P]0dy.  Secondly, 

00 

define  the  operator  D  acting  on  Hr  to  be 


Uhf,pid^p 


(A.3) 


The  subscripts  F  and  D  in  (A.3)  denote  the  off-diagonal  and  diagonal  parts  of  the 
designated  matrices,  respectively.  Finally,  DRHF^D(HF)k.  We  use  the  lower  limit 
ao  in  the  definition  of  HD  in  a  formal  manner,  to  indicate  that  we  simply  ignore  the 
constant  of  integration.  The  corresponding  t  and  f  dependence  of  V(x,  t,  £)  is  given 
by 

G(C,  r)  Vt  +  F({,  r)  v( = (xFR0  +  (Q  +  S-T))K.  ( A.4) 


The  quantities  Q,  S,  and  T  are  defined  as  follows.  Let  CHDK,t )=  £<u then 
C=  I where  Q'm'=Qm+Qm. ,£  + ... -t-Q.C™- 1  +  «",  and  ° 

Qso~  ?  lQsr>nDdy, 

X 

Qs  =  Qsf  +  Qsd 

Define  the  sequences  {T„},  (S,J  in  a  similar  way; 

? LTkF,p-\Ddy,Tk=TkF  +  TkD,kZ  1, 

X 

S,F  *  *x[Pq,  P])„,S(D«  j  [Slf,P30dy,S,»«Slf  +  S, 0,1^1. 

X 

Then  if  G-  £gt(t)D*k  and  F- 


rw-T4+rt.lf+...+rlf*-', 
s'0  -sl+sI_lc+...+sI{,~'. 


Example!.  Let  us  look  at  the  case  where  n-2,  G-l,  F- /,/)„,  fl  =  a>3  Dl 

iY,  r.-C,,.,0),  r,-(°  r,-(°  »).  t>*„ 

T-0;S-/1S<‘'-/lSl-/1xq(y2  +  yj);C-ft>3G,J*-a»j(Gj+G2C-*-G,C2-«JriC3); 
Qi-4<Y2+Y3),  Q2-^qx(Y2-Yi)-^q*Yl,  Q3- ^-(q„-2q3){Y2  +  Y3).  Then, 
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the  Eq.  ( A.2)  is 

4.  -  ~p  (<?«  -  V), + fi(*q)x  ■ 


(A.5) 


Note  that  the  Painleve  equation  can  be  found  by  either  taking  fl  =0  and  looking 

for  the  solution  q{x,  t)  =  ^ur  <?  or  by  simply  setting  fl  =  1  and  ignoring 

the  t-dependence  altogether.  In  fact,  all  the  self-similar  solutions  of  evolution 
equations  with  f»0  can  be  obtained  by  taking  appropriate  functions  F  and 
ignoring  the  r-dependence.  Moreover,  there  are  many  equations  which  are 
solvable  by  the  method  introduced  in  this  paper  and  which  are  not  the  result  of  a 
self-similar  transformation  on  a  solvable  evolution  equation.  Ignoring  the  t- 
dependence,  the  J  and  x  equations  for  V  are  precisely  (3.2)  and  (3.3)  respectively. 
Note  that  the  term  +  vanishes  by  virtue  of  (3.1). 


Example  2.  We  present  an  equation  solvable  by  our  method  which  is  not  obtained 
as  a  self-similar  limit  of  an  evolution  equation.  Let  K0  =  C  =  -iT,,  P=qY1  +  rYi, 
=  r»—  q*;  we  obtain  qxx  +  2q1q*  —  xq^O.  When  our  method  is 

applied  to  this  equation,  the  details  are  similar  to  those  introduced  in  Sect.  3. 


Example  3.  We  show  that  (4.1)  is  the  integrabiiity  condition  for  (4. 1 ),  (4.2).  Take 
n=*2,  0-1,  G=0,  F=-D2R,  R  =  C=-iYv  P~q(y2+ T3)  and  Then 

Eq.  (A.2)  reads 


(Xux)x”  -4sinh«. 


(A.5) 


We  also  find  that  Q=-iYv  S=  -S2-{St  =  y*(y2  +  T3)->sinhu(y2-  V3) 


+  i(l-coshu)y,.  Therefore,  (A.l)  is 
h+Wi 

and  (A.4)  is 


(A.6) 


uK»^-ix  +  ^-coshujuj  +  ^sinhu-  ~xu.,ju2 
»2?~|-  ^-sinhu-  ^xuxjvt  +  ^ix-  ^cosh uj t>2. 


(A.  7) 


Appendix  II:  The  Painleve  n  Family 

It  is  well  known  [23]  that  the  MKdV  equation  is  only  one  of  an  infinite  family  of 
equations,  all  of  which  are  solvable  by  the  scattering  problem  (2.12).  The  equations 
of  this  family  can  be  derived  from  Hamiltonians  [24], 


S  SHll+l 
dx  Sq 


(A.8) 
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It  is  easily  shown  that  a  self-similar  solution  of  the  form 

r'i^/U"1^1)  (A.9) 

exists.  The  resulting  ordinary  differential  equation  for  /  is  again  the  condition 
that  a  deformation  of  a  system  like  (3.2)  be  monodromy  preserving;  this 
time,  the  asymptotic  expansion  of  f  will,  of  course,  involve  e±e  with 
/  r*i*  i  \ 

6 — i  f  t  -  +£xj.  The  general  autonomous  equation  of  the  MKdV  family, 


d_SH_ 
q,~  dx  6q  ’ 
where 


(A.  10) 


(A.11) 


with  constant  cp  does  not  have  self-similar  solutions,  since  the  H1J+l  scale 
differently.  If  the  Cj  are  time-dependent,  however, 


2J+1 


=  Cjt 


then  a  self-similar  solution  exists,  and  is  associated  with  the  monodromy  for  a 
system  'P^Q'P  which  gives  rise  to  expansions  involving  e±9, 
jjj+i 


(A.  12) 


This  is  the  Painleve  II  family  of  nonlinear  ordinary  differential  equations.  It  is 
apparent  that  all  these  equations  can  be  reduced  to  a  system  of  linear  singular 
integral  equations  according  to  the  pattern  described  earlier.  Although  the 
solution  method  parallels  that  of  Sect.  3,  the  details  are  too  cumbersome  to 
reproduce  here.  It  is  possible,  however,  to  give  compact  formulae  for  the  rational 
solutions  of  all  these  equations  (Stokes  multipliers  zero,  and  an  n-th  order  pole  at 
g—0).  This  was  done  in  Sect.  3F. 

We  note  that  the  equations  of  the  Painleve  II  family,  which  we  designate  as 
(PII,  n)  can  be  generated  very  quickly  by  the  formalism  described  in  Appendix  I. 
We  take  R0>»C-  —iYt,  P*q(T2+  T,).  Then  the  first  few  equations  are: 

(PII, 0) :wlDK[C, P]  +  Dhx[R0, P]  —  0  ;  (A.13a) 

this  integrates  to 

(Wj+xJq^v  (A.13b) 


and 


0(Q**ia>l  +  i(x.  (A.  13c) 

(PII.DtogOjlCC  P]  +  culf>,[C,P]  +  D*x[Ko,,P]-0.  (A.14a) 

which  integrates  to 

-  V)  +  («i +*)<?**'. 


(A.  14b) 
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with 

C3 

<HO“<a>3y  +  ko1C  +  i'Cx-  (A.14c) 

(PH,  2) :  P)+a)iD\tC,Pl+  w.D^C,  P]  +  DKx[R0,  P]  -0 ,  ( A.1 5a) 

which  integrates  to 

Z~  [(«»  -V>„-  2<?(2W„  -  q3  -  3q*)] 

-y(9„-V)  +  Uor  +  x)9“v.  (A.  15b) 

with 

i»  j  t<3 

fl(0-^Sy-+to,y  +io»1C  +  iCx.  ( A_  1 5c) 

The  general  equation 

(PII,n):  £  o»2r  +  i  + 1  tC,  P]  +  D„x[P0,  P]  =  0  (A.16) 

r»0 

has  0(C)  given  by  (A.  12). 


Appendix  in 


Here  we  give  the  explicit  connection  between  the  formulae  of  Sato  et  al.  and 
Eqs.  (4.2),  (4.3).  In  [7,  III]  it  is  shown  that  the  basis  W,  to  which  we  have  already 
referred  in  the  introduction,  satisfies  a  holonomic  system  of  differential  equations. 
Applying  a  formal  Laplace  transform  (transform  variable  u),  Sato  et  al.  obtain  a 
system  of  ordinary  differential  equations  in  u. 


(«jj  +mAu  —  G~lmAGu'l  +  F^w(u)- 


>0. 


(A.  17) 


The  dependence  of  w  on  the  parameters  (aJy 5j),  1,  ...,fc,  at  which  points  the 

solutions  of  the  underlying  Dirac  equation  have  multivalued  behavior,  is  provided 
by  an  auxiliary  set  of  equations.  We  now  write  down  this  system  when  n»  2  and 

te"  -  f 

a,  -  a2  »  — .  Then  using  G,  G,  F  as  given  in  [7,  III]  and  taking  /,*/,*  f*0,  ~—r 
2m  6K 


LmL 

Ik  2 


y,  we  find 


(A.18) 

(A.19) 


Monodromy-  and  Spectrum-Preserving  Deformations 


US 


where  C  =  cosh  2ip,  S=sinh2v.  By  scaling  the  components  vv1  and  w2  by  [/e>c  and 
\ZeK~l,  respectively,  and  using  es  =  l,  we  can  eliminate  the  factors  etc" 1  and  sk. 

Then,  introducing  the  transformation  x  *  -  r2,  u  *  — ^ -  ft,  in  which  case 

16  4 

/ = tip,  =  (where  v  =  2ip),  we  find 


*-K  -K  S)»- 
*-K  JKU 


coshr 

sinhti 


sinht>)\  . 
—  coshi))/ W 


with  q *>  — y*.  These  are  our  Eqs.  (A.6),  (A. 7),  and  (4.2)  and  (4.3). 


Appendix  IV.  The  Inversion  Equations  for  PII  When  v  +  n 

Following  the  ideas  outlined  in  3E,  we  can  find  the  equations  analogous  to  (3.33), 
(3.35)  when  v  +  n.  For  CeS,,  they  are: 


-  /0\  1  b  .  c  r  v<l)e 

'**r~-Q-slsrr«*  a -,lTTd(*  si V 


a*  f  v; 

2*i c«  {-C 


■«t=£!£r«- 


(A.  20) 


V'u(0^°  = 


f  f  i — —d£ 


P/  2ttic  C 


tp(2,e® 

CaTT1' 


h+s  ,  ¥>(2>e® 

■sriTT 


2kic„  $~C  2mcJ„{-( 


(A.21) 


In  (A.20)  and  (A.21),  C  is  a  contour  originating  at  £  *  oo,  travelling  on  top  of  the 
branch  cut  along  the  positive  real  £  axis,  circling  the  origin  and  returning  to 
£»  oo  exp  2xi  along  the  lower  edge  of  the  branch  cut.  The  parameters  s=*2isinvjt 
and  v>y,  VjJ)  are  defined  in  terms  of  tp(1>,  ipw  by  (3.12).  Note  that  the  terms 


involving  the  contour  C  simply  become  -  Res 


case  ip*”  is  single  valued. 


WT T'J- 


>1,2,  when  v»nas  in  this 
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I.  INTRODUCTION  AND  GENERAL  DISCUSSION 


In  earlier  papers  Cl],  [2],  we  used  deformation  theory  to  study  the  Painlevg  equat- 
ons  which  govern  the  self-similar  solutions  of  the  modified  Korteweg  deVries  (MKdV) 
and  sine-Gordon  (SG)  equations.  In  doing  so  we  introduced  the  Inverse  Monodromy 
Transform  (IMT)  which  parallels  the  Inverse  Scattering  Transform  (1ST);  whereas  the 
latter  is  used  to  linearize  the  initial  value  problem  for  certain  classes  of  non¬ 
linear  evolution  equations,  the  former  allows  us  to  find,  by  linear  methods,  an 
important  class  of  solutions  ,  the  multiphase  similarity  solutions  to  these  equations. 
They  are  to  the  standard  (one-phase)  similarity  solutions  what  multisoliton  or  finite 
gap  periodic  solutions  are  to  soli  tons  and  cnoidal  waves. 


We  begin  in  section  2  by  introducing  the  family  of  integrable  evolution  equations 


ptj  *  V-V'-V- 

(Pjx  h*305  the  derivative  of  P  with  respect  to  x)  which  are  integrability 
conditions  for  a  certain  eigenvalue  problem 

Vx  *  (CR+P(x,tj ) jV,  -®<x<®. 


(1.2) 


)V. 


and  associated  family 

vtj  •  Q(J)(c;P.— p0.1)x 

Applying  a  further  constraint 

\  -  SU;P.~ V2)x>v 


0.3) 


(1.4) 


with  S  rational  in  c,  defines  a  finite  dimensional  manifold  of  solutions  common  to 
a  subset  j*0,l,~ n-1  of  the  equation  set  (1.1).  The  manifold  is  defined  by 


a  nonautonomous,  nonlinear  ordinary  differential  equation  in  x,  the  coefficients 
depending  on  x  and  t.,  which  is  the  analogue  of  the  Lax-Novikov  (LN)  [3,4]  equation 

J 

that  defines  the  finite-gap  and  multisoliton  solutions  of  the  members  of  (1.1). 

There  are  many  parallels  between  the  LN  equation  and  its  nonautonomous  (NLN)  coun¬ 
terpart. 

In  this  paper,  we 

(1)  Introduce  the  NLN  equation  and  the  hierarchy  of  time  flows  with  which  it  is 
associated. 

(2)  Show  that,  with  respect  to  a  given  symplectic  form  and  Poisson  bracket,  the 
NLN  equation  (the  x-flow)  and  the  companion  time  flows  are  generated  by  a  se¬ 
quence  of  commuting  Hamiltonians,  closely  related  to  those  which  generate  the 
multiperiodic  flows; 

(3)  Define  and  illustrate  how  the  IMT  provides  a  mapping  from  the  old  coordinates 
P,PX> —  to  new  coordinates,  the  monodromy  data  M  associated  with  the  solution 

of  (1.4),  which  admit  trivial  integration.  In  the  case  considered,  S  is  poly¬ 
nomial  in  z,  of  degree  (n-1)  and  so  M  consists  of  the  Stokes  multipliers 

(.,)*  defined  in  connection  with  the  rank  n  irregular  singular  point  at  £=<*>. 

(4)  Prove  that  the  map  is  canonical  and  obtain  expressions  for  the  Poisson  brackets 
of  the  Stokes  multipliers. 

Along  the  way,  we 

(5)  Develop  expressions  for  the  infinitesimal  changes  in  the  new  coordinates  in 
terms  of  a  natural  inner  product  between  the  old  coordinates  and  a  set  of  (2n-2) 
vectors  which  act  as  a  basis  in  the  space  of  dependent  variables  and  which 

are  formed  from  the  "squared  eigenfunctions".  These  expressions  may  be  used  to 
calculate  the  effects  of  perturbations  on  the  NLN  equations  (for  example,  add 
a  perturbation  to  the  Painlev§  equation;  does  it  still  retain  its  special  pro¬ 
perties?  (see  [1]))  and  provides  a  starting  point  for  an  attempt  to  prove  a 
KAM  (Kolmogoroff ,  Arnold,  Moser)  theorem  -  the  flow  does  not,  in  general,  take 
place  on  a  compact  manifold. 

(6)  Develop  expressions  for  the  new  coordinates  themselves  as  inner  products  be¬ 
tween  the  old  coordinates  and  Vk. 

(7)  Write  expansions  for  the  infinitesimal  changes  in  the  old  coordinates  and  for 
the  old  coordinates  themselves  in  terms  of  the  basis  vectors  V,,.  The  latter  pro¬ 
vide  expressions  for  solutions  of  the  Painlevg  and  related  equations  in  terms 
of  contour  integral  representations. 

(8)  The  relation  with  analogous  expressions  which  arise  in  connection  with  the  in¬ 
verse  scattering  transform  are  explored. 

A  more  general  discussion  of  the  ideas  presented  here,  together  with  additional 
material  on  multiperiodic  systems,  particle  systems  and  perturbed  systems  will  be 
given  in  a  series  of  forthcoming  papers  [5].  Our  work  on  these  questions  was  sti¬ 
mulated  by  several  works  by  Sato,  Miwa,  Oimbo,  Mori  and  Ueno  [6]  relating  to  the 
correlation  functions  of  exactly  solvable  models  in  statistical  mechanics  and  quan¬ 
tum  field  theory.  In  [61,  they  discuss  the  Hamiltonian  structure  of  deformation 
equations. 

DEFINING  IHE  EQUATIONS 

The  Inverse  scattering  transform  focuses  principal  attention  on  (1.2)  where  C  is 
the  eigenvalue,  R  a  constant  matrix  and  P(x.t)  a  matrix  of  potentials  which  evolve 
in  time  f*(tn,t.,, — t  ,)  according  to  (1.1),  j=0,~ n-1.  From  (1.2)  and  (1.3),  we 
have  u  1  n"' 


3 


( j  )+r^oj.o  n(  j  )  i  •= 

X 

Q(j).Q(k)+[Q(j)Q(k)]  ,  0,  jfk  =  0,1,2,— 

1*1/  t  ,* 


P,  -Q'^'+C?R+P,Q'J  j  »  0,  j  =  0,1,2,- 
j 


(2.1a) 

(2.1b) 


,(j) 


where  [  ,  J  it  the  commutator.  We  seek  solutions  of  (2.1a)  for  QVJ/  polynomial 
in  c  of  degree  j 

q(j)  =  Rs'Uj1  ;k,  (the  Qj|}.k  are  independent  of  j)  (2.2) 

k-0 

and  the  Qj+]_k  are  solved  from  the  coefficients  of  ck  (the  part  of  Qjf]_k  which 

LI 

does  not  commute  with  R)  and  of  5  (the  part  that  does)  in  (2.1a)  (see 
C73).  The/last  equation  in  the  sequence  gives  the  evolution  equation  (l.i).  The 
part  of  Qj+{_k  which  commutes  with  R  is  determined  up  to  a  constant  in  x  (it  can 

depend  on  tQ,t^,— tj  ^)  and  we  take  this  constant  to  be  zero  without  loss  of  gen¬ 
erality.  If  nonzero,  we  can  make  it  zero  by  a  transformation  in  the  time  coordinates 


Example:  Define 

v  .  .1  o' 

T1  " 


0  -1/  *  Y2 


0  1 
0  0 


v  JO  0 
*  3 


1  01  ’ 


(2.3) 


R  =  -iYr  P  *  q(Y2+Y3),  Q(3)  =  (-l?3-^2?^ 

+  (?2R"^xx+Jq3^Y2+Y3^  +  ~T^Y2'V’ 

and  (1.1)  is 
"t3  ■  ■T(qxxx'6q2qx)- 


(2.4) 


Finite-gap  solutions  of  (1.1)  are  obtained  by  subjecting  the  vector  V  in  (1.2)  and 
(1.3)  to  a  further  (algebraic)  constraint 

n-1 


f  “jVt/uovx  ■  « 

(2.5a) 

or 

(Q-XI)V  =  0,  Q  =  "iV  Q(j)+un(cR+P). 

1  3  0 

(2.5b) 

To  motivate  this  choice,  consider  solutions  of  (2.6) 

q  ■  q(x-ct3),  X  =  x-ct3. 

(2.6) 

whence  q(X)  satisfies 

4»xxx+3/2q2qx  a  cqX* 

(2.7) 

In  this  case  is  a  function  of  c  and  X.  Introduce  the  change  of  variables 
X3x-ct3,  T«t3  and  (1.2),  (1.3)  with  j*3  become 

Vx  »  (;R+P(X))V,  VT  -  (Q^3Uc(cR+p))V  (2.8) 
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respectively.  Now  set  V-*e*TV  and  obtain  (2.5)  with  u,=l,  u  =c,  u^O  j7*3.  Indeed 
the  integrability  condition  of  (1.2)  and  (2.5b)  for  the  values  chosen  in  the  exam¬ 
ple  is  (2.7).  In  general,  the  integrability  condition  is 

n 

E  u.Pf  +u  P  =  0.  (2.9) 

j=l  J  tj  0  x 

From  (1.1),  we  see  (2.9)  is  a  nonlinear  ordinary  differential  equation  in  x  for  the 
matrix  P.  The  finite  dimensional  solution  manifold  defined  by  (2.12)  is  left  in¬ 
variant  by  the  flows  (1.1).  By  this  we  mean  that  finite-gap  solutions  considered 
as  function  of  x  satisfy  (2.9)  for  all  values  the  time  parameters.  It  is  well 
known  (and  details  have  been  worked  out  in  several  cases  [3])  that  as  functions  of 
x,  it  is  a  completely  integrable  autonomous  Hamiltonian  system. 

Solutions  of  (2.9)  (as  well  as  their  time  evolution  under  (1.1))  can  be  constructed 
explicitly;  they  are  abelian  functions.  They  are  closely  connected  with  the  Riemann 
surface  R  defined  by  the  polynomial  relation  r(c,X)  =  0  between  c  and  X  which  comes 
about  by  the  vanishing  of  the  determinant  of  Q-XI.  The  points  of  the  Riemann  sur¬ 
face  parametrize  V(x,t)  in  (1.2),  (1.3)  and  (2.5b).  By  proper  normalization  of  V  as 
eigenvector  of  (2.5b),  one  can  arrange  that  it  satisfies  (1.2)  and  (1.3)  and  at  the 
point(s)  at  infinity  on  R, 

V  ~  [l+0(i)]exp  (kx+J^kHj)  (2.10) 

k  being  a  local  parameter.  The  fl.(k)  are  polynomials,  usually  the  dispersion  re¬ 
lations  of  the  linearized  equations  (1.1).  In  addition,  V  as  function  of  (c,X)  on 
R  has  poles  \i  which  are  independent  of  x  and  t..  Specification  of  the  surface  R, 
the  poles  u  ,  the  asymptotics  (2.10)  and  of  a  certain  normalization  condition  de¬ 
termines  V  dniquely.  Knowing  V  one  can,  by  differentiation  with  respect  to  x,  re¬ 
cover  P  from  (1.2). 

Now  let  us  turn  to  a  new  class  of  solutions  defined  by  adding  another  kind  of  con¬ 
straint  on  the  function  V(x,t,z;).  This  time  we  will  ask  it  to  satisfy  an  ordinary 
differential  equation  in  c, 


=  UtJVt*xVx. 

<3 

=  (§  jtjQ(j)+x(tR+P))V. 


(2.11a) 

(2.11b) 


Equation  (2.1i)  has  coefficients  which  are  rational  functions  of  s;  all  dependence 
on  x,t.  is  only  parametric  as  far  as  ?  is  concerned.  The  integrability  condition 

on  (2.11)  and  (1.2)  gives  us  that  (we  omit  the  tQ  flow) 

jlhjtjP  *(xP)x  =  0  (2.12) 

J  t. 

which  shows  that  P  is  a  function  of  the  phases  — — ,  — -^-7  ,  jsl,--n-l. 

(ntn)1/n  (ntn)1/n 

Equation  (2.12),  the  analogue  of  (2.91, is  an  ordinary  differential  equation  in  x 
of  order  n  with  coefficients  which  depend  on  tj.  If  we  begin  at  time  t'0'  with  a 

solution  of  (2.12)  and  then  let  it  evolve  for  a  time  in  the  flows  (1.1),  then 

at  time  t,  it  will  again  satisfy  (2.12)  with  the  coefficients  t., — t  evaluated  at 
the  new  time  in 


The  choice  of  (2.11)  can  be  motivated  with  the  aid  of  the  example  (2.4)  which  has 
the  self  similar  solution 


(3t,) 


(3t3) 


(2.13a) 


and  f(X),  X  =  x^(3t,)^3,  satisfies  the  Painlev£  equation  of  the  second  kind 


|(fxx-2f3)  =  Xf-v. 


(2.13b) 


If  we  choose  q  to  have  the  form  (2.13a)  in  (1.2)  and  (1.3)  with  j=3,  then  V  is  a 

function  of  x,t3  and  £  only  through  the  combinations  X  =  x/(3t3)1/,3»  ;  =  ;(3t3)1/3. 

Then  (1.3),  with  j=3,  becomes  (2.11b)  with  t.=0  j^3.  In  the  context  of  the  example, 
the  iqtegrability  condition' of  (2.11b)  and  (r.2)  is  (2.13b). 

Another  class  of  solutions  to  (1.1)  can  be  found  by  adding  the  constraint 

vc  -  (9  A  QtJ-1  W  (2.14) 

which  leads  to  the  integrability  condition 

l  e,Pt  +xP.  =  0.  (2.15) 

1  J  r j-1  to 

* 

Recall  P.  »  [R,P]  is  the  scaling  flow  and  P.  =  P  is  translation.  In  order  that 
to  t-j  x 

(2.14)  and  (1.3)  are  compatible  (examine  the  asymptotic  behavior  of  V  as  g+») . 

=  jtj.  Equation  (2.15)  then  implies  that  P( tnl is  a  function 

only  of  the  n  phases 

P  =  P^Tn-2’ — VTo}  (2-10) 

n— ? 

where  (t.)  are  the  integration  constants  defined  by  solving  the  equations 


n-2 

[n-1 )t_ 


(2.17) 


where  without  loss  of  generality  we  can  take  ntn=l.  It  is  this  class  of  solutions 
which  we  discuss  when  (1.2)  is  the  Zakharov-Shabat  system  4R+P  =  q  ]  . 

,  r  ig 

By  taking  the  coefficient  matrix  in  the  constraint  equation  to  be  a  more  complicat¬ 
ed  combination  of  rational  functions  of  c,  we  can  of  course  build  more  elaborate 
classes  of  solutions.  In  [2],  we  briefly  Indicated  how  to  include  a  combination  of 
solitons  and  self-similar  solutions.  In  C 53 »  we  describe  how  to  include  the  x 
dependence  of  the  NLN  system  in  different  ways. 

3.  THE  ZAKHAROV-SHABAT  SYSTEM 


3a.  The  equations:  Here  (1.2),  (1.3)  and  the  constraint  equation  (2.14)  are 


r  is 

_a(J)  b(J)\ 

/  .  v  <  .  t  !  . 


tj  cU)a(j)/v, 


(3.1a) 


(3.1b) 


*-i*i*>  •  j*.- 


(3. !c ) 


the  integrability  conditions  for  which  are 
a  =  rb-qc+is,  b  +2i^b  =  2qa,  c  -2icc  =  -2ra, 

*  A  X 


(3.2) 


a(j)  =  rb(3)-qc^^,  bj^+2i?b^  =  qt  +2qa^\  c|^-2Uc^  =  rt  -2ra^,  ( 

j  j 

a.  =  c^b-b^c+ca£J ^ ,  b  +2a^b  =  2b^a+sb^,  c  -2a^c  *  -2c^a+cc^ 

J  5  5  *J  S 


(3.3) 


(3.4) 


3b.  The  Solutions  To  (3.2):  We  seek  solutions  to  (3.2)  polynomial  in  ?.  Set 
n  u  n-1  .  n~l 


a  "  k=-«an+l-kc  •  b  =  k=-«bn+l-kc  ’  c  =  k=-«cn+l-k^  ' 


(3.5) 


We  find  a-i^a-j  constant,  a^  can  be  omitted.  The  ordinary  differential  equations 

(2.12)  or  (2.15)  are  formed  by  terminating  the  series  at  c°  and  c1  respectively. 
Wc  follow  the  latter  course  and  then  the  equations  are 


(3.7) 


(3.8) 


bn*l  "  Vl  =  0  (3.6) 

where  b^.,  c^,  j=2,— n+1  are  defined 

bj*l  =  Kc’1*J,,+XqSJ.»,CJ+)"  Tcjx-i,Jr+p<J,n’j*1*— 1 ’•  <3-7) 

The  coefficients  a^,  j=3,— n,  are  found  by  noting  that  the  function 

ft  =  a2+bc-2ic/xadx  (3,8) 

is  independent  of  x.  We  set  this  equal  to 

£1  =  |a1cV3cn'2+---^n^an+1^^>-)2,  (3.9) 

n+  0 

and  equate  the  powers  of  c  in  (3.8).  For  £=n-2  to  £=-l,  this  equation  defines 
an+l-A  ™  terms  bj’cj  a1 ready  determined  to  this  level  from  (3.7)  and  an+-j 

is  .  ffectively  the  additive  constant  associated  with  integrating  a  in  (3.2).  For 
b=0  to  b=-n+2,  this  equation  determines  an+1_^  (an+i «'“a2n-l ^  in  t®rms  of  the  a1" 

ready  known  Jsn  a^d  (x,  ct3,a4,--an) .  For  £<-n+2,  we  simply  choose  an+1_^ 

such  that  the  coefficients  of  sn+^,  £<-n+2  are  zero.  These  choices  play  no  role  in 
the  later  analysis.  We  now  list  the  first  six  coefficients. 


a.j+ajqr/2 


»4+~r1(rqx"'xq) 


-ia,q 


1a1  ? 
—(qxx-2q  r)-1ci3q 


‘“I  ? 

— (rxx-2qr  )-icx3r 


r(qxxx'6qrc’x)^> 


ui  “■» 

T(rXXx"6qrrx)-_rrx 


r(rqxx+qrxx-rxqx-3q2rZ)l 


"1a4r 


(3.101 


qr  ia- 
6.KA+a^— 5+ — jp 


<rq--v-q)  /f--ree,i(qxxx-6q''qx)> 


-T6“l(rxxx-6qrrx>J 


T-(rqxx+qrxx-qxrx-3q2r2)cl  +-T'(rclvv+qrvv-qvrv-3q2r^ 


8  ',Mxx'H,xx‘Vx' 


ia-»  o  a*  ia~  9  ad 

+qxrxx-{qr<rqx-rxq»  +T<qxx-2q  r>trqx-1c‘3q  +-rlrxx-2qr  )"lrx-i“3>' 

3c.  The  Solutions  of  (3.3):  We  seek  polynomial  solutions  to  (3.3)  in  the  form 


a(j)=iJ+j=l  (j)  k  b(j)J-l.(j)  k  (j)J-l  (j)  k 
15  £  3  J+l-k5  *  b  S  ’  C  -  fi  Cj+l-k^  • 


'j+l-k- 


(3.11) 


It  is  simple  to  verify  that  a$_k.  b'}j_k.  k  are  simply  a  „tl.k>  bn+,.k,  V)_k 
when  n=j,  a^=i,a  ^=0,  k=3--j.  For  example,  a^3)=i43+^r.4-  |-(rqx-rxq).  The  c°  bal¬ 
ance  in  (3.3)  gives  the  evolution  equations  for  q  and  r  as  functions  of  t..  Because 
of  the  normalization  of  au',  the  compatibility  of  (3.2  and  (3.3)  required  that 


“n+l-j  =  i3tj  J  =  2»""n- 


(3.12) 


We  take  t^^O  and  omit  the  t^  flow.  We  will  show  very  shortly  how  this  dependen¬ 
ce  can  be  reincorporated.  In  essence,  the  t  ,  flow  is  simply  a  restatement  of  the 
NLN  equations  (3.6)  once  the  particular  choice  of  scaling  in  t0»x,t2’*“tn-l  ma^e* 
We  can  take  ntn=l.  Also  we  will  take  t,=0  as  this  flow  simply  mimics  the  x-flow. 

We  will  often  for  convenience  call  x  by  t,.  We  are  left  with  the  x-flow  given  by 
(3.6)  and  the  time  flows  q..  ,  r.  ,  j=0,2,--n-2.  We  list  and  discuss  the  cases  n*3,4. 

J  \j 

n=3:  The  x-flow  is 
b3x  *  Z^a3+1x)<l>  c3x  3  -2(a3+ix)r 


7^qxx-2q2r^  *  2ixci»  j(rxX-2ir2) 


(3.13) 


2ixr. 


The  only  time  flow  is 


8  • 


q.  =  -2iq,  rt  =  2ir.  (3.14) 

ro  o 

Now  let  us  comment  on  what  this  solution  has  to  do  with  solutions  of 

qt2  =  ?(qxx_2q  r^’  rt2  =  "2^rxx~2qr  ^  (3.15) 

If  we  had  left  a^O  and  indeed  chosen  it  to  be  2i tg »  then  (3.13)  would  read  with  a^=l. 


’ 0 •  Wti+,r*o =  0  (3',6) 

which  means  that  q  and  r  are  functions  of 
T-j  =  x-t2,  tq  =  t0+  |t2"xt2  (3.17) 

Now  impose  (3.17),  and  since  (3.14)  holds,  we  have 

2t2 

q ( t  ,x ,tn)  =  e"2i(to^“xt2)  f(x-t2) 

°  2t2  2 

r(tQ,x,t2)  =  e2i{to*~T~  “xt2)  g(x-t2)  (3.18) 

which  when  substituted  into  (2.15)  has  f  and  g  satisfying  (3.13)  with  a.=i  and  x 
replaced  by  x-t|. 

Thus  in  what  follows  we  simply  ignore  the  equation  for  qt  »  rt  ,  and  f"*nd  q,r 
as  functions  of  t0»x»t2*-_tn-2‘  ™en  t0  ')ncorP°rate  tp _1nsimplynr6place 

to’x,t2’ — tn-2  by  To’Tl — Tn-2  are  f°untJ  by  integrating 


j.  _  dtn-2  _  dx  _  dto 

dVi  -  fir-Tjt—  -  ji2  -  —■ ■ 


(3.19) 


n=4  The  x-flows  are 
b4x  =  2(a4+ix)q,  c4x  =  -2(a4+ix)r 


-Kxx-6<'r<<x>-ia3V21’“<  '  0 

"4^rxxx“6qrqx^‘ia3rx+2ixr  "  °*  (3.20) 


The  associated  time  flows  are 

qt  *  -2iq,  rt  *  2ir  (3.21) 

o  o 

\  ■  Kx-2«2r>>  rt, 3  4<rxx-2<ir2)' 

Again  we  may  also  include  solutions  to 


(3.22) 
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<»t  '=  -l^xxx-6^x)‘  rt,  =  4{rxxx-6<’rrx) 
3  0 

by  replacing  the  solutions 
q(t0,x,t2),  r(t0,x,t2) 


by 


3t!  Utl 

q{to'-r~  +  Jr~ 


and 


r(to  - 


3t 


t  t^ 
3  +  Vl 


xt3,  x+t,-t2t3, 


-  xt3,  x+t3-t2t3> 


(3.23) 


In  the  corresponding  periodic  problem,  s V,  in  (3.1c)  is  replaced  by  AV.  This  re¬ 
moves  the  icx  term  in  a,  the  function  fi  is  a2+bc  and  the  identification  (3.12)  is 
no  longer  necessary;  the  a,  are  constants.  The  Lax-Novikov  equations  are 

J 

bnx  ‘  2V'  cnx  =  '2anr-  <3'24> 


3d.  The  Hamiltonian  Structure:  The  function  £1  generates  the  Hamiltonian  for  each 
of  the  flows!  In  particular 


Hj  =  *Wj,  3  ■  »■— "‘2- 
The  conjugate  variables  are 


Br  Vz-j  3=2'--n 

where  6-,  c,  are  the  coefficients  of  x, 

J 


•J+2 


(3.25) 

(3.26) 

j=2,--n  in  the  asymptotic  expansions  for 


b  c 


f. 


n-1 


rn-l  A+a 

*  ftr 

°1C 


„n,  n-2. 

=  a-|C  +a3C  +--- 


(3.27) 


as  <;-*».  We  can  identify  the  co-rect  choice  of  conjugate  variables  from  three 
sources: 

(i)  they  are  the  same  as  those  of  the  periodic  problem  (.the  detailed  analysis 
leading  to  these  choices  is  given  in  [  63; 

(ii)  the  Hamiltonian  H  which  generates  the  scaling  flow  must  decompose  into  a  sum 
of  products  of  conjugate  variables; 

(iii)  the  choices  are  necessary  in  order  to  define  certain  inner  products  correctly. 


For  now,  we  will  simply  take  (3.27)  as  given.  The  Hamiltonians  contain  the  inde¬ 
pendent  variables  x»t2’“_"tn-2’  We  make  the  system  autonomous  by  including  these 

as  dependent  variables  and  adding  conjugates  Ti=X,T2,--Tn_2  which  are  defined  from 

the  term  /*ajdx  in  n  ja3,--n  in  such  a  way  that 


Hj  *  Tj+^j^k,ck,x,V_tn-2^’ 


(3.28) 


I 


From  this  choice  we  see  that 
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+/  (^2^3+^3^2^"^*'2^0^4+^3^3+^4^2^  ^ ' 

Note  that  the  last  term  In  H2  comes  from  -4ia3a5  appearing  in  the  coefficient  of 
C2in  (3.8).  The  conjugate  pairs  are  (B2,c4),  (B3,c3),  (64>c2),  (x,X=-2i/x62c2dx) , 

(t2,T2  «  -2i./x(B2c3+B3c2)dx). 

In  particular  the  form  of  T?  may  be  obtained  by  noting  that,  since  H.  generates 
the  x  flow, 

dT2  3H, 

dx“  *  "3t£~  “  ■2i^2c3+B3c2). 

In  this  way,  the  form  of  T^,  k=2,— n-2  can  always  be  found  from  the  corresponding 


Before  we  continue,  a  convention  or  notation.  4^-  means  differentiate  ail  variables 

dtj  .  3f_ 

in  f  which  depend  on  t., including  t,  i tselff keeping  t.^t.  (t,=x)  constant.  3t- 

J  J  K  J  I  J 

means  we  differentiate  f  only  with  respect  to  explicit  t.  dependence. 

J 

For  the  multiperiodic  case,  we  define  H  ,  H. ,  --H  ?  by  leaving  out  the  contribut¬ 
ions  from  2ic/xadx.  We  also  leave  the  Si  as  constants.  Then  the  conjugate  variabl- 

es  are  simply  (3.26),  the  equations  are  the  same  with  ix  replaced  by  constant  an> 

3e.  Poisson  Brackets  And  The  Commutability  of  {H.}1?"2. 
- i -  jJj=o 

It  is  natural  to  define  the. Poisson  bracket  (t^=x,  T^=X) 


M  %h 


n-2 
+  Z 


3F 

36 

3F 

3G 

35. 

J 

3iWj 

36j 

( 

3F 

36 

3F 

3G 

3tj 

V 

3Tj 

3tjJ 

X 

(3.29) 


The  first  term  is  the  Poisson  bracket  for  the  periodic  problem  and  we  write  this 
[F.Glp.  Note  that  if 


n  -  3  3  3  3  3  \T 

v  -  ^  _  >  T~ >  _  »  »  I  *~r~  )  > 

3^2  ^2  3c3  3B3  3cn  3^n 


(3.30) 


/  o  0----0  1 

j  =  0  —  -1  0 

-100 - 0 


then 

M  P  -  <7F»  jvg>» 

n 

where  <u,v>  is  u.v.,  the  usual  inner  product.  Also,  if 

J -“t  J  J 

F  =  F(6j ,Cj  »tj *Tj)» 


(3.31) 


(3.32) 


^  -  CF.V. 

In  [5],  we  show  that  for  each  j,k  ■  0,— n-2, 


(3.33) 


CHj ,Hk3  ■  0.  (3.34) 

Thus  each  Hj  is  a  constant  of  the  motion  for  each  of  the  flows  generated  by  the 


other  H. .  We  therefore  have  (n-1)  independent  constants  of  the  notion  in  involu¬ 
tion,  The  periodic  system,  whi'ch  has  (2n-2)  dependent  variables,  is  then  complete¬ 
ly  integrable.  The  multiphase  self-similar  solutions  on  the  other  hand  are  4n-4 
dimensional  and  thus  we  need  another  (n-1)  independent  constants  of  the  motion. 
These  new  constants  are  introduced  in  the  next  section. 

4,  The  Inverse  Monodromy  Transform  (IMT): 

Consider  (3.1c) , 

o,c .  (•;  ;j  V 

with  a,b,c,  given  by  (3.5)  with  an+i=bn+-|=cn+i  =  0.  Then  t=°°  is  an  irregular  sin¬ 
gular  point  of  rank  n  and  the  fundamental  solution  matrix 

4>(x,tj;?)  =  (\p,ip)  (4.2) 


admits  .he  formal  asymptotic  expansion  (see  Appendix  I)  as 


<t>~$  =  (I+“  -f-)e’<t>  /e"e  o  \ 
s=l?s  1  aQ 

(4.3) 

\o  e  / 

where 

0  =  ^n — l’1tn-2^n"^+ — +itj^+i^+lto+“T^  *n?+o(.D, 

♦  =  o(T),  Hq  =  +4on+1 

(4.4) 

has  been  normalized  so  as  to  satisfy  (3.1a)  and  (3.1b). 

Now,  it  is  known  that 

in  general  4>will  not  have  the  asymptotic  expansion  $  in  every  neighborhood  of  £=°°. 
This  neighborhood  naturally  divides  into  2n  equal  sectors  separated  by  rays,  called 
aiti  -stokes  lines,  on  which  Ree=Reicn  =  0.  Define  Sk  as  {£‘>|c|>p,  ^(k-l)iArgc<-H<} 

and  R.  as  Arg$=  £(k-l).  Let  <&=( ip.lji)  be  a  fundamental  solution  matrix  of  (4.1)  with 

K  ^  -  -0 

asymptotic  behavior  $  in  S,.  The  solution  4i~(i)e  is  recessive  (asymptotically  de- 
caying  whereas  il)~(Q)e  is  dominant  (it  is  unique  as  it  is  defined  on  the  initial 
ray  ^=0 .where  9  is  imaginary).  Continuing  to  sector  S^,  the  recessive  solution  iji 
becomes  the  dominant  solution  $2  in  that  sector;  however,  in  order  that  the  dominant 

solution  ip  in  S,  become  the  recessive  solution  ip?  in  S?,  we  must  add  a  constant 
factor  (the  stokes  multiplier)  times  the  recessive  .solution  ip.  In  general ,  the  funda¬ 
mental  solution  matrix  which  has  asymptotic  behavior  ?  in  Sj+1  is  related  to  its 
preceding  neighbor  byj  J  J 


Vl  *  W 

where  Mj  *  / ^  s j \  • 


If  is  dominant,  then  sj*0,  s^O. 


(4.5) 


If  i p.  is  recessive  and 

J 


dominant,  then  the  nonzero  off-diagonal  element  of  Mj  occupies  the  (1,2)  position. 
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We  call  the  set  of  Stokes  multipliers  {s^ >j2-j  monodromy  data  M  for  (4.1).  Since 

the  total  monodromy  around  £=»  is  the  identity  (as  it  equals  that  about  ?=0,  an  or¬ 
dinary  point),  only  (2n-2)  of  the  set  M  are  independent.  For  reasons  of  symmetry 
we  will  choose  to  work  with  the  set  { s^}  for  keZ={l,2, — n-1 ,n+l ,--2n-l). 

One  of  the  central  results  of  our  previous  papers  is:  given  $  ^ ,  j«l 2n  with  asymp¬ 
totic  behaviors  $  which  satisfy  (3.1a),  (3.1b),  (3.1c),  and  M.j(s.)  defined  by  (4.5), 

J  J 

then  the  stokes  multipliers  are  constants,  independent  of  t  ,x, — tn_2‘  This  resu^t 
is  again  proved  in  Section  5. 


We  therefore  have  a  map  from  old  variables 

q(b2,  6n,x,t2,  tn_2),  p(cn,-c2,X,T2,  Tn_2) 


to  new  variables 

Q(fl(sk)> — fn~l^ sk^  »xlt  ,“"tn-2^’  »  9n-l ^Sk^ ,H1 *  Hn-2^ 

where  the  functions  f.  and  g.  are  functions  of  the  Stokes  multipliers  s^.kcZ.  In  the 

J  J 

new  variables  the  equations  are 


sj’tk=0,  JeZ’  k  =  o.l,— n-2,t1  =  x. 

Hj,t  =0,  j  =  0, — n-2,  k  *  0,1,— n-2.  (4.6) 

Vtk  ”  5jk  J,lt  '  0--“n-2- 

Our  next  goal  is  to  show  that  this  map  is  canonical.  In  order  to  do  this,  it  is 
necessary  to  express  the  infinitesimal  variations  6Q,  5P  in  terms  of  6q,  6p. 


5.  INFINITESIMAL  VARIATIONS  AND  THE  tj  DEPENDENCE  of  sk- 


5a.  Infinitesimal  variations:  Take  the  infinitesimal  variation  of 


and  solve  by  variation  of  parameters.  Integrate  the  result  between  which  lies 
near  <;=«  on  R^.and  c2, defined  similarly.  Since  4>  is  entire,  any  path  will  do.  We 

find 


Now  use  (4.3)  and  the  facts  that  on  ,  on  R2$>~$  M^.and  compare  the  (2,1)  ele¬ 

ments  of  (5.2)  to  obtain 


where  we  have  let^-**-j  ,  the  point  at  •  on  Rj.  We  cannot  set  C25oo2’^°r  neit'mr  sic*e 
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of  (5.3)  converges.  However,  we  make  use  of  the  following  identities  derived  from 
(3-1): 


1  (2ax¥2*bx*2+cx^  =  "3?  Uiq^-q^+nj^), 

=  Hc<2a(j )^1^2-b(j  }^l+c( J ) ■ 


(5.4a) 


Also  from  (A.2  ),  we  may  show  that  the  arguments  of  the  right  hand  sides  of  (5.6a) 
and  (5.6b)  have  asymptotic  behaviors 

-2i?2si+o(i)  and  -21  c|s-|+o(  1 )  as  C2-*«on 

respectively.  Therefore  we  may  write 

-  <5^  3  |  2(2dai|;14»2-dbil)2+dc^)^-t-2s16ar1+1Jtnc2  (5.5) 

*1  n_2 

where  da  *  6a-  £  at.6t.,(t,=x)  and  db,  dc  are  defined  similarly. 
j=o  J  J 

Thu  integral  on  the  right  hand  side  of  (5.5)  has  an  asymptotic  expansion  which  con¬ 
sists  of  (a)  terms  like  e±29c;'?  when  p<n-l,  which  are  integrable  along  the  rays  Ri  and 
R2  and  (b)  a  term  proportional  to  1/^  on  R2.  When  integrated,  this  term  is  exactly 
cancelled  by  2s^  6an+-|  £n  2'  Thus  tlie  1imit  C?-*30  along  R2  may  be  taken  and  -6s  1 
is  well  defined. 

The  calculation  may  be  repeated  for  any  sector.  In  the  odd  numbered  sectors,  one 
compares  the  (2,1)  elements  of  (5.2);  for  the  even  onescompare  the  (1,2)  elements. 
This  results  in  a  change  of  sign.  If  C0(“0)  is  a  point  which  tends  to  e=°°  along 
Rk,  then,  R  K 


(“l)l'<Sslc  *  j  "T'(2da^1i/;2-db!i/2+dc^2)~-+2sk6an+1£nck+1 


where  3  jnl  is  always  the  dominant  solution  in  Sk- 


(5.6) 


Our  next  task  is  to  rewrite  (5.6)  taking  account  of  the  dependence  of  aj  on  the  se¬ 
quence  of  b's  and  c's.  Let  us  begin  with  the  case  n=3. 


C-l)  5\  *  dc2(j_  skb3^r>i k+1 


♦  db,  (-  f 


C2*j02)d  •’  \(:3t"'k+1' 


♦dc3 


Define 


+db 


fck+l 


3  \  J 


«,2dc-1Skc2tn«k+l 
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(5.7) 


I  *2d;H  ke2tnVl 

'  CO 


-»k  V?-iskV'nCk+l 


(5.8) 


(^2-ic2t(»1if/2)d?+iskc2?.n?)<+1 


f^k+1  7 


.  •  •  T  - 

Defining  J  as  in  (3.31)  and  dR  =  (dc2,d62,-~ dcn>dBn)  , where  (5^,6^)  are  the  conju¬ 
gate  variables  of  Section  3,  we  have 


(-1 )  <5Sk  =  <dR,JVk>,  keZ, 
where  <u,v>  =  ^  u^.  Ry  rewriting  the  identity 

f 2  (b^+c^)^-  =  =  -s1 


(5.9) 


(5.10) 


in  terras  of  (bk»ck),  we  find 


-sk  =  <FR,JVk>,  keZ 


(5.11) 


>i+l* 


where  F  is  the  matrix  {(-1)  6^}.  Appendix  2,  we  find  the  orthogonality  relat¬ 

ions  for  the  sequence  of  vectors  V  =  {Vk),  keZ, 


Mk  =  <JVk’V«,>  =  7r^k,S.-l+sksJt^  *k<£” 


(5.12) 


The  set  V  forms  a  basis  in  R2n_2  and  tbe  re^at^ons  (5-9) ,  (5.11)  and  (5.12)  allow  us 
to  expand  dR  and  FR  in  the  basis  V.  Let  then 


and 


4  0 


'Li 


iis%i  \ 

(5.13) 

sj  v* 

(5.14) 

where  in  both  cases,  the  simulation  is  over  j,2,--Z. 
Several  remarks  are  now  in  order. 
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1.  We  can,  by  the  Gram- Schmidt  process,  choose  a  new  set  of  vectors  U=Uk>  keZ.such 

that  <JUk,Ufc>  =  6^  ^  ^  ,k<£.  The  transformation  hpt.wppp  II  »r>H  V  will  Hpnprtrl  on 

the  Stokes  multipliers.  We  will  not  do  this  here  but  will  indicate,  in  the  re¬ 
sults  which  follow,  the  effects  of  such  a  transformation. 

2.  Equation  (5.9)  shows  us  that  if  R  changes  in  such  a  way  such  that  dR=0  then 
6sk=0.  But  dR=0. implies 


n-2 

6R  =  -JVH  St  -JVH,  6x-£  0JVH,  6t, 
o  o  1  k=2  k  k 

that  is,  R  changes  as  a  linear  combination  of  the  flows  generated  by  H.  Conversely 
if  6Sk=o,  then  dR=0. 

3.  Notice  that  if 
dR  =  -aFR 

k 

then  Ssk  =  (-1)  ask-  However, the  right  hand  side  still  is  jsut  the  scaling  flow  and  is 
proportional  to  JVHq.  The  time  t  dependence  (5=  d/dt  say)  of  sk  (=sk(t=0;e^_1 ^  at. 

can  always  be  removed  by  correctly  normalizing  the  asymptotic  expansion  (4.4). 

4.  Equation  (5.9)  is  the  s  >  Ling  point  for  a  perturbation  theory.  Using  it  we 
may  calculate  how  a  perturbation 

dR  »  cF(R) ,  o<e«l ,  (5.15) 

affects  the  Stokes  multipliers.  In  particular,  (5.15)  may  no  longer  have  the  special 
property  that  as  functions  of  the  phases,  the  only  moving  singularities  of  q,r  are 
poles.  How  is  this  reflected  in  the  change  of  s^?  More  generally,  it  is  very  na¬ 
tural  to  ask  if  an  analogue  to  the  KAM  (Kolmogoroff ,  Arnold,  Moser)  theorem  obtains. 

The  finite  dimensional  solution  manifold  for  these  flows  is  not  necessarily  compact, 
is  not  a  torus  and  so  the  KAM  theorem  does  not  directly  apply.  The  potential  connec¬ 
tion  between  a  possible  preservation  of  the  solution  manifold  and  the  preservation 
of  the  PainlevS  property  is  an  intriguing  one.  Also, what  would  be  the  analogue  of 
the  tori  which  are  not  preserved?  Are  there  resonances?  The  only  frequencies  which 
appear  in  the  unperturbed  problem  are  constants,  either  zero  or  one. 

We  now  return  briefly  to  some  further  details  in  the  derivation  of  (5.9).  Why,  in 
general,  does  the  expression 

E  *  1/  (2da«j<^2-<ib^2+<ic^) 

naturally  involve  the  conjugate  variables  dc.,  d5 . ?  The  answer  is  that  the  basis 

J  J 

vectors  Vk  must  be  carefully  constructed  in  order  that  their  inner  products  can  be 

calculated.  For  example,  when  n=4,  ignoring  the  terms  arising  fromfit., 

2  2  2  2  J 

E  *  <1^2^  ^2+^2^1^2+^3^1^2^ ‘  ~  ^2^  'l*'i-^2^1'^2”^3,^l^l2^ 

+  dc3(^f+ib2<|;1^2)-db3(^fTic^^2)+dC4^2-db4^>  If  one  were  tQ  definfi  ^ 
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writing  E  as  an  inner  product  between  (dc2,db2.dc2,db2»dc^,db^)  and  JV^, ,  the  for¬ 
mula  (A.l4  of  Appendix  2  would  not  apply.  It  turns  out  we  must  add 
1  2  122  12  122 

-2*3*  -  gt>2^2  and  ~?a3^2  ~  8C2^1  t0  the  coe^1cients  dc2  and  'db2*  Subtracting 
these  terms  from  the  rest  of  the  expression  E  leads  to  a  redefinition  of  b^  and  c^ 
to  b^  and  c^.  Also  there  are  terms  proportional  to  6 t j  left  over  which  combine  in 
just  the  correct  way  to  make  (5.9)  hold.  It  now  also  becomes  clear  why  an+-j  must 

factor  into  a  sum  of  products  of  the  conjugate  variables.  These  terms  cancel  the 
potential  logarithmic  divergences.  For  n=4,  the  basis  vectors  are 

^k+1  2  2  1  2  2  - 

dcfo  -ia3/2)^iC2*i^2"1c3*lV  8c2tM"fSkVni;k+l 


’k+l 


.2  ia3 


dsU^-  -^-)^+ib2^1V1‘b3l|;^2  '  M^2}'  iSkB4£nCk+l 


k+1 


c2^1^2‘ *  ^  k^3^k+l 


V 


(5.16) 


i: 


k+l 


dck<JyM  b2^  ip2 }-  is  kb3*nCk+ 1 


f^k+1  2 

j  d«Viskc2W5k+l 


I'. 


■k+l 


d5'h2-isk62toVl. 


Recall  that  the  vector  \p  =  (f^^.^g)^  is  the  dominant  solution  in  sector  5^. 

5b.  Poisson  brackets  of  the  Stokes  multipliers. 

We  have  already  defined  the  Poisson  bracket  in  (3.29).  Since  Ssk  does  not 
depend  on  5X,  6T2»---<5Tn_?,  we  have 

CSr.Ss,] 


9st  9sk  9st 


336j  3V2-j  3iWj  3Ej 


=*  -<7sk,JVSjl> 

*  from  (5.9), 

1  '  nkr 


(5.17) 
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Then  the  (k ,£)  element  of  P  *  {Cs^.s^j},  the  matrix  of  Poisson  brackets. 
Is  (-l)ktV  Define  N=M-^ ;  then  the  (k,Jl)  element  of  (P""*)  is  (-1) 


5c.  Preservation  of  the  symplectic  form. 

We  now  calculate  the  symplectic  form 
n  _ 

uj  =  f  6b  .a6c  ,0  .  +  5xa6X  +  £  6t.A6T. 

2  J  n+2-j  2  J  J 

n-2 

=  -  <6.R,J6,R>  +  6xa6X  +  E  6t  a6T . 

1  d  2  J  J 


(5.18) 


in  terms  of  the  infinitesimal  variations  of  the  new  coordinates 

First,  recall  that 

,  n-2 

5R  =  dR-JVH  6t  -JVH,6x-  E  JVH.  fit.  . 

oo  1  £  k  k 


Sk,6x,5tj,6H1,6Hj. 

(5.19) 


Second,  observe  that  since 


X  ,ck ,x ,t^) ,  T .  =  H.- ftj { 6^ > c^ ,x »tk ) ,  we  have 

n-2 

6X  =  6H1-<VH1  ,6R>-Hlx5x  -  £  HU|<l5tk  (5.20) 

=  5H1-<VH1,dR>  +  (<VH1,JVH]>-Hlx)6x 

ST,  =  6H,-<7H,,dR>  +  (<TO,,OVH.  -H.  (Sx 
J  J  J  *  jx 

"r2.  (5-2') 

+  |  (<™rJVHk  -njt  )«k. 

3H, 

In  (5.20),  (5.21)  H^x  means  -g^—,  the  partial  derivative  of  with  respect  to 

explicit  x.  Also  in  both  6X,5T.,  the  terms  proportional  to  6t  are  of  the  form 

J  o 

<J7HQ,VHk>  =  CHk,HQ]  =  0  (since  Hq  is  independent  of  tk  and  t  never  explicitly 

appears  anywhere).  In  these  equations  we  have  also  replaced  by  VHk  and 

Hkx  since  these  are  respectively  equal.  Also  we  recall  that  since  JT=-0 ,  <Ju,v>= 

<v,Ju>  =  -<u,Jv>,  After  a  little  calculation  we  now  find, 

n-2 

co  =<-  d1R,Jd2R>  +  6XA6+H}  +  l  6t.A5H..  (5.22) 

J  J 

The  terms  proportional  to  <5XA6tj  and  6tj ^6tk  have  as  coefficients  [H^ ,H1  ]  and  [Hk,Hj 
respectively,  which  are  zero. 
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But  from  (5.13), 

-<d,R,  Jd2R>  =  -«l1K.j£,(-l)J»y«2SjVt> 


-  y  (  i 

'  l}  ^i^sts2si  from  (5-9)> 

=  (<s1s)t(p‘1)t<52s 

=  <P'161s,62S> 


where  P  is  the  matrix  of  Poisson  brackets.  By  a  judicious  choice  of  basis  U  such 

that  <JU.,U  >  =  <5.  0  ,,  k<Jl,  we  can  arrange  combinations  f . ( s ,  ),  g.(s  )  j«Z  such  that 
K  x  K ,  1  J  k  J  k 


CO 


n-1  n-2 

j|^irj(sk)A6gj.{sk)  +  6xa6H]  +  J  6tjA6Hj‘ 


(5.23) 


I..  (5.23),  the  only  variables  which  depend  on  x,t^  are  the  variables  x.t^  j=2,--n-2 
themselves.  For  the  tk  flow  (t^=x)  ,Hk,k=2,--n-2  are  constant  and 


5 d.  Fourier  expansions  and  contour  integral  representations. 

We  focus  on  the  case  n=3  and  take  tQ=0.  The  equations  (3.13)  are 
qxx-2q2r=  xq’rxx-2qr2=rxr.  (5.24) 

From  (5.14), 


FR 


.»Vjv» 


(5.25) 


with  V  given  by  (5.8).  In  this  case,  there  are  six  sectors  at  £=«>.  We  will 
choose  V  as  being  formed  from  sectors  1,2,  4  and  5  and  the  relevant  Stokes  multi- 


pliers  are  S1 •s2»s4»s5- 

In  this  case 
/ 

\ 

_  1 

1  0  -i-Vs 

S2S5  ’S  2s  4  \ 

N  Tr(l+s1s2)tl+s4s5) 

1+J4S5  0 

_S1S5  S1S4 

i  "S2S5  S1S5 

0  -l-s,s2 

/ 

\S2S4  "S  Is  4 

1+s^j,  0  J 

and  (a^i) 

\ 

/ 
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Case  1 .  The  connection  with  the  squared  eigenfunction  expansions  of  inverse 
scatteri nq. 


Originally  we  were  looking  for  a  four  parameter  (complex)  family  of  solutions  for 
(5.24).  Let  us  look  at  the  two  parameter  family  formed  by  setting  s2=Sj.=0.  Then, 


from  (5.26) 


(5.27) 


where  \ p  refers  to  the  uniquely  defined  dominant  solution  in  each  of  the  Sectors  2 
and  5.  But  the  \p  in  S2  is  simply  the  recessive^olution  in  and,  since  s^O, 

also  the  recessive  solution  in  Sv  Hence  t|>e-^  3  is  a  solution  of  both  (3.1a)  and 

(°1  ‘t 

(3.1c)  which  is  analytic  for  lmc>0  and  asymptotes  to  \l'e1^x  as  C-*°°  in  lmc>0.  This 
is  precisely  the  solution  ^  we  defined  in  papers  C9,10J  in  connection  with  the  scat- 

i  t3^  3 

tering  problem  (3.1a).  Similarly  the  solution  '\>e  of  S5  is  what  we  called  4>  in 
[9]  and  CIO].  Now  since  the  of  S2(S5)  is  recessive  in  S^S-j  ( ,Sg) ,  v/e  may  ex¬ 


tend  the  end  points  of  the  integration  paths  in  (5.32)  to  -®  and  00  on  the  real  c 
axis.  *“ 

r°°  2„3  .  .  2  I  .  r®  * Zr 3  i  r2  \ 

(5.28) 


| 

(*?) 

*  TT  *  -oo 

Uo  ' 

which  is  precisely  equation  6.55  of  reference  [10]  with 

orl  r  ”2,3 

|(C)  -  +*ie  3  B 


1  ,  s4e  3* 

3 


(5.29) 


But  if  we  do  define  b/  .  5/-  in  the  usual  way  for  (3.1a),  then  (3.1c)  shows  that 

a  a 


|(0  »  |(0)e2?3/3,  S(c)  =  |(0)e‘2?3/3  (5.30) 

a  a  a  a 

and  so  the  Stokes  multipliers  s^  and  s^  are  simply  b/a(c=0)  and  -b”/?(c=0)  respect¬ 
ively.  We  showed  in  Cl],  that  if  r=q,  s^Sj.  We  also  know  in  this  case  that 

6(0a-b(-0  and  a (c)=a(-c)  which  is  consistent. 


Case  2.  Contour  integral  representations  of  Painlevg  functions. 

Again  we  let  r=q.  From  previous  work  C 1 1  we  know  s^Sj,  Sg=S2  and  the  4>  of 
S^(S5)  is  qJ^(-c)  where  the  latter  refers  to  the  recessive  solution  of  sector  1 
(2).  Changing  the  integration  variable  in  and  Vg  of  (5.26),  we  obtain 


*  =  irfpj  £2(^-4>2)dC  -  2iSlq  *n;2 


(5.31) 


>1  f^3  ?  _? 

(4»l-^)dC  -  2is2q  *ni;3 

'  CO—  “ 


7+S  S 
'  1  2 


where  41, (4>)  are  the  dominant  (recessive)  solutions  of  S^.  Now  the  contour  of  the 
first  integral  can  be  extended  back  to  °°6  as  ^  is  recessive  in  Sg.  Similarly,  we 

can  set  the  °°2  of  the  second  integral  to  ^  .  Now  the  contours  are  the  same  as 

cnose  used  in  the  integral  definitions  of  Airy  functions.  In  particular,  if  s2=0 

which  we  have  shown  is  equivalent  to  picking  that  class  of  solutions  of  (5.24) 
which  decay  at  x=±»  and  admit  construction  by  inverse  scattering. 


q  =  +§-| 


(5.32) 


In  the  limit  of  small  amplitudes, 

/0  \  is3/3+i.Cx 


and  (5.  )  is 


■  < 


s2iCx+2ic3/3 


which  is  -S|H  A^(x'4). 

These  representations  will  be  very  important  when  we  treat  the  equivalence  between 
Painlevg  equations  and  particle  systems  which  parallels  the  analogy  between  the 
finite  gap  solutions  and  particle  systems  [5], 

Appendix  I:  Asymptotic  Expansions. 


We  write  equation  (3.1c)  in  the  form 

\  -  J<-»v1*br2+cY3)v 

in  the  notation  (2.3).  Let 

V  -  (I  +  | 


(A.l) 


(A.  2) 


9C  *  «lCn‘1V3+-+(V,x)  +  K+1+— 


(A. 3) 


*.*»*  —I-*-  Li  '*■' 


Af>o~  this  stage,  the  terms  from  differentiating  the  bracket  term  on  the  right  hand 
side  of  (A. 2)  enters  and  disrupts  the  pattern. 

Cn+1  =  "  2^n+2  "  2^Y2  +  ^cn+2  +  ^2^3’ 

Cn+2  =  '  l^n+3  ’  l63)Y2  +  l^n+3  +  ^3,Y3’ 

Cn+3  =  '  7(6n+4'  F64  “  lrSn+362)Y2 

+  2^cn+4+  “F^4  +  ^n+3c2^Y3* 
with  6n+3  -  ^2,  6n+4  =  3/3(b2c3+b3c2), 

^n+4  =  an+4  +  ^(b^-b^g). 


In  particular  we  often  have  occasion  to  need  to  calculate  i(i^2  on  and  R2  as 

On  ,  *M(-))e  »  and  thus  i^i^O.  On  R2»  however,  (j/-.(g)ee-s^  (^e-0  and  thus 

^*1  ^2~”sl *  *n  orc*er  to  calculate  the  behavior  of  the  components  of  Vk,  we  need  to 
keep  more  terms  in  the  expansions. 

Appendix  II:  The  inner  product  (5.12). 

We  will  illustrate  the  means  of  proof  in  the  case  n=3.  Let  us  examine 


|  ^s^+ib^^dc-is^b^ncX  /j  ^dc+is^p.nj;* 


-J  2  (^2-ic2i//1ii/2)di;-is1c3£n?2  /  fe^-is^nc* 
?!  /  ?3 


<JV1  •  VJ 


||%2di;-is1b2«.n;2 


f^3  -2  _  _ 

j  +(^2~ic2^l’Vcli;+iS2c3iln3 


(A. 9) 


/■Co  ? 

JrlV'-,slb2  "  2 


|  +(?^+ib2iji1iJ'2)d?-is2b3Znc3 


<l»  is  the  dominant  solution  of  and  if»,  the  recessive  solution  of  S^,  is  zhe  domi¬ 
nant  solution  of  S2.  We  take  C2  to  be  closer  to  s=~  than  q  0n  Rg.  The  product  in 
in  (A. 9)  has  three  sets  of  terms.  First,  the  terms  in  products  of  logorithms  cancel 

41 

Next,  the  terms  proportional  to  +i  s2«,og  ?3  are 

f^2  5 

J  ^  (c2<’- '■3)^1  +  = 

which  in  the  limit  of  C-j,C2  tending  to  on  ,R2  respectively  is  -s1  (use  Appen¬ 
dix  I)-  Similarly  the  terms  proportional  to~'l*si^n?2  are  -sp.  Hence  these  two 
terms  together  contribute  -i  Next  we  famine  the  integral  terms  which 

may  be  written 


|  +  2  c*C<lC"{(C+c")('|)2'i'2-i'2'p2)"1’t52^2^1^2"^2^1^2^ 
c2  51 


(A. 11) 


where  S  lies  in  the  path  between  Cj,Cg  and  on  the  path  between  Now  the 

integral  Is  fb  b"*  \ 

(a/V  3  ^  )(^2  "  ^2Mt  "  c  j^2^1^2  ’  ^1^ 

-t  +  —r 


£.M(^V2  " 


c-c'  1 


(A. 12) 


We  have  an  identity:  If  A,B,C  satisfy 


=  eC+yB,  8;+2aB  =  2fiA,  C?-2o C  =  2yA  (A. 13) 

and  A'.B'.C"  satisfy  the  same  equations  with  c  replaced  by  c',  then 
( cx-cO  (BC'-B'C)  +  (8-B')(A'C-AC')  +  (y-y')(A'B-AB') 


■*(*- 
2  dc 


+  £-t)(2AA  -B  C-BC  ). 
dc' 


Now,  in  our  case  A=<|>-j^2,  B=ipp  a=p  3-^c  Y*c/  and  thus  (A. 11)  is 


i  ft  ft  dc'dc-  1-  ♦ 

‘  ir  Jj  Hr  Hr  ■* 


w(s,C 


-) 


dc  dc" 


where 


w(c,r)  =  -  (^(e^U')  -♦gtOfyfC'))* 


Integrating  we  obtain  (A. 11)  is 


1 

1 


w(c,c- 


H(CfcJ  ) 


«“53 


5-C2 


dC  -  i 


c3  w(c2,c')_  w(crr) 


3 

+ 

^2 


V5* 


dc". 


(A. 14) 


(A. 15) 


(A. 16) 


Now,  we  take  the  Dath  between  c^  and  c2  to  be  in  along  R-j  to  the  c=0  and  out  along 
R2-  To  integrate  the  third  integral,  we  recognize  that  $  is  recessive  in  and 
bring  the  contour  from  ?2  from  Arg  S  to  Arg  c=0,  then  in  alogg  and  out  R3 
to  C+.  This  means  we  must  take  account  of  the  pole  at  C'=S2  and  since 

R„  w(c?,r)  .  _ 

- £ -  =  -w(c o,C9)  =  -1,  since  'Mo-lMo  is  the  Wronskian.  Hence  from 

z>'<2  C  C  C  C 


the  third  integral  we  obtain  the  extra  term  -l/2(-2ffi  H-l )  =  .*.  Mow  on  the  neutral 
rays,  the  only  terms  which  will  contribute  as  ?-j ,c2»?2»C^ tend  to  infinity  are  those 
along  rays  where  W(c »5'J  tends  to  a  constant.  This  only  happens  when  S  lies  on  R2, 
C'on  R3  whence  W(c.e  ‘‘5*-+2?j s^,  and  thus  the  remaining  terms  in  (A. 16)  tend  asympto¬ 


tically  to 
ir  -  i  s  1  s  2 


**2  _dc_ 

o 


+ 


del 


Hence 

<Jvrv2>  « 


is^s2  £n 


+ 

■e-j 


1S1S2 


fcn- 


c3‘c2 


S' 


-  is^Sg 


ir\ 


’3/ 


C2  =  iff  l+s  -jS  2)  • 


It  is  easy  to  see  that  if  S.  and  S-,  (k <l)  are  not  contiguous  sectors,  the  contri¬ 
bution  from  the  pole  disappears.  Hence  we  have 


This  formula  also  holds  for  all  n>3. 
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We  introduce  a  new  class  of  solutions  to 
integrable  nonlinear  evolution  equations 
which  are  thought  to  have  a  deep  connect  ion 
with  the  n-point  correlation  functions  of 
exactly  solvable  models  in  statistical 
mechanics. 


1.  INTRODUCTION 

In  our  earlier  paper  [1],  we  used  deformation  theory  to  study  the  Painlev^  equa¬ 
tions  which  govern  the  self-similar  solutions  of  the  modified  KdV  (MKdV)  and 
sinh-Gordon  equations.  Here  we  introduce  a  wider  class  of  solutions  of  these  and 
related  equations:  the  multiphase  similarity  solutions.  These  are  supposed  to  be 
to  the  standard  (one-phase)  simi larity  solutions  what  mul t i-sol i ton  or  finite-gap 
periodic  solutions  are  to  solitons  and  cnoidal  waves. 

Our  study  of  multiphase  similarity  solutions  originated  in  attempts  to  understand 
the  work  of  Sato,  Miwa  and  Jimbo  [2]  on  the  scaling  limit  of  the  n-point  correla¬ 
tion  functions  of  the  Ising  model.  The  2-point  function  can  be  expressed  in 
terms  of  the  3<"d  Painlev4  transcendent  [3];  the  same  Painleve  function  also 
governs  the  selfsimilar  solution  of  the  sinh-Gordon  equation.  It  was  shown  in 
[2]  that  the  Ising  n-point  function  is  expressible  by  what  appears  to  be  a  multi- 
variable  generalization  of  Painlevi  transcendents.  We  conjecture  that  these  many 
phase  Painleve  functions  are  somehow  analogous  to  the  8-functions  which  afford 
formulas  for  finite-gap  solutions  of  integrable  systems,  and  that  correspondingly 
the  concept  of  similarity  should  have  a  natural  general Izat ion  to  many  phases. 

The  present  note  reports  some  preliminary  work  in  this  direction. 

Our  earlier  approach  [1]  to  Painlevi  equations  leads  to  a  very  natural  definition 
of  multiphase  similarity  solutions.  We  explain  the  definition,  and  the  philos¬ 
ophy  behind  it,  for  the  MKdV  family;  it  will  be  clear  how  to  adapt  it  to  other 
systems.  The  Ising  n-point  functions  fit  into  the  same  framework,  as  we  describe 
below.  The  analytical  properties  of  multiphase  similarity  solutions,  and  the 
geometric  theory  underlying  their  definition,  are  not  yet  understood.  We  limit 
ourselves  to  a  description  of  the  basic  facts  and  of  some  very  suggestive  anal¬ 
ogies  with  the  Riemann-surface  theory  of  finite-gap  solutions.  In  particular,  we 
will  write  down  an  equation  which  describes  tne  shape  of  the  multiphase  similar¬ 
ity  solution  as  function  of  x;  we  will  also  give  the  equation  which  describes  the 
interaction  of  a  similarity  solution  with  a  soliton. 

We  believe  that  a  thorough  study  of  similarity  solutions  of  Integrable  systems 
will  require  the  development  of  interesting  new  mathematical  Ideas-  A  hint  of 
the  results  to  be  discovered  may  be  found  in  some  early  papers  of  Gamier  [L,5]  . 
These  contain  the  beginning  of  a  theory  of  partial  differential  equations  with 
fixed  critical  points;  the  solutions  of  such  equations  appear  to  be  generaliza¬ 
tions  of  abelian  functions  (if  one  adopts  the  point  of  view  from  which  Painlevi 
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transcendents  are  seen  as  general ization  of  elliptic  functions).  As  far  as  we 
know,  Garnier’s  ideas  nave  not  been  developed  during  the  past  60  years;  some  re¬ 
interpretation  of  nis  work  in  the  context  of  soliton  theory  will  be  given  in  [6n 
anil  in  a  paper  (in  preparation)  which  will  elaborate  on  the  present  note. 


2.  REVIEW  OF  FINITE-GAP  SOLUTIONS. 

We  consider  nonlinear  evolution  equations  for  the  elements  of  an  N  x  N  matrix  P, 
arising  as  integrability  conditions  for  the  linear  systems  [7] 


Vx(x,t)  =  (£  R0  +  P(x,t))V(x,t) 

V  (x,t)  =  Q('-i)(x,t,c>V(x,t) 

J 


(2.1) 

(2.2) 


Here  t*(t.,...,t  ),  V  Is  an  N-vector,  R  is  a  constant  diagonal  matrix  ({0  6  ) 

r.  \  n  ®  J  J  ^ 

and  the  Q>J  '  are  matrices  which  depend  polynomial  ly  on  the  parameter  £  and%on 

P,P  , .  For  simplicity,  we  do  not  at  this  time  allow  dependence  of  '  o 
x  .  \ 

{-1;  see  Section  5  for  a  more  general  situation.  For  a  definition  of  Q}-* < 
the  appendix. 


The  conditions  V 


xt , 


V„  etc.  i 

tjX 


p.  +  [P,a(j)] 

j 


,0) 


(2.3) 

(2.4) 


Examp  1 e : 


-I  O' 
0  i 


,  p 


'0  q' 
q  0 


P» 


,(3) 


-Lij^  -2iq2C 


4?%  +  + 


4£2q-2i£q  -q  +  +  2lq2C 


Then  (2.3)1  and  (2-3)^  are  the  first  two  equations  in  the  MKdV  hierarchy, 


\  *  V  qtj  "  6q  qx  •  qxxx. 


A  somewhat  more  complicated  choice  for  leads  to  the  next  MkdV  equation, 


(5) 


qt5  "  (qxxxx  *  i0q2qxx  -  10  qqx2  +  6q?)x- 

Conditions  (2.4)  hold  automatically,  because  the  MKdV  flows  commute  [8].  Thus  we 
may  and  do  think  of  q  as  function  of  x  and  tp...,tp  simultaneously,  satisfying 
the  Jth  equation  of  the  MKdV  hierarchy  in  the  variable  tj.  * 

We  are  Interested  in  special  solutions  of  (2.3),  solutions  which  in  some  sense 
have  finitely  many  degrees  of  freedom.  For  MKdV,  for  example,  one  has  rational 
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:os 


[9]  or  multisol iton  solutions  [10],  both  of  which  are  special  cases  of  the 
finite-gap  solutions.  We  summarize  the  facts  needed  for  our  later  discussion. 

Finite-gap  solutions  are  obtained  by  subjecting  the  vector  V  in  (2.l),  (2.2)  to  a 
further  (algebraic)  constraint: 


z  u.V,  =  XV  (2.5) 

1  J 


or  equivalently 


(  I  u.Q(j)  -  X  )  V  =0.  (2.6) 

1  J 

(2.6)  has  a  nontrivial  solution  only  if  the  determinant  of  £u.Q'J'1  -  XI  vanishes. 
Cross-di f ferent iat i on  of  (.2-5)  and  (2.1)  leads  to  -1 

n 

£uP  =  0.  (2.7) 

1  J  J 

This  Is  a  further  restriction  on  the  matrix  P,  supplementing  l2.J)j  and  consistent 
with  it.  Specifically,  from  (2.3)j  one  sees  that  Pt^  is  a  polynomial  in  P,PX,..., 

so  that  (2.7)  is  an  ordinary  differential  equation  In  x  for  the  matrix  P.  The 
finite-dimensional  solution  manifold  of  this  equation  is  left  invariant  by  the 
flows  (2.3).  (2.7)  is  often  called  a  Lax-Novikov  equation  [11,12]. 

Solutions  of  the  equation  (2.7)  (as  welt  as  their  time  evolution  under  (2.3),  can 
be  constructed  explicitly;  they  are  abelian  functions.  The  connection  with  J 
Riemann  surfaces  comes  about  as  follows-  The  vanishing  of  the  determinant  in 
(2.6)  imposes  a  polynomial  relation  T(c,x)  =  0  between  Q  and  X.  The  points  of  the 
Riemann  surface 


R:  r(£,X)  =  0  (2.3) 

parametrize  V(x,t)  in  (2.1),  (2.3),  (2.6).  By  proper  normalization  of  V  as 
eigenvector  of  (2.7),  one  can  arrange  that  at  the  point(s)  at  infinity  of  (2.8), 

V  -  [1  +  0(i)]  exp  (kx  +  q1(k)t1  +...+  qn(k)tn)  (2.9) 

k  being  a  local  parameter.  The  qj(k)  are  polynomials,  usually  the  dispersion 
relation  of  the  linearized  equation  (2-3 )j  •  In  addition,  V  as  function  of  (j,X) 
on  R  has  poles  which  are  independent  of  x  and  t>.  Specification  of  the  surface 
R,  the  poles  y.|<,  the  asymptotics  (2.9),  and  of  a  certain  normalization  condition 
determines  V  uniquely.  Knowing  V  one  can,  by  differentiation  with  respect  to  x, 
recover  P(x,t)  from  (2.1). 

For  details  of  this  theory,  we  refer  to  [13].  In  the  next  >ection,  we  develop  a 
diftnition  of  multiphase  similarity  solution  along  the  same  lines. 


3-  MULTIPHASE  SIMILARITY  SOLUTIONS 

We  again  impose  a  supplementary  constraint  on  the  solution  of  the  linear  system 
(2.1),  (2.2).  The  constraint  is  now  not  algebraic,  but  is  given  by  a  differential 
equation  in  £: 
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or 


n 

rv  •  E  jt  V  ♦  xV 
C  1  J  J 


13-1) 


O' 


(  2  Jt  Q. 
1  J 


(J) 


+  x(;r  +  p))  v. 

O 


(3-2) 


Equation  (3-2)  has  coefficients  which  are  rational  functions  of  £;  all  dependence 
on  x  and  the  tj  is  only  parametric  as  far  as  £  is  concerned. 


The  integrabil ity  conditions  (2.3)i, 
etc. ) 


(2.1+)  are  now  supplemented 


by  i .V 


C* 


V 


x£ 


0  =  (XP)X  ♦£JtJPtj 


(3-3) 


Just  as  in  Section  2,  we  are  specifying  a  particular  class  of  solutions  by  con¬ 
straints  on  the  {-dependence  of  V(x,t,£).  In  Section  2,  V  was  seen  to  be  mero- 
morphic  on  a  Riemann  surface  r({,x)=0.  Equation  (3.2),  as  we  review  below  (see 
[1]  for  more  discussion)  also  imposes  certain  global  behavior  on  the  function 
£  "*  V({).  This  behavior  will  be  seen  to  characterize  V. 

(3-3)  is  the  analog  of  the  Lax-Novikov  equation  (2.T).  For  fixed  t,  it  is  a  non- 
autonomous  o.d.e.  in  x.  A  solution  of  this  o.d.e. ,  after  evolving  under  the  flows 
(2-3)j/  will  at  any  later  tj  again  satisy  (3*3)  (with  new  coefficients  tj). 

To  see  in  what  sense  (3-3)  exhibits  similarity  behavior,  consider  the  MKdV 
example,  and  the  simplest  case  of  (3 -3), 

(xP)x  +  3t5P^  =  0.  (3.M 

Written  out,  this  is: 

(xq)x  +  3t3(6q2qx  -  q^)  =  0.  (3-5) 

The  characteristics  of  (3.1+)  are  given  by 
dx  dt, 

—  =  _JL 

X  5tj 

and  q(x,tj)  has  the  form  (3tj)”^^q(x(3tj)*1^^) .  So  q(x,tj)  is  self-similar,  and 
by  (3.5)  It  satisfies  the  MKdV  equation,  qt  =  6q^q  ■  qxxx-  5  »s  function  of  the 
similarity  variable  x(3tj)  7  »  5  satisfies  the  second  Painleve  equation. 


q??  -  2q  5  +  5q  -  v 
vrflich  we  studied  in  [1]. 

The  general  equation  (3.3)  has  characteristics 
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dx  dt,  dt 

x  tx  ntn 

and  its  solution  will  be  of  the  form 

P  »  x  1  P  (xtL  x(tn)_1/n). 

We  now  explain  in  what  sense  (3-3)  is  a  natural  general i tat  ion  of  a  standard  self 
similarity  condition  such  as  (3.5).  The  difficulty  is  that  there  is  not,  in  the 
literature,  a  we 1 1 “developed  concept  of  multiphase  similarity.  The  notion  of 
multiply  periodic  (quasiperiodic  or  almost  periodic)  wave  trains  is,  on  the  other 
hand,  well  understood.  Our  definition  is  based  on  certain  properties  of  the 
solutions-of  (3-2),  which  are  analogous  to  properties  of  V(x,t,(£,\))  described 
in  Section  2  in  connection  with  the  theory  of  finite-gap  potentials. 

(3-2)  is  a  system  with  an  irregular  singular  point  at  r  ■  “  and  a  regular  singular 
point  at  5  »  0.  The  solution  V(£)  of  such  a  system  is  completely  characterized  by 
the  so-called  monodromy  data  [1].  For  clarity,  we  describe  these  data  for  the 
special  example 

CVC  »  (t3d(3)  +  t5a(5)  +  xP)  V  (3.6) 


in  the  MKdV  case. 

l)  Near  Q  »  ®,  (3*6)  has  A  formal  fundamental  solution 

-6 


»(x,t,c)  »  ?(x,t,c) 


e  '  0 

0  e*6 


9  *  H5t,C5  +  3t,£3  +  XC)>  where  y  ■  £  C.C  *  is  a  formal  Laurent  series.  In 

o  J 

each  sector  Sj,  ^(j-l)  <  arg  q  «^J,  there  exists  a  true  solution  for  which  T 
is  an  asymptotic  expansion  (in  Sj).  Then  Tj+j*  Tj ;  the  A^  are  called  Stokes 
matrices. 

2)  Near  £  »  0,  (3-6)  has  a  solution  of  the  form 


«(x,t,C)  -  }(x,t,0 


C  v  0 
9  C 


+v 


v  c  f  is  i  constant  of  integration  of  (3.3)  [1]  i  if  v  *  half-integer,  there  may  be 
logarithms  In  the  series  as  well.  The  monodromy  matrix  at  {  «  0  Is  J, 

»(CearTi)  »  *(e)  J- 

3)  A  connection  matrix  is  needed  to  specify  the  relation  between  {(normalized 
at  {  «  0)  and  (normalized  at  J  »  ®  in  sector  $^): 


One  then  has  the  following  result  (just  as  in  [1]): 

All  matrices  Ay..,Al0,  J,  A  are  Independent  of  x,  ty  ty  Iff  Vx  »  (CRq+P)v, 
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V  =  and  V,  »  Q^V.  Equivalently,  the  self-similar  equation 

*3  l5 

xq  +  3t3t2q5-qxx)  +  515(9^ -10q2qxx-10qqx2  +6q5)  =  v  <3-7} 

Is  the  condition  that  a  deformation  of  the  system  (3*6)  leave  the  monodromy  of 
its  solutions  invariant. 

Following  [1],  it  is  possible  to  reconstruct  Y  ,  given  A^, . . .  ,A  ^  J,  A  and 
0(x,t3>t3),  through  the  solution  of  a  system  of  I  I  near  singular  integral  equation. 
Knowing  one  can  reconstruct  q  from  the  equation  Y^  =  ln  Pr*n” 

c i pie,  the  solution  of  (3-7)  has  thereby  been  reduced  to  a  linear  problem. 

It  will  be  clear  that  analogous  cons i derat  ions  apply  to  the  general  equation 
i.3-3)-  The  number  of  sectors  (and  hence  of  Stokes  matrices)  will  increase,  and 
explicit  computations  will  become  quite  unmanageable.  In  principle,  however,  the 
fundamental  solution  of  (3*1)  (and  hence  the  potential  P)  can  always  be  recon¬ 
structed  from  knowledge  of  the  monodromy  data  and  of  the  exponent  9  in  the 
asymptotic  expansion. 

It  is  of  particular  interest  in  this  connection  that  the  only  occurrence  of  x,t. 
among  the  data  characterizing  the  fundamental  solution  of  (3-1)  is  in  the  ex¬ 
ponent  9.  In  the  general  MKdV  case,  for  example, 

x  ?(*,t,C)  *  V(x,t,£) 


where  9  »  I  Jtjf^.  This,  it  will  be  remembered  from  Section  2,  is  exactly  the 

situation  encountered  in  the  finite-gap  theory  (see  equation  (2-9)).  Indeed,  the 
'relationship  between  the  anelytlcity  properties  of  V(j)  discussed  in  Sections  2,3 
goes  quite  far.  In  Section  2,  V  was  meromorph'ic  on  a  Riemann  surface,  except  at. 

«  where  it  was  seen  to  have  an  essential  singularity,  with  behavior  e8  times  a 
convergent  power  series  (i-e.,  Stokes  matrices  are  all  the  identity).  In  Section 
3,  V  is  meromorphic  on  a  possibly  infinite-sheeted  covering  of  the  sphere  (deter¬ 
mined  by  the  nature  of  the  regular  singular  point  at  J  »  0),  except  at  9  where  it 
has  an  essential  singularity,  with  a  behavior  of  e9  times  an  asymptotic  power 
series  (Stokes  matrices  are  not  the  identity). 

This  point  of  view,  on  the  one  hand,  places  our  definition  of  "multiphase 
similarity"  in  contact  with  the  we  1 1 -developed  quasiperiodic  theory,  and  makes  it 
more  motivated  than  it  might  have  seamed  at  first  glance.  On  the  other  hand,  this 
perspective  suggests  further  generalizations  of  the  solutions  presented  hare.  . 
Namely,  one  may  consider  systems  of  differential  equations  on  compact  Riemann  sur¬ 
faces,  with  various  regular  and  irregular  singular  points.  The  deformations  pre¬ 
serving  monodromy  will  load  to  nonlinear  equations  including,  but  extending,  the 
equations  described  above.  One  such  equation,  based  on  work  of  K.  Ueno  [it],  is 
given  in  Section  6. 


L.  THE  PERIODIC  LIMIT 

There  is  a  remarkable  principle,  so  far  not  really  explained  but  supported  by  all 
examples  known  to  us.  The  nonlinear  equations  arising  from  mondromy-preserving 
deformations  are  not  autonomous  (the  independent  variables,  such  as  x,t,  abova, 
enter  explicitly).  Replace  the  explicit  independent  variables  by  constants.  The 
resulting  autonomous  equations  are  solvable  in  terms  of  abelian  functions  (and  In 


AfSH* 
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particular  by  Krichever's  method  [13])-  One  very  interesting  example,  due  to 
Gamier  [5],  is  studied  in  [6].  Here  we  describe,  in  a  format  way,  the  situation 
for  equation  (.3.3). 

In  equations  (3-2),  (3-3) 

=  (£  Jtj(lij)  + 

(xP)x  ♦  2jtjPtj 

take  tj  *  j  ^  u,t,  and  let  t  -•  x.  Then 

(2.7).  In. (3. 2^,  one  now  has  the  small 
so  a  WKBJ  approximation 

V  =  Vo  exp  S,  S  a  t  j  V(C')  d£‘ 

is  natural.  The  eikonal  aquation  is 

(Q.  -  X*)V0  -  0,  (4.1) 

where  0  =*  .  This  is  precisely  (2.7):  the  vanishing  of  the  determinant  in 

(4.1)  defines  the  Riemann  surface  of  the  finite-gap  theory. 


x(C*0  +  0)V, 

=  0, 

(3.3)  becomes  the  Lax-Novikov  equation 
parameter  t”^  in  front  of  the  derivatives, 


The  large  t  behavior  of  the  solutions  of  (3-3)  is  therefore  formally  given  by 
abelian  functions;  this  is  related  to  the  familiar  fact  (cf.  [15])  that  Painlevi 
transcendents  are  asymptotically  described  by  modulated  elliptic  functions.  Such 
approximations  are  known  not  to  be  uniformly  valid  even  in  the  single-phase  case, 
and  precise  results  w ill  require  much  more  study. 


5.  FIRST-0R0ER  MATRIX  SYSTEMS 


Here  we  consider  briefly  the  similarity  solutions  of  the  systems  arising  as  tn- 
tegrability  condition  of 


(c  RJ  *  pj)v 

(5-1) 

(5-2) 

where  Rj  ■  diag  (0,...,1,...0)  (1  in  the  J-th  place),  Pj  »  [Rj,P]  for  some  fixed 
n  x  n  matrix  P,  and  Q.j  Is  independent  of 


Cross-differentiation  results  in  the  following  set  of  equations. 
PJ,xk-Pk,Xj  ♦CVU  -°' 

b)  Vtj-SaV 

c)  [ar  nk3  -  0. 


d)  pj,tk-  -cyW' 

•>  Vtj  ■  Cpj '  V 


(5.3) 


/ 


.  '  -  ‘uJ.tr  ,  jr  f),r  i/Jut., 
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For  the  c»se  n«2,  with  xsx^Xg,  t-t^-tg,  (5-3)  include*  the  sine-  or  sinh-Gordon 

equation.  General  results  about  evolution  equations  of  the  form  1,5.3)  have  been 
obtained  by  Newell  [7]  amd  Dubrovin  [l6].  Oubrovin  studies  finite-gap  potentials 
for  the  system  t.5-1)-  In  his  theory,  there  is  no  distinguished  "eigenvalue  pro¬ 
blem"  in  x.  Rather,  the  n  variables  x^  are  on  equal  footing;  if  one  insists  on 

taking  a  linear  combination  £ajVXj  of  i5-l)>  with  x»£ajxj,  as  a  basic  scattering 
problem,  the  otner  xj  play  the  role  of  time  parameters  for  commuting  flows  which 
define  a  manifold  of  finite-gap  potentials. 

The  algebraic  constraint  (cf.  Section  2)  leading  to  finite-gap  potentials  is,  in 
this  example. 


Su.V  -  Zui  Vf  =  VI. 

J  *j  J  t. 

The  non-algebraic  constraint  (cf.  Section  3)  leading  to  similarity  solutions  is 


sv 

*  Vt.  -  *  c’NV''- 

(5-4) 

Compatibi 1 i ty  of 

(5-4)  and  (5.1),  (5-2)  requires 

4*  •  hV.)  • 

(5-5) 

(5-6) 

The  monodromy  structure  of  (5-4)  is  now  due  to  two  irregular  singular  points,  at 
£»0  and  £*•».  The  behavior  of  V  at  these  points  will  be 

exp(£XjRj )Vm  at  -  , 


exp(c'1tjRj)V0  at  0. 

Stokes  multiplier  matrices  will  be  defined  across  the  anti-Stokes  lines 
lm(x.-xk){»0,  and  again  equations  (5-1),  (5-2)  end  (5-5)>  (5-6)  are  a  consequence 
nf  the  requirement  that  the  Stokes  matrices,  as  well  as  the  J=0  to  £»«  connection 
matrix,  be  independent  of  xj,tj. 

This  example  is  particularly  interesting  because  the  deformation  equations  (5-3)> 
(5 - 5 ) »  (5-6)  are  Just  the  equations  whose  solutions  were  shown  by  Sato,  Miw a  and 
Jimbo  to  govern  the  scaling  limit  of  the  Ising  n-point  funtions  TnUx^,t 

(xn,tn)).  It  appears  from  the  above  sketch  that  the  theory  of  these  functions  is 
closely  related  to  conventional  soli  ton  mathematics.  Various  aspects  of  this 
connection  are  now  under  investigation. 


6.  ADDITIONAL  EXAMPLES 

In  [1],  we  derived  formulae  for  the  rational  solutions  of  Painlevd  II  and  of  the 
other  equations  in  the  Painlevl  II  hierarchy  (l.e.,  the  self-similar  solutions  of 
the  higher  MKdV  equations).  These  solutions  are  characterized  by  the  following 
monodromy  data;  all  5tokes  matrices  are  the  identity,  the  exponent  v  at  (>0  is  an 
Integer,  and  the  polynomial  g  in  the  asymptotic  expansion  is 
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6  » 


n 


=  {23+1Jt2J  +1 

.  For  N»2, 


J2^+\  The  resulting  solutions  ere  rational  functions  of  t 
for  example,  with  the  notation  t^x,  t^»t,  t^=y,  we  have 


y 


q(x,t,y)- 


+ 


v+tx2  f  2/15  x5 
xy-t2  +  tx3/3  +x6/15 


Such  rational  solutions  are  intermediate  between  finite-gap  potentials  and  multi¬ 
phase-selfsimilar  solutions,  being  a  degenerate  case  of  both  types.  A  rather  more 
interesting  example  is  afforded  by  results  of  Ueno  [lit].  We  rephrase  Ueno's  con¬ 
struction  along  the  lines  developed  by  Manin  [17].  When  q(x)  is  a  one-sol  I  ton 
potential  for  MKdV,  the  eigenfunction  V(x,C)  the  scattering  problem  (2.1)  is 
meromorphic  on  a  rational  curve  with  three  double  points  (Ueno  uses  a  characteri¬ 
zation  of  Date  according  to  which  the  fundamental  matrix  of  (2.l)  assumes  a  Jordan 
form  at  those  three  points;  the  points  are  +  the  soliton  eigenvalue).  At  {=*,  V 
has  the  asymptotic  behavior  j  expi(jx+j3t)  familiar  from  scattering  tneory.  It 
follows  that  £-*V(j)  satisfies  on  the  rational  curve  a  system  of  differential 
equations  with  an  irregular  singular  point  at  r=»,  the  Stokes  matrices  being  the 
identity,  or  equivalently,  on  the  Riemann  sphere,  a  system  with  apparent  (re¬ 
movable;  see  appendix)  singu lar i t ies  at  the  double  points,  and  again  an  irregular 
singular  point  at  “■ 

One  can  modify  Ueno's  linear  system  for  V  to  produce  a  system,  still  with  co¬ 
efficients  rational  in  r,  whose  solutions  may  have  nonzero  Stokes  multipliers  at 
m.  The  condition  that  the  mondromy  of  V  be  preserved  under  deformation  is  again 
the  MKdV  scattering  equation  (2.1).  Referring  to  the  general  system  Introduced 
in  the  appendix,  we  take 

F-tj[+n2oR,  +  +  eoR 


whence  the  equation  is 

(xq)^  +  UAq  -  l*]2xq  -  t(qxx'2^)xx'q(qq*x_2V2,fit) 

-n^xx-a*3)  +  l*0q  -  !*K,  K  a  constant  (6.1) 

Ax  “  -<xq)xq’  A^  ”  °- 

The  corresponding  equation  for  V  as  function  of  Q  has  the  property  that  If  (a)  the 
Stokes  multipliers  at  «  are  zero,  (b)  J-0  is  an  ordinary  point  (l.e.  K»0) ,  and  (c) 
the  Indicia!  roots  at  tne  apparent  singularities  C’i  '71  *re  “1»0»  then  The  solu¬ 
tion  of  (6.1)  Is  precisely  the  soliton  q  »  2ti)  Seeh  2T)(x-x0)  of  the  MKdV  family. 

If  the  Stokes  multipliers  are  not  zero,  we  conjecture,  and  support  this  conjecture 
below  with  some  corroboretive  evidence,  thet  the  shape  q(x)  describes  the  inter¬ 
action  of  a  soliton  with  a  one-phase  similarity  solution  of  MKdV. 

First,  as  a  heuristic  guide,  let  us  consider  the  case  K*0  and  imagine  that  q(x) 
decays  to  zdro  at  1  "  so  that  the  scattering  data  connected  with  the  eigenvalue 
problem  (2.1)  ere  defined.  Using  (A. 5)  we  find 

a  -  Al-|l  a,  b  -2i;2b  +  I  g|’Affi"  b.  (6.2) 

C  C2+12  c  C  +71 
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The  choices  A;-=o) 


-211 


e  * 


=  26  gives  us 


b  =  V21C/3 


\6.J) 


which  is  the  scattering  data  for  the  superposition  of  a  soliton  of  amplitude  2i1) 
and  a  single  phase  similarity  solution.  Further  if  we  take  the  limit  f]  =  0  and 
again  assume  q-*0  as  x-*  +  ®  we  find 


xq  =  l/4(qxx-2q5);  ,6.4) 

that  is,  q  satisfies  the  one  phase  selfsimilar  equation.  Note  that  if  (6.4) 
holds, 

4Aq  =■  q(qqxx-l/2qx  -  3/2q^). 

We  also  observe  that  as  (6.4)  is  again  satisfied.  We  may  interpret  this  as 

follows.  Consider  the  shape  q(x)  to  consist  of  a  well  separated  soliton  q  =  2i'n 
Sech  2i)(x-xg)  and  a  solution  of  (6.4).  If  i)  is  large  we  may  neglect  all  the  terms 
not  multiplied  by  T|2  when  x)xg=0(l).  Thus,  away  from  the  soliton  qs=2lliSech  2111.x- 
xg)  (which  is  an  exact  solution  of  (6.1)  with  K*0),  the  reduced  equation  £6.4) 
describes  the  shape  of  q(x).  Consider  q(x)=q.(x)+q(x).  Then  A(x)=A  (x)+A(x)  » 

-xqs  /2  +  l](tanh  2ii(x-xg)-I)  -1/4(55^-1/23*  -3/2q  )  and  q  satisfies  (6.4). 

Furthermore,  if  we  take  K=Tj  ,  we  may  interpret  one  solution  of  (6-1)  as  describing 
the  shape  of  a  soliton  qs=2iTl$ech  21Kx-xg)  and  a  rational  solution  5(x)=l/*-c. 

2  Q 

The  corresponding  A(x)=  -xq,.  /2  +  1l(tanh  2Tl(x-x)-l)-  - ~  .  Now,  if  x0  »  c, 

2(x-c)2 

then  in  the  neighborhood  of  x*c,  A(x)*»-2ll- - r  and  substitution  of  this  and 

A  ,  i  2(x-c)2 

q(x)  =  into  (6.1)  gives  c  * -1 /1J.  On  the  other  hand,  if  x0  «  c,  then  in  the 

neighborhood  of  x«c,  A(x)  *  -  c  and  c  =  l/T|.  Thus  the  phase  shift  experl- 

2(x-c)2 

enced  by  the  rational  solution  as  the  soliton  goes  from  xg  =>  -»  to  xg=+«  is  2/11 . 

This  analysis  suggests  that  the  structures  which  are  described  by  the  ordinary 
differential  equations  (3-3),  (3-5),  (3-7)  are  intimately  connected  to  the  nature 
of  the  singular  points  of  the  constraining  V.  equation  (3-l).  Associated  with  the 

®  2  i  +1 

regular  singular  point  is  a  phase  9  ■  £(2J+l)tgj+^  {  J  +  £x  which,  through  a  re¬ 
scaling  of  Q,  Is  a  function  of  x(tr)'^r,  r-1, . .  .n,  and  a  set  of  Stokes  multipliers 

which  prescribe  the  amplitudes  of  the  multiphase  similarity  solutions.  Associated 
with  the  apparent  singular  points  £»+iT)k  and  j  =  0  are  soliton  structures  and 
rational  solutions  (which  are  a  limiting  case  of  soiitons)  respectively.  A  more 
complicated  choice  of  F(r)  (see  appendix;  in  (3*2),  F(q)  »  j)  In  the  constraining 
equation  (3<2)  has  the  effect  of  adding  more  singular  points.  The  interpretation 
of  the  corresponding  solution  q(x)  in  these  cases  is  still  an  open  question. 


7.  A  BACKLUNO  TRANSFORMATION 

We  now  consider  Ueno's  monodromy  problem  [14] ,  and  our  generalization,  from  the 
point  of  view  of  BBcklund  transformations.  (BT)  It  is  easy  to  see  that  in  Manin's 
language  [17],  the  addition  of  a  soliton  by  a  BT  amounts  to  the  identification  of 
an  additional  pair  of  points  on  the  R lamann  sphere.  That  is,  in  the  pure-soliton 
case,  a  BT  creates  an  apparent  singularity  In  the  ^-behavior  of  the  Jost  functions 
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of  scattering  theory.  We  will  see  that  the  same  situation  obtains  in  the 
Painlev^  setting. 

Consider  the  usual  scattering  problem  for  MKdV, 


V1  +  '»Vl  =  qV2 
x 

V2  -  iCV2  =  q»1. 
x 


*7.1) 


Our  considerations  are  local  in  x ,  and  boundary  conditions  play  no  role.  Fix  a 
particular  r=  i’},  and  a  solution  V(x,i7l)  of  1,7.1).  Define 

V^x.in) 
r  "  V2^x,  i’i|) 


The  x-part  of  the  8T  transforms  q(x)  into  the  new  potential  Q., 


Q.  =  d  *  2— -tanh  r  =  q  - 

i-r 

The  eigenfunctions  V(x,{)  of  (1)  yield  eigenfunctions  W(x,{)  of 

W  +  i{W  =  <*W 

x 

Wg  -  !CW-  -  Q.W 
x  i 

by  the  formula 

Wl*('<+Tl+  Vl+  7%V2 


r  -i 


i-r 


znr 


w2  =  v  +  (-ic  +  t)  +  -p-  )  v 

i-r  r  -i 


(7.2) 


(7.5) 


(7.4) 


The  verification  is  straightforward. 


If  we  know  the  {-behavior  of  solutions  of  (7.1)/  we  can  read  off  the  {-behavior 
of  solutions  of  (7.5)  from  formulas  (7.4).  The  effect  of  the  transformation  (7.4) 
is  easy  to  ascertain.  No  poles  or  branch  points  are  added/  and  the  Stokes  multi¬ 
pliers  of  V  remain  unchanged.  The  formal  monodromy  at  {»•  is  increased  by  1. 

The  only  other  change  Is  the  addition  of  apparent  singular  points  at  J»+IT|.  This 
is  clear  because  the  determinant  of  the  transformat  Ion  (7.4)  vanishes  at 
two  solutions  of  (7.1)  which  are  Independent  at  all  {will  be  transformed  into 
two  solutions  of  (7.5)  which  are  Independent  at  all  {  except  +ii).  This  is  the 
symptom  of  an  apparent  singular  point. 

C,eT)x 

For  example,  start  with  q-0,  and  let  V  =  (J"  ).  Then 

Cge-tix 


e2t)Cx-S)  _  #2t|S  ^ 
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and 


Q  •  n  coaeeh  2nx 

is  the  (singular)  one-sol iton  potential. 

The  eigenfunctions  of  (7.J),  as  computed  from  the  independent  solutions 

e*'*x(  o),  ei'"X(<?)  of  (7.1)  have: 

^i)  zero  Stokes  multipliers; 

t)ii)  formal  monodromy  at  os,£«l; 

(iii)  apparent  singular  points  (with  exponents  0,1)  at 

One  can  check  this  on  the  explicit  formulas: 


This  is  exactly  the  kind  of  normalized  solution  used  by  Ueno  [l1*]. 

To  complete  the  monodromy  information,  one  must  set  up  the  solutions  normalized 
at  £«+IT|,  and  compute  the  connection  matrices  from  +  li}  to  Following  [14]  ,  we 
require  the  solutions  near  J*+itl  to  look  like 

*(i)(x,C)  -  T(i}(x)(f !11  °)  *^(x,C)  -  t^xJY^Cx,;)  (7.5)  ‘ 

where 

/-^x.+i-n)  =  i 

and  Y^  is  the  solution  of  a  diagonalized  ^-equation, 


{ 


+  holomorphic  } 
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Near  £*iT),  for  example,  one  find*  \Y  »  (f^1'1 ,  } ) ,  where  the 

connection  matrix  A>>  +  ’  ha*  the  form 


Cg  are  a*  in  the  definition 


the  ratio  a/b  »  -ie  1*Tlxe^Xo. 
matrix  a(+)  is  not  required  to 


of  f,  s  e  ^xo.  a,b  are  functions  of  x,  in 

It  is  important  to  note  that  the  whole  connection 
be  independent  of  x;  the  correct  condition  [lb]  is 


JAl'V’'1,  •  0, 


(7.6) 


1.  0  . 

with  J  »  (  ).  The  deformation  condition  (7.6;  says  that  (t®)  »  0.  Note  that 

0  0  ‘*2  x 
the  ratio  C^/Cg  determines  the  single  free  parameter  in  the  one-soliton  potential. 

It  is  easy  to  see  that  it  Is  precisely  the  ratio  C^/Cg  which  is  fixed  by  the 

normalization  (7.5);  there  is  some  freedom  in  the  determination  of  T,  in  that 
each  column  may  be  multiplied  by  a  constant  without  affecting  the  other  condi¬ 
tions. 


It  is  now  evident  that  a  similar  procedure  will  add  apparent  singular  points  at 
+  i  1),  with  +lt)-to-«  connection  matrices 


to  the  eigenfunctions  of  any  potential  q.  In  particular,  we  may  take  for  q  a 
solution  of  Painiev4  II, 


q  *  2q"'  +  xq  -  v. 

xx 

All  of  the  monodromy  data  listed  in  [1]  are  unchanged  after  (b),  with  the  ex¬ 
ception  of  the  monodromy  at  ®  (which  was  zero,  and  is  now  l),  and  of  course  the 
♦  iT|  data  are  added- 

The  condition  that  the  monodromy  be  independent  of  x  then  leads  to  the  nonlinear 
system  (6.1). 

One  computable  example  is  afforded  by  the  rational  Painlevi  solution  q(x)  » 

With  x 


i 

rx-jLi 

»  a 

2ljx 

e*1^  ♦  b 

1  + 

27)x 

—  — 

- 1 

_ 1 

-H* 


we  find 
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a  = 


+nx(ac-bV'x) 


Note  that  (2  has  the  limiting  forms 


a 


0 


b  =  0 


which  reconfirms  our  earlier  computation. 

This  sort  of  explicit  result  is  reassuring,  but  the  main  points  of  interest  are 
more  theoretical. 

(1)  (6.l)  is  the  5tf1  -order*  equation.  Our  example  covers  only  a  J-parsmeter 
family  of  solutions.  The  place  of  the  other  solutions  in  the  isospectral 
framework  is  still  unknown. 

(2)  The  equations  (6.1)  must  be  degenerate  forms  of  deformation  equations  of  a 
monodromy  problem  set  on  an  elliptic  (or  hyperel I iptic;  the  MKdV  traveling 
wave  is  associated  w4th  a  genus  2  Riemann  surface).  Riemann  surface, 
with  irregular  singularity  at  the  point  at  infinity.  Those  equations 
have  yet  to  be  analyzed. 

8.  CONCLUSION 

The  main  purpose  of  this  note  is  to  draw  attention  to  the  mathematical  problems 
connected  with  the  notion  of  "multiphase  similarity  solution,"  and  to  the  in¬ 
teresting  physical  applications  which  are  still  to  be  worked  out.  The  theory  is 
in  an  embryonic  stage;  indeed,  not  even  the  correct  genera  1  definition  of  this 
class  of  solutions  has  been  found.  This  is  evident  from  the  lack  of  information 
about  deformation  equations  for  systems  with  coefficients  rational  on  a  Riemann 
surface  of  nenus  greater  than  1.  Another  point  of  interest  Is  the  connection  of 
our  work  with  that  of  Fokas  [l8]  who  obtains  one  class  of  multiphase  similarity 
solutions  contained  in  our  formalism  by  considering  lie-Backlund  symmetries. 

A  paper  in  preparation  will  address  some  of  these  questions,  primarily  for  the 
MKdV  family  and  for  the  Ising  system  of  Section  5,  but  the  general  theory  remains 
open. 


APPENDIX: 

Here  we  quote  previous  results  [7]  which  are  used  throughout  this  paper.  The 
most  general  equation  with  x-  dependent  coefficients  which  can  be  solved  using 
the  N111  order  system 


Vx  ’  (CRo  +  P(x’t))V’ 


(A-l) 


R0  *  i<0jV’p-  (V'  pjj 


0,  V  an  N-vector,  is 
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G(0R,t}Pt  +  F(DR,t)  x[Ro,P]  =  Z(DR,t)[C,P]  ■ 


;a  -2) 


In  \.A-2),  G,  z  and  F  are  entire  functions  of  an  integro-  differential  operator 
DR,  C  is  a  diagonal  matrix  and  the  bracket  denotes  the  commutator.  The  operator 
0R,  which  is  the  linear  limit  is  d/jx  and  which  operates  on  off-diagonal  matrices 
Hp(hjjm)/  h^  =  0,  is  defined  as  follows.  First,  introduce  the  matrix  i.Hp)R  = 

h,ffl 

t .  TpZfi  0  >  tf|e  solution  of  [RQ,(Hp)R]  »Bf.  The  diagonal  counterpart  of  Hp  is 
v  /  m ' 


defined  to 

be 


be  Hp  =  |  [Hp,P]gdy.  Second,  define  the  operator  0  acting  on  Hp  to 

*  y 


“Vi?  Hp  ♦[HF,P?p  +  [ 
3 


[Hp^^dy.n, 


5x 


H  +  [H, P]  ,  H  =  Hp  +  Hq. 


lA-3) 


The  subscripts  F  and  0  denote  the  off-diagonal  and  diagonal  parts  of  the  desig¬ 
nated  matrices  respectively.  Finally,  DR  Hp  =  D(Hp)R.  The  corresponding  x  and  t 
dependence  of  V(x,t,£)  is  given  by 


G(C,t)V  +F(£,t)V  =  (xR  F(C,t)  +  Q+S-T)V. 


v  A— la) 


If  the  potential  P(x)  decays  at  x  =  we  can  define  fundamental  matrix  solutions 
j(*,t,C)<  ?(x,t,C)  with  the  asymptotic  behavior  (e'®J^x8jk)  as  x  -*  -m  respectively. 
Then,  the  scattering  matrix,  A(j,t)-J  S'  satisfies  the  equation 

G(C»t)At  +  F(C,t)A  =  W+A-AW_  (A-5) 

where  W+  =>  It  (Q+S-T).  The  quantities  Q.j S  and  T  are  defined  as  follows.  Let 
—  *■«£• 

n(D„,t)  »  t  u)  (t)0Bm,  then  Q  »  l  u>  where  «  £  Q  Jm  r,  Q  «  C  and 

(\  Q  in  "  O'”  o  '  y 

(Ijp-  (0R'1[C,P])R,  S-l,...m 


«S0“  |’^F^  0dy'  V  W 

Define  the  sequences  {S^}^  ,n  *  w*y; 

TkF*(0A’lptVTkO  *  I’  W+TkO’  k  2  1 

sxo-fx  CVV*'  W  +  V  1  *  X- 


C  A— 6) 


(A-7) 
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Then,  if  G(DR,t)  -  |qk(t)0Rk,  F(0R,t)  =  |  f^OD^, 

T  =  I  gk(t)T(k),  S  =  £  fit)  SU), 

1  K  l  1 

Tlk)=£T  {k'r,  Sll;4i  ji'r.  (A-8) 

1  1 

The  flows  (2-3)  can  be  written  in  the  form  P  =  oi[C,P].  Clearly  P  =  P 

J  j  '  '  J 

and  using  this  in  ^2-3)  we  find  |^*  [P,Q.],  <2  » (2^  -  <2^  +  [Q.^ '  \(2^J” ']  .  Therefore 

-1  X  j  ' 

<2  »  GQoG  where  G  =  PG,  i.e.  G  is  the  fundamental  matrix  solution  to  (2.1)  at 
£=0,  Thus  if  <2  is  zero  for  any  x,  as  it  is  if  q  4  o  at  either  «,  then  (1  is  zero 
for  all  x.  However  the  result  holds  more  generally.  <2  is  a  function  of  5  and 

the  equation  ^  =  [P,Q]  holds  for  each  £.  But  this  is  a  system  of  homogeneous 

ox  g  2 

linear  o.d.e.'s  of  order  N  and  thus  has  only  N  degrees  of  freedom.  Thus  <2  is 
identically  zero  and  the  flows  commute. 

The  example  used  in  Section  2,3,1)-,  and  6  are  derived  from  (A-2)  as  follows.  De- 

..  ..  fl  0~1  ..  fo  ll  ..  To  ol  ....  ...  . 


fine  Y. 


1  0~ 

■  < 

0  -1 


'  V 


0  o' 

> 

1  0 

L  J 


and  take  Ro  =  C  =  -iY^,  P  =  q 


P=q(Y2^Y3).  Then  Q1»q(Y2-hYJ),  (Y2-Y3)  -if-  Y^ 

Q3..l/Wqxx-2q5)(Y2+Y3),  <2,  - -1/8^  -  2^,,  -  Y,) 

-l/^qq^  -  l/2qx2  -  3/2q“)  Y^  Qj  -  )*** 

-VHq^- V2qqx2-3/2q5)x1  (Y2+Y3>.  Recall  (2(n)  = 


Z  \  C'r’  <20  “  ‘'V  Sl*Xq(V2  +  V'  ^2  =  )/2(xq)x(Yg  -  Y?) 

+  iA(x)Y1,  Ax  =  -(xq)xq,  A(«)  ■  0,  Sj  =  (-l/4(xq)xx  -  Aq)  (Yg+Yj) 

and  S^»E  $r  Cn"r-  Equation  (2. 3 ) »  i*  found  by  setting  0=dr;  pt  =  *  <2^ 

implies  qt  »qx:  equation  (2.3)j  is  obtained  by  taking  q*  40j^;  P£  =  40(2^  =  4(2^^ 

2  5 

implies  that  q  »  -q  +6q  q  •  equation  (2.3).  is  obtained  by  taking  Q*l6DR; 

Pt  -USDQ^-160^  implies  that  q^  =  (q  xxxx  -  l°q2qxx  -  +  6q5)x:  a<’uatl0n 

(2.3)_1  is  obtained  by  taking  n«  0R  1.  One  can  show  0R  ^[C, P]  »2sinhu  (Y2+Tj) 


H.  Flaschka  and  A.C.  Newell  /  Multiphase  similarity  solutions 


219 


where  q  »  "ux/2  an<*  u(")  *  Hence  q£  =2  sinh  u  or  =  -i4-sinhu.  Also  the 

constraint  (3-2)  is  found  by  taking  P  and  V  independent  of  t  (but  not  of  t, ...t  ) 

1  n 

and  F»0„,  0=1  Jt.  0^  for  odd  J. 

K  J  K 


The  equation  (6.1)  which  describes  the  interaction  of  a  soliton  and  a  similarity 
solution  comes  about  by  choosing  F  =  0R3  +  t|2Dr,  0=  DR5  +t)2[>^3  +  0Dr.  The  corres¬ 
ponding  equation  for  V  is 


c(c2+n2)vc  =  (-'*xc(c2  -*-T)2)y1  +Q+«-\)V 


(a-9) 


where  +@Qvl ^  and  S  =  +  t|2S^. 

the  compatibility  condition  of  (A-9)  and  (A-l)  is, 


The  equation  (6.1)  which 
when  once  integrated, 


is 


$5  +  ^  +ea!  +  s3  +1l2si  *  K* 


(A-10) 


The  scalar  \  is  chosen  to  normalize  the  solution  V(£,x).  If  we  were  to  choose 
X*0,  then,  if  q  =  2 i T1  sech  2T](x-xo),  the  two  linearly  independent  solutions  of 
(A-9)  near  J  =  +iTl  have  the  form  (£-  F^j)  and  (C+  iT\J~'2  F2({)  where  F  (j) 

and  F2(j)  are  analytic  at  £*+in.  Even  though  the  indicial  roots  differ  by  an 


integer,  these  are  no  logarithm  terms.  It  is  convenient  to  make  \  ^  -g(  + 

X  2  2 

^~;^)C(Cg  *11  )  *s  this  makes  the  indicial  roots  -1  and  0  which  means  that  V(£) 


has  only  a  pole  singularity  at  J  =  +  fT).  Choosing  the  opposite  sign  for  \  would 
give  the  indicial  roots  0,1.  A  singularity  which  can  be  removed  by  normalizing 
the  solution  V(£)  is  called  apparent. 
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Shelves  and  the  Korteweg-de  Vries  equation 
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Potsdam,  NT  13676 

(Received  14  November  1978  and  in  revised  form  1  October  1979) 

An  extension  of  the  analytical  results  of  Kaup  &  Newell  (1978)  concerning  the  effect  of 
a  perturbation  on  a  solitary  wave  of  the  Korteweg-de  Vries  equation  is  given  and 
numerical  studies  are  conducted  to  verify  the  conclusions.  In  all  cases,  the  numerical 
results  agree  with  the  results  predicted  by  the  theory.  The  most  striking  feature  of  the 
perturbed  flow  is  the  presence  of  a  shelf  in  the  lee  of  the  solitary  wave  whose  role  is  to 
absorb  (provide)  the  extra  mass  which  is  created  (depleted)  by  the  perturbation. 


1.  Introduction  and  discussion 

The  problem  of  the  propagation  of  a  shallow-water  solitary  wave  in  a  canal  of 
slowly  varying  depth  has  been  the  subjeet  of  several  papers  in  the  recent  literature. 
Although  the  changing  depth  causes  reflexions  (Peregrine  1967 ;  Miles  1979);  to  a  good 
approximation  the  unidirectional  propagation  is  well  described  by  the  perturbed 
Korteweg-de  Vries  equation  (PKdV)  (Johnson  1973a;  Kakutani  1971), 

ft  +  8W*+?*r»““r«)9.  o<r«i.  (U) 

In  the  context  of  water  waves,  the  local  depth  is  hD{e^X/h)  +  ehN(eiX/h,  eigih~iT) 
with  X  and  T  the  dimensional  space  and  time  co-ordinates  respectively;  the  co¬ 
ordinate  x  is  the  local  retarded  time 


x 


1  (***/»  ds  (, ghe)j 

e  Jo  W* )  h  ’ 


Di(,)ds 


is  a  measure  of  the  distance  along  the  channel  from  the  point  where  the  depth  be¬ 
gins  to  change.  The  right-going  component  of  the  disturbed  elevation  N  is  given  by 
J D*q(x,t)  and  T(l)  is  9Dt/iD  which  is  assumed  small;  namely  D  changes  slowly 
with  respect  to  the  length  scale  of  the  disturbance. 

It  is  natural  to  exploit  the  smallness  of  T(f)  and  to  write  as  a  first  approximation  the 
solution  to  (1.1)  in  terms  of  the  solution  of  the  unperturbed  problem  allowing  those 
quantities  which  are  constants  of  the  latter  to  vary  slowly  in  time.  Ott  &  Sudan  (1970), 
assuming  that  the  basic  solution  has  the  form  of  a  soliton 

q(x,t)  m  2 ij'sech^x-x),  xt  »  4 if*  (1.2) 

and  using  the  conservation  law  (energy) 

|  J%*dx  -  -  2r«) (13) 
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a  . 
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found  that  if(t)  satisfies  i}t  -  -fT)?,  (14) 

which  we  shall  see  is  a  correct  result.  They  did  not  explain,  however,  the  fact  that 
neither  of  the  expressions  for  conservation  of  mass  (here  we  speak  of  conservation  of 
mass  in  the  sense  of  the  KdV  equation;  in  the  water  wave  context  some  of  the  actual 
mass  is  reflected), 


3  C«  r® 

(1.5) 

nor  of  first  moment 

gjj  xqdx  ®>  3J  7*dx-r(f)J  xqdx, 

(1.6) 

are  satisfied  to  leading  order.  Each  of  the  relations  (1.3),  (1.5),  (1.6)  may  be  integrated 
exactly  (Leibovich  &  Randall  1971), 

M(f)  = 

j"  qdx  =  M(f0)exp^-J^  r(s)ctoj, 

(1.7a) 

®«>-J 

qtdx  =  £(f0)exp^-2j  r(s)ds^ 

(1.76) 

and 


G{t)  “  /_«, xq dx  “  + «*«•>£  *  exP  ( -  J* *■)]  «xp  ( -  f  r»  . 

(1.7c) 

Several  authors  (Grimshaw  1970,  1971;  Johnson  19736;  Leibovich  &  Randall  1973) 
have  examined  the  propagation  of  a  solitary  wave  over  an  uneven  bottom  topography 
in  some  detail.  Johnson  (19736)  and  Leibovich  &  Randall  (1973)  work  with  (1.1) 
directly  and  attempt  to  find  an  asymptotic  representation  of  the  solution  in  the  form 

?(*.*)  =  q0(x,t)  +  <rql(x,t)  +  ,..,  (1.8) 

where  cr,  0<e<£o-<l,isa  measure  of  the  amplitude  of  T(f)  and  qg(x,  t),  the  leading 
approximation,  is  given  by  (1.2).  By  demanding  that  the  asymptotic  series  (1.8) 
remains  a  uniformly  valid  description  of  the  solution  q(x,t)  over  long  time  (a — 1),  they 
found  that  17(f)  obeys  (1.4).  However,  they  were  unable  to  find  a  solution  qx(x,  I)  which 
tends  to  zero  both  as  x-*-oo  and  x-r  -00.  In  fact,  they  found  that,  as  x-+  -oo, 
?i  -t-T/tycr,  which  renders  (1.8)  non-uniform  and  seems  to  indicate  that  the  mass 

J”  qdx 

is  infinite.  Clearly  there  is  something  non-uniform  about  the  expansion  (1.8),  a  point 
to  which  we  will  return.  Nevertheless,  as  we  shall  see,  the  results  are  almost  correct  and 
indeed  a  shelf  does  form  behind  the  solitary  wave.  However,  it  has  a  finite  range,  a  fact 
observed  numerically  by  Leibovich  &  Randall  (1973)  but  not  explained  theoretically. 

The  dilemma  of  infinite  mass  and  the  role  of  the  shelf  was  first  explained  by  Kaup  & 
Newell  (1978)  (hereinafter  referred  to  as  KN)  who  used  a  totally  different  method 
(also  used  by  Karpman  &  Maslov  (1977);  we  should  also  mention  that  some  of  these 
results  were  obtained  by  Ko  &  Kuehl  (1978)  by  a  direct  method  after  they  were 
familiar  with  the  results  of  Kaup  &  Newell).  They  exploited  the  fact  that  the  unper- 
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turbed  equation  ( 1 . 1 )  is  exactly  integrable.  By  exactly  integrable,  we  mean  the  follow¬ 
ing.  The  KdV  equation  is  an  infinite-dimensional  Hamiltonian  system  (Gardner  1971 ; 
Zakharov  &  Faddeev  1971 ;  Flaschka  &  Newell  1975)  which  may  be  written 

’-‘If’  B-2  /_■>-**)&  <■•») 

and  S/Sq  is  the  variational  derivative.  The  inverse  scattering  transform  (Gardner  et  al. 
1967,  1974),  is  a  canonical  transformation  (preserves  the  form  of  Hamilton’s  equa¬ 
tions)  which  carries  the  old  co-ordinates  q(x,t),  —  oo  <  x  <  ao,  to  new  ones  which  are 
defined  by  the  scattering  data  S, 

S  =  {(y*  &  =  ivk) \Lv  WO'  £real}  (1.10a) 

of  the  eigenvalue  problem 

(£*  +  g(x,<))  ^  ”  0,  -oo<x<oo.  (1.106) 

In  5,  the  quantities  iyfc  are  the  bound-state  eigenvalues,  the  yk  are  the  normalization 
constants  for  the  corresponding  eigenfunctions  and  R(£)  is  the  reflexion  coefficient.  If 
q(x,  t)  evolves  according  to  the  KdV  equation  (or  any  member  of  the  KdV  family),  then 
the  functions  —  2ijI  and  ( —  2£/tt) In ( 1  —  |i?|2)  are  action  variables  and  therefore 
constants  of  the  motion;  their  angle  counterparts,  which  change  linearly  in  time,  are 
proportional  to  lnyk  and  argi?(£)  respectively,  and  the  Hamiltonian  H  in  the  new 
co-ordinates  is  an  additive  function  of  the  action  variables.  Each  i)k  gives  rise  to  a 
soliton  which  when  physically  separated  from  the  other  solution  components  has  the 
form  2ij|sech*i;t(x-  xk)  with  xw  »  4i/|,  where  yk  =  2iglfcexp(2j7kxk].  Thus  the  action 
variable  rj  prescribes  the  constant  amplitude,  shape  and  speed  of  the  soliton;  the 
angle  variable  y  or  x  defines  its  position.  The  function  R(£),  the  reflexion  coefficient, 
measures  the  degree  to  which  the  continuous  spectrum  is  excited.  For  a  pure  soliton 
state  or  reflexionless  potential  g(x,  (),  R{Q  s  0.  In  general,  however,  q(x,  t)  is  expressed 
as  a  series  in  terms  of  the  squared  eigenfunctions  of  (1.106),  wherein  contributions 
from  both  the  continuous  and  discrete  spectra  are  included, 

?(*.<)«£  f"  s»(o  nx,  t,  a  *  £  y*  &  nc.  *.&)•  (i-ii) 

The  solution  component  corresponding  to  the  continuous  spectrum  gives  rise  to  that 
portion  of  the  solution  which  is  oscillatory  and  dispersive  in  nature.  We  can  therefore 
think  of  the  KdV  equation  as  being  separated  into  its  various  normal  modes  (ifr*,  \jr\) 
by  the  inverse  scattering  transform. 

The  effect  of  a  perturbation  is  to  render  (1.1)  no  longer  exactly  separable.  Instead 
the  normal  modes  can  become  mixed;  an  initial  state  consisting  only  of  solitons  can 
stimulate  radiation  and  in  certain  cases  vice  versa.  If  the  perturbation  term  is  small, 
then  it  is  natural  to  treat  the  system  by  writing  down  the  equations  for  the  rates  of 
change  of  the  action  variables  and  allowing  the  leading -order  approximations  of  the 
latter  to  vary  slowly  so  as  to  suppress  any  non-uniformities  appearing  in  the  pertur¬ 
bation  expansions  for  these  quantities.  This  is  the  method  used  by  KN  to  analyse  the 
effects  of  various  typical  perturbations  on  the  canonical  equations  of  inverse  scattering 
theory  and  is  a  natural  generalization  of  classical  perturbation  methods  for  finite- 
dimensional  Hamiltonian  systems. 
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The  principal  new  result  of  the  KN  approach  is  the  resolution  of  the  infinite  mass 
dilemma.  What  happens  is  that  the  continuous  spectrum  is  excited  by  a  resonance  due 
to  the  interaction  between  the  soliton  and  the  perturbation.  The  quantity  £B(f) 
develops  a  Dirac  delta-function  behaviour  at  £  ■  0.  The  corresponding  structure  in 
physical  space  is  a  shelf  of  almost  constant  height  which  stretches  between  the 
position  (x  —  0)  of  the  soliton  when  the  perturbation  was  just  switched  on  and  the 
solitary  wave's  present  position.  In  the  original  co-ordinate  frame,  the  shelf  stretches 
from  the  soliton  to  the  position  to  which  an  infinitesimal  disturbance  would  have 
travelled  from  the  point  where  the  topography  first  changed.  As  the  solitary  wave 
moves,  new  shelf  (if  T  >  0,  it  is  a  shelf  of  depression,  if  T  <  0  of  elevation)  is  con¬ 
tinuously  formed  and  the  extra  mass  depleted  or  created  is  exactly  the  amount  needed 
to  satisfy  (1.7 a)  and  (1.7  c).  Although  it  was  not  originally  noted  by  KN,  the  amplitude 
of  the  shelf  continues  to  evolve  after  its  initial  formation  due  to  the  influence  of  the 
perturbation,  a  point  observed  by  the  present  authors  (Newell  1978)  and  independently 
by  Miles  (1979).  The  transition  between  the  shelf  and  the  q  =  0  state  at  x  =»  0  is 
achieved  through  a  series  of  decaying  oscillations  (the  integral  of  an  Airy  function). 

Before  we  give  the  analytical  and  numerical  results  in  the  next  two  sections,  we 
make  the  following  remarks.  The  first  concerns  the  connexion  between  the  KN 
approach  and  the  straightforward  method  of  perturbing  (1.1)  directly  to  obtain 

?«  +  «?#?•,  +  ?(.«* -0,  (1.12o) 

fu +  «?•?* +  ««i0o.  +  9u*»  “  -(l/°-)r«)?o.  (i  f2*) 

and  so  on.  The  question  now  arises  as  to  how  to  solve  ( 1 . 1 2  b ) .  If  q0(x,  t)ia  a  solitary  wave 
with  phase  0  m  x-  fiifdt  and  if  one  asks,  as  Johnson  and  Leibovich  &  Randall  did, 
for  solutions  qt(x,  t)  which  depend  on  the  fast  scale  x  and  t  only  through  the  combina¬ 
tion  Q  and  a  alow  scale  ox  or  crt,  then  (1.12b)  is  an  ordinary  differential  equation  whose 
solution  has  the  property  that  ql-*r/3ii<r  as  x  and  0-+  —  oo.  In  other  words,  if  one 
simplifies  (1.126)  by  making  the  ansatz  q  —  q(9,  crx or oi),  one  looks  at  the  problem 
from  the  frame  of  reference  of  the  solitary  wave,  from  which  vantage  point  the  shelf 
looks  infinite,  and  one  therefore  loses  information  about  the  initial  onset  of  the  per¬ 
turbation.  Thus  the  ansatz  q  —  q(0,  trx  or  crt)  fails  because,  although  the  shelf  amplitude 
is  slowly  varying,  its  range  is  not.  It  also  fails  at  the  point  where  qx  must  make  the 
r^erse  transition  from  -  r/3if<r  to  zero.  Near  that  point,  and  indeed  away  from  the 
sectary  wave,  q0  is  asymptotically  zero  and  qx  satisfies  qu  +  «  0,  which  together 

with  the  local  boundary  conditions  qx{x~*-  -oo,i)  -  0,  qx(x-r  +  oo ,t)  —  -  T/3qo  is 
satisfied  by  the  integral  of  an  Airy  function,  in  fact,  exactly  (2.5).  However  as  we 
see  in  §}  2  and  3,  for  long  times,  account  must  be  taken  of  the  further  evolution 
of  the  shelf  after  its  initial  creation;  this  will  mean  in  fact  that  the  second  boundary 

condition  on  qx{x,t)  will  be  q^x-rcc.t)  -  -(T/3iy(0) <r) exp  One  can 

calculate  the  position  at  which  the  reverse  transition  must  occur  by  using  the  exact 
mass-balance  equation  (t.7a). 

There  is  no  doubt,  then,  that  a  direct  perturbation  can  be  successful,  provided  one 
understands  a  priori  the  nature  of  the  solution.  The  important  thing  to  check  is 
whether  the  slow  change  of  the  soliton  parameter  (or  parameters)  can  simultaneously 
satisfy  all  the  conservation  relations;  in  general,  it  will  not.  When  it  does  not,  the 
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solution  will  no  longer  be  adiabatic;  i.e.  a  slowly  varying  solitary  wave.  Nevertheless, 
as  we  have  seen,  using  a  judicious  combination  of  the  perturbation  equations  and  the 
conservation  laws  one  can  obtain  the  solution  by  direct  methods.  Indeed  this  is  the  only 
approach  available  if  the  problem  is  not  exactly  integrable  in  the  first  approximation. 
However,  when  it  is,  we  emphasize  that  all  these  results  appear  quite  naturally  when 
one  takes  advantage  of  the  exact  integrability  of  the  leading-order  equation  and 
inverse  scattering  theory. 

Furthermore,  if  qt(x,  t)  is  not  simply  a  soliton  but  a  more  complicated  solution  of 
( 1.12a),  then  it  is  extremely  difficult  to  find,  by  direct  means,  the  appropriate  basis  for 
which  the  left-hand  side  of  (1.126),  which  is  then  a  partial  differential  equation, 
separates.  The  answer  is  provided  by  inverse-scattering  theory  (Newell  1980),  which 
tells  us  that  the  correct  basis  for  expanding  g1(x,  t)  is 


which  is  adjoint  to  the  set  F  =  {^s(x,  £),  £  real;  (\jr\,  <h/rl/dQi),  where  <f>(x,  £)  (\jr(x,  £))  is 
the  solution  of  (l!l06)  which  behaves  as  «~'c*  (e'C*)  as  x-*  —  oo  (  +oc).  Indeed  multi¬ 
plying  (1.126)  by  ^*(x,£,<),  integrating  over  (-oo.oo)  in  x,  using  the  expression 

fa  ”  fas,  ~  *»£*)  S'  +  (4?*  -  2 q0)  ] lrx, 

for  the  time  dependence  of  \jr,  gives  us  exactly  the  expressions  we  would  have  obtained 
by  the  KN  approach.  Thus  in  order  to  separate  the  perturbed  system,  we  are  led  back 
to  the  same  expressions  for  the  perturbed  action-angle  variables  as  we  would  have 
obtained  using  the  KN  method. 

Our  second  remark  emphasizes  the  point  that  in  the  KN  method  no  a  priori  ansatz  is 
made  concerning  the  solution  structure.  All  we  do  is  give  the  initial  values  of  the  action 
and  angle  variables  (e.g.  the  amplitude  and  position  of  the  soliton  before  the  pertur¬ 
bation  is  switched  on).  Then,  no  matter  how  q(x,t)  evolves,  the  scattering  data  S, 
see  ( 1 . 10a),  is  always  uniquely  defined,  the  eigenfunctions  \jr(x,  t,  £)  always  computable 
in  principle  and  q(x,t)  may  be  written  down  through  (1.11).  We  stress  that  the  struc¬ 
ture  of  the  Icth.  soliton  is  given  by  q  m  —  4yk  £*  \jr\.  The  initial  shape  is 

q  -  2i;|sech*  7ik(x-xk) 

but  one  is  not  guaranteed  that  the  soliton  shape  is  always  given  by  the  hyperbolic 
secant.  In  the  present  case,  the  long-time  behaviour  of  the  solitary  wave  structure  can 
be  written  as  2)?|  sech*  r/k(x  -  xk)  except  that  now  2 k  is  a  modification  of  xk,  the  original 
angle  variable. 

Finally  we  mention  that  the  height  of  the  reflected  shelf  has  been  calculated  by 
Miles  (1979). 

2.  Analytical  results 

For  t  <  0,  a  soliton  (1.2)  with  7  -  if0  travels  unperturbed.  At  t  m  0,  the  soliton 
arrives  at  z  -  0  and  the  perturbation  is  switched  on.  Our  goal  is  to  monitor  the  subse¬ 
quent  evolution  of  q(x,  t)  to  leading  order.  It  is  stressed  that  even  though  the  shelf  has 
amplitude  of  order  T,  ever  long  time  it  makes  an  order  one  contribution  to  both  the 
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mass  and  first  moment  balance.  By  examining  the  change  in  the  scattering  data,  KN 
found  to  leading  order  that 

--§!>,  (2.1a) 


xt  -  47*  +  0(D, 


(2.16) 


where  2  is  a  measure  of  the  position  of  the  solitary  wave  (e.g.  the  position  of  its 
maximum). 

As  already  mentioned,  the  interaction  of  the  soliton  with  the  perturbation  give  rise 
to  a  resonance  which  leads  to  a  non-decaying  component  of  the  solution  connected 
with  the  continuous  spectrum.  Indeed  for  order  one  times,  KN  found  that  this  con¬ 
tribution  (calculated  by  using  ( 1 . 1 1 ))  is  given  by 


?<•(*,  <) 


Jltanh*7(*  —  2)J" 

r  r  rr  (•*/<«>*  ] 

—  tanh*7(z  -  x)  Iff  sgn  (x  -  2)  -  -  -  2 n  J  Ai(«)  da  I , 


sin  2£(x  —  2)  —  sin  2^(ar  +  4£*t) 

2? 


(2.2) 

(2.3) 


where  sgn  (x)  *  1  for  x  >  0,  sgn  (x)  ™  -  1  for  x  <  0.  For  x  >  2  >  0,  the  term  in  the 
brackets  is  zero.  For  0  <  x  <  2  (and  for  those  x  where  tanh*i/(x  — 2)  ~  1), 


forx  <  0, 


(2.4) 

(2.5) 


Thus  between  x  »  0  and  x  »  2,  the  position  of  the  solitary  wave,  a  shelf  of  height 
—  T /3?/  is  created.  At  both  x  «■  0  and  r  «  2  the  transitions  to  the  respective  solitary 
wave  and  zero  states  are  smooth.  KN  pointed  out  how  this  shelf  accounts  for  the  rate  of 
the  extra  mass  created  (T  <  0;  depth-decreasing  case)  per  unit  distance,  mass  which  is 
not  absorbed  by  the  amplifying  soliton: 

8  r®  s  r®  8  c* 

»  -|r(4f)-K(4f)  =  -  r(4j), 

the  exact  result.  However  as  pointed  out  by  the  authors  (Newell  1978;  this  point  has 
also  been  noted  by  Miles  1979)  the  calculation  of  shelf  height  for  times  1/T  is  only 
valid  immediately  behind  the  solitary  wave.  The  subsequent  evolution  of  the  shelf  is 
most  easily  calculated  from  (1.1)  directly  ;  the  nonlinear  and  dispersion  terms  are 

negligible.  Then  at  l  when  the  solitary  wave  is  at  2(1)  =  f  the  height  of  the  shelf 

J  o 

qc(x,  l)  at  the  point  x  is 

?(*.*)  *  S3^7)exP  (J-*  rW*).  0  <  x  <  2,  (2.6) 

*»  0  otherwise, 


where  t  »  <(x)  through  the  integration  of  x,  *  4t/*.  Our  numerical  results  presented  in 
$3  agree  almost  precisely  with  this  formula. 
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Let  us  now  see  how  these  approximations  allow  us  to  balance  the  exact  relations 
( i  .7  o)  and  (1.7  c)  almost  precisely.  To  leading  order,  the  mass  in  the  shelf  is  given  by 

Me(l)  -  j*o  qe(x,l)dx.  (2.7 a) 

By  using  (2.6)  and  the  transformation  x  *  J  4  ifdt  on  (2.7),  we  find 

Mc(l)  =  -  4ifo  exp  |  I»  dsj  |  £  dt  ^  exp  i  T(s)  ds j 

=  4i70exp^-J^r(s)is^-4i?0exp|-J^  §r(*)d^.  (2.76) 

But  the  last  term  is  simply  M,(l)  =»  J  q,(x,  l)  dx,  the  mass  in  the  solitary  wave,  and 
thus  to  leading  order 

M(l)  m  Jfc(l)  +  M,(l)  =  4q0exp^-j^r(s)dsj,  (2.8) 

the  exact  result.  A  similar  calculation  can  be  carried  out  for  0(1).  When  T  is  constant 
it  can  be  done  explicitly.  We  find,  again  to  leading  order,  that 

0(1)  «  ( —  lfi7o/r)  exp  ( —  TC)  [exp  ( —  TC)  —  1],  (2.9) 


which  is  the  exact  result  (1.7c). 

Finally  we  mention  the  consequences  of  these  results  in  the  context  of  shallow  water 


waves.  Integration  of  (2.1)  gives 

V/'Vo  -  (A,/ D)i, 

(2.10) 

whence  the  soliton  amplitude  is 

iehV*Bl/D. 

(2.11) 

Thus  the  solitary  wave  amplitude  is  inversely  proportional  to  the  depth.  On  the  other 
hand  the  shelf  height  (here  it  is  convenient  to  express  the  height  as  a  function  of  t, 
which  in  the  water  wave  case  measures  position,  and  l  the  present  position  of  the  solitary 
wave)  is  §ehD*(f) qe(x(t),  {),  which,  using  (2.6)  with  f  »  +  9Dt/(4D),  is 


-3 ehD 


,Di(t)  1 

"of  W)’ 


(2.12) 


which  is  inversely  proportional  to  the  fourth  root  of  the  depth  estimated  at  the  present 
solitary  wave  position.  D'  refers  to  the  derivative  of  the  depth  with  respect  to  the 
argument  6*  Xfh. 
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3.  Numerical  results 

In  order  to  verify  the  theoretical  predictions,  we  numerically  simulated  the  differ¬ 
ential  equation  (1.1).  For  a  number  of  reasons  we  chose  an  explicit  finite-difference 
scheme  suggeeted  by  Vliegenthart  (1971).  This  scheme  discretizes  the  components  of 
(1.1)  by 


,  +  0((Ax)*) , 


(3.1) 


-  q(j+*' n) 2> w) + <Ht*n ) 

where  t  »  nAi  and  x  —  j  Ax. 

We  define  T(<)  »  —  and  we  will  present  the  results  of  two  numerical  cases. 

Case  (i)  consists  of  defining /(l)  =«  er*  so  that  r(<)  »  —  <r  ■  constant.  For  this  case  the 
computations  used  <r  »  —  ^  and  considered  times  0  <  t  <  100.  For  case  (ii)  we  took 
/(f)  =  <rt  - 1,  yielding  T(<)  »  -  <r/(<rt  —  1).  In  these  computations  we  chose  ar  m  and 
looked  at  times  0  <  t  <  40.  The  choice  of  case  (ii)  is  of  interest  because  of  its  potential 
applicability  as  a  model  to  the  problem  of  an  internal  solitary  wave  travelling  on  a 
thermocline  in  the  neighbourhood  of  the  point  where  the  coefficient  of  the  nonlinear 
terms  vanishes  (approximately  where  the  depths  of  the  upper  and  lower  layers  are 
equal). 

The  time  at  which  the  perturbation  procedure  breaks  down  is  when  r/3y,  the 
shelf  height,  is  of  the  same  order  as  the  amplitude  2> j*.  For  case  (i)  this  occurs  when  t  is 
0(ln  |«r|/<r),  which  for  <r  —  —  ^  is  approximately  100  time  units.  We  monitored  times 
up  to  100  time  units  for  case  (i)  and  did  not  observe  any  divergence  between  the 
numerical  and  perturbation  results.  For  case  (ii),  the  breakdown  occurs  when  time  is 
<r~l  —  0(<7~l),  which  for  <r  is  approximately  33  time  units.  After  this  time  we 
noticed  that  the  perturbation  solution  began  to  diverge  from  the  numerical  solution. 

Figure  1  gives  an  overall  picture  of  the  total  motion  of  the  system.  The  major 
features  of  the  solution  are:  (a)  a  slightly  distorted  solitary  wave,  ( b )  the  formation  of 
the  shelf,  its  finite  range  and  its  subsequent  evolution  and  (c)  the  decaying  oscillatory 
tail.  Figure  1  shows  the  numerical  solution  for  all  x  at  five  different  times  t. 

In  order  to  check  on  the  accuracy  of  the  numerical  results,  we  continuously  moni¬ 
tored  the  values  of  the  total  mass,  energy  and  the  centre  of  gravity  and  compared  the 
numerical  results  with  the  exact  relations  (1.7).  First,  with  T(()  =  —  ft(t)/f(t)  the  mass 
iegiy.nbyth.reI.tion  Jtd»-4*|/|.  (3.2) 

Second,  the  energy  ia  given  by  ,,.3, 

and,  third,  the  centre  of  gravity  is  defined  by 

.  ftqdx  lfr7o(/]/|  dt) 

^  f  qdx  Wol/I 


(3.4) 
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Fiouax  1.  Numerical  solution  at  five  time  levels  I  ■  0,  5,  10,  20,  30.  The  curves  shown  graph  the 
distance  x  ( —  10  <  x  <  70)  versus  the  scaled  amplitude  (q(r,  t)/2ifl )*. 


Case  (i)  Case  (ii) 

Mass  0  0003  %  0-48% 

Energy  1-9%  2-28% 

Centre  of  gravity  0-7%  107% 


Tabl*  1.  The  maximum  error  obtained  in  comparing  the  numerical  results  to  the  exact  results, 
over  the  intervals  (i)  0  <  t  <  100  and  (ii)  0  <  t  <  32. 


As  the  table  1  indicates,  we  obtained  very  cloee  agreement  with  the  exact  results, 
which  is  to  be  anticipated  since  the  Vliegenthart  scheme  is  designed  to  conserve  both 
mass  and  energy  in  the  unperturbed  equation. 

Having  established  the  accuracy  of  the  numerical  results,  we  now  compare  them 
with  the  results  of  the  perturbation  theory. 

In  analysing  the  solitary  wave  portion  of  the  perturbation  solution,  two  features 
were  checked  numerically,  the  amplitude  and  the  position.  The  amplitude  evolution 
as  derived  from  the  perturbation  theory  is  given  by 

27,-27||/|».  (3.5) 

Figure  2  gives  a  graphical  representation  of  the  comparison  of  the  numerical  results 
and  (3.5)  for  case  (i).  The  comparison  shown  in  figure  2  yields  a  maximum  error  of  3  %. 

The  second  feature  of  the  solitary  wave  examined  is  its  position,  which,  to  leading 
order,  is  given  by 

x(l)- I  4if*#  +  0(r) 

-4rtJ‘|/|**  +  0(r). 


(3.6) 
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Fionas  2.  Numerical  solution  ( — O — )  versus  perturbation  theory  ( - )  for  the  amplitude 

variation  of  the  solitary  wave.  The  results  graph  the  amplitude  (0  <  q(x,  t)  <  2)  versus  time 
(0  <  t  <  50)  for  case  (i). 


The  comparison  between  the  integration  of  (3.6)  and  the  numerical  results  for  case  (i) 
is  given  in  figure  3. 

Before  we  proceed  there  are  two  points  to  be  made  concerning  the  results  shown  in 
figure  3.  First,  from  the  numerical  experiment,  one  observes  that  the  solitary  wave 
slows  down  and  stops.  Remarkably  the  integration  of  (3.6), 

*(f)-(+3irt/r)(i-exp(-$n)), 

follows  the  entire  experimental  trajectory  of  the  solitary  wave  maximum  to  within 
2  %,  which  is  of  order  I\  We  say  remarkably,  for  one  might  expect  the  approximate 
solution  to  be  valid  only  for  times  when  t  <<  T_1  In  T-1  when  the  shelf  height, 

is  much  less  than  2^*,  the  soliton  amplitude.  Second,  we  note  in  figure  3  that  the 
difference  between  theory  and  numerical  experiment  for  the  trajectory  of  the  centre 
of  gravity  y  -  (4i;$/T)  (1  -  exp  ( - 17))  is  less  than  0-7  %.  In  view  of  the  fact  that  the 

c®  j*® 

approximate  theory  follows  both  I  q  dx  and  I  xqdx  so  closely  (cf.  (2.8)  and  (2.9)), 

J  —00  J  —  « 

it  is  not  surprising  that  y(t)  can  be  followed  so  closely. 

The  comparison  between  the  integration  of  (3.6)  and  the  numerical  results  for  case 
(ii)  is  given  in  figure  4.  The  maximum  error  for  case  (ii)  was  2-3  %. 

The  second  major  feature  of  the  general  solution  which  we  checked  was  the  shelf 
and  again  the  numerical  and  perturbation  results  were  extremely  close. 


Shelves  and  the  Korteweg-de  Vries  equation 


Florae  3.  Numerical  solution  (— O — )  versus  perturbation  theory  ( - )  for  the  soliton  position. 

Numerical  solution  ( &)  versus  perturbation  theory  ( - )  for  the  centre  of  gravity.  The  results 

graph  distance  (0  <  *  <  160)  versus  time  (0  <  t  <  140)  for  case  (i). 


Florae  4.  Numerical  solution  ( — o — )  versus  perturbation  theory  ( - )  for  soliton  position. 

The  results  graph  distance  (0  <  x  <  70)  versus  time  (0  <  t  <  40)  for  case  (ii). 
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Fiatms  5.  Numerical  solution  ( — O — )  versus  perturbation  theory  ( - )  for  shelf  amplitude.  The 

curves  relate  distance  (0  <  x  <  70)  and  amplitude  (  —  14  x  10“*  <  q  <  0)  for  case  (i)  at  t  m  27-75 

time  units.  The  dashed  line  ( - )  represents  the  maximum  amplitude  of  the  shelf  for  each 

point  x.  This  maximum  occurs  at  t  m  te(x)  the  creation  time  of  the  shelf  at  the  point  r.  The  rear 
portion  of  the  solitary  wave  may  be  seen  at  the  right  of  the  figure. 


From  (2.6)  with  T(t)  »  -/«(*)//(*)>  we  find 


9e(*>  l) 


gc(x,tc{x)) 

/(<  ,(*)) 


'/(*), 


(3.7) 


where  l  measures  the  current  time  and  <c(x)  represents  the  time  at  which  the  shelf  was 
created  at  each  point  x.  By  writing  the  creation  time  as  a  function  of  x  through  the 
integration  of  (3.6)  we  arrived  at  the  following  results.  For  case  (i),  (3.7)  yields 


*  U  6 

?c(X’  3Vo(l+<rx/3V*0)*’ 

where  70  *  >}(t  »  0). 

Similarly  for  case  (ii),  it  is  easy  to  verify  that 


(3.8) 


<r(oi  —  1 ) 

3^0[l-7<rx/l2i7j]»' 


(3.9) 


In  figure  5  we  look  at  an  enlarged  version  of  the  solution  for  case  (i)  at  f  »  27  time 
units,  and  we  focus  our  attention  on  the  shelf  portion  of  that  solution.  The  dashed  line 
just  below  the  shelf  represents  the  maximum  amplitude  of  the  shelf  at  each  point  x. 
This  maximum,  which  is  -  r(<c)/37?(ic),  occurs  at  the  time  of  its  creation.  The  numerical 
results  agree  almost  precisely  with  the  perturbation  results  given  by  (3.8)  and  (3.9), 
and  the  comparison  is  equally  good  at  all  other  times. 

In  order  to  study  further  the  formation  and  evolution  of  the  shelf,  we  focused  our 
attention  on  several  positions  and  monitored  the  evolution  of  the  shelf  at  those  points. 
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Distance  x 


Floras  8.  Numerical  solution  ( — O — )  versus  perturbation  theory  { - )  for  oscillatory  tail.  The 

results  graph  tail  amplitude  (-5-Ox  10~*  <  q{x,  t )  <  5-0 x  10~*)  verms  distance  ( - 40  <  *  <  0) 
for  case  (i)  at  l  «  7  time  units. 

Figures  8  and  7  show  in  detail  the  evolution  of  the  shelf  after  its  initial  formation  and 
the  perturbation  and  numerical  results  agree  almost  precisely.  Although  the  slight 
differences  between  theory  and  experiment  fall  within  the  range  of  the  numerical  error, 
there  is  some  suggestion  of  long  waves  propagating  along  the  shelf  from  the  solitary 
wave. 

The  results  shown  in  figure  7  which  are  for  case  (ii)  are  qualitatively  the  same  as 
case  (i). 

We  also  checked  case  (i)  with  <r  =  +  fa,  the  amplified  case  corresponding  to  an 
upward-facing  shelf.  After  checking  (3.8)  against  the  numerical  results  we  again  found 
close  agreement.  Note  that  while  the  shelf  amplitude  decreases  with  x  ( —  T/3 if  (te) 
decreases  with  z),  nevertheless  at  each  point  the  shelf  eventually  grows  with  time  (see 
(2.8),  (3.8),  with  <r  -  +■&)■  We  remind  the  reader  that  the  result  (3.8)  for  the  shelf  is 

obtained  by  the  balance  qt  »  crq.  Both  qqx  and  o _ are  of  smaller  order.  However,  as  the 

shelf  grows,  the  nonlinear  term  again  becomes  important  and  indeed  the  shelf  will 
begin  to  break  and  form  order -one  spatial  derivatives  on  the  time  scale  cr~l  In  o~l.  At 
this  stage  the  dispersion  becomes  important;  the  shelf  breaks  into  a  solitary  wave 
train,  each  pulse  of  which  is  weakly  amplified  by  the  <rq  term. 

The  last  major  portion  of  the  solution  considered  was  the  oscillatory  tail.  This  tail 
can  be  viewed  in  figure  1  for  various  time  levels.  In  figure  8  we  show  a  more  detailed 
comparison  of  the  perturbation  results  (2.3)  and  the  numerical  results  for  case  (i)  at 
I  m  7  time  units.  The  amplitude  T/3^  in  (2.3)  has  been  adj  usted  to  the  value 

<r<*„)/377(t0))  exp  ^J,4  r»  dsj 
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inline  with  (2.6)  and  (3.7);  that  is 

(7t*t  r  f*/<*>*  "I 

7uu(*-?)  *  3^-[-i+Jo  Ai(*)<fcJ.  (3.10) 

The  phase  of  the  theoretical  solution  is  not  known  exactly  (the  discrepancy  is  of  the 
order  of  the  width  of  the  solitary  wave)  due  to  the  lack  of  precise  information  as  to 
where  the  shelf  is  formed  with  respect  to  the  solitary  wave.  Therefore  within  this 
latitude  we  have  chosen  the  phase  of  the  theoretical  solution  (2.3)  so  that  it  agrees  with 
the  numerical  solution  at  the  point  where  the  oscillatory  tail  attaches  to  the  shelf.  We 
believe  that  the  slight  remaining  discrepancy  between  the  theory  and  numerical 
experiment  is  due  to  the  presence  of  very  low-amplitude  long  waves  which  are  con¬ 
tinuously  created  at  the  solitary  wave.  As  already  noted  some  evidence  for  these  waves 
is  seen  in  figures  5-7.  Indeed,  a  very  careful  examination  of  the  time  dependence  in  the 
oscillatory  tail  seems  to  indicate  the  presence  of  these  long  waves.  However  our  present 
numerical  scheme  is  not  sufficiently  accurate  to  study  this  very  small  effect  in  further 
detail. 

The  authors  are  grateful  to  NSF  (MCS75-07548  A01 )  and  ONR  (N00014-76-C-0867) 
for  support. 
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We  report  an  unexpected  result  and  illustrate  the  mechanism  by  which  a  solitary  wave  propagating  on  a  thermocJine 
reverses  its  polarity  as  it  passes  through  a  turning  point  near  the  shoreline. 


1.  Introduction.  Long  solitary  waves  in  lakes  and 
estuaries,  propagating  on  the  thermocline  separating 
two  shallow  layers  of  fluid  of  almost  equal  densities, 
are  approximately  described  by  the  Korteweg-de 
Vries  equation.  The  effect  of  the  change  in  depth  of 
the  bottom  layer,  which  the  wave  feels  as  it  approach¬ 
es  the  shore,  results  in  the  coefficient  of  the  non¬ 
linear  term  being  a  slowly  varying  function  of  position 
which  has  a  zero  at  the  point  (the  turning  point)  where 
the  depths  of  the  top  and  bottom  layers  are  approx¬ 
imately  equal.  Since  a  solitary  wave  represents  a 
balance  between  quadratic  nonlinearity  and  linear 
dispersion,  in  the  present  context  the  sign  of  the  non¬ 
linear  term  determines  that  the  wave  must  always 
face  into  the  deeper  layer.  It  has  therefore  been  argued 
[1 1  that  the  solitary  wave  ceases  to  exist  at  the  turn¬ 
ing  point  and  disintegrates  into  a  train  of  dispersive 
nonlinear  waves  there.  Although  this  does  indeed  oc¬ 
cur,  it  is  far  from  the  whole  story.  What  happens  in 
addition  is  that  the  solitary  wave,  which  initially 
faces  into  the  bottom  layer,  develops  in  its  wake  a 
long  shelf  of  the  opposite  polarity  as  it  approaches 
the  turning  point.  After  the  turning  point,  the  original 
downward  facing  solitary  wave  disintegrates,  but  the 
upward  facing  shelf  forms  a  new  upward  facing  solita¬ 
ry  wave  which  propagates  through  to  the  shoreline. 

2.  The  model.  Consider  the  situation  as  shown  in 
fig.  1 .  Following  the  ideas  of  refs.  [  1 ,2] ,  we  find  the 
equation  which  describes  the  nondimensional  eleva¬ 
tion. 


p 

i 


*1 


Fig.  1.  Physical  system  being  considered,  where  N(x,  t)  is  the 
dimensional  elevation  of  the  thermocline  and  the  densities 
of  the  upper  and  lower  fluids  are  tad  pj,  respectively. 


V(X,  6)  *  DiXWx.  t)l[[H2(X)lh2  -  1 1  <«*,)}, 

of  the  thermocline  separating  two  shallow  layers  of 
fluid  (the  effects  of  surface  waves  are  neglected)  of 
slightly  different  densities  px , p2  (pj  < p2)  is 

Vx  +A(X)VVe  +B(X)V9t9  *  C(X)V  =  0,  (2.1) 

where  X  *  e3!2xfh2  measures  position, 

X 

6=e~lf  D~i,2(r)dr-(gelh2)mt 
is  the  negative  of  the  retarded  time, 
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(1  -/f2(J0/A2] 

W0*  • 

x  and  t  are  the  dimensional  space  and  time  coordinates 
and  0  <  e  <  1  is  the  ratio  of  wave  amplitude  to  depth. 
The  coefficients  ^4(AT),  B(X)  and  CW  are  defined  by 

-4W*3(1  -PiJl/PalfyaP^a  -PMh’ 

fl(*)-/l/2(/2  +p1/,/p2)/d£)3/2(/1  +P1/2/p2), 

C(*)  *  -%/40  +  /^/2/2, 

where  /t  ahl/h2  and  /2  ■  1  -  H2(X)/h2  are  con¬ 
sidered  to  be  slowly  varying  functions  of  -T  (i.e. 
H^H^x  ~  fX0)). 50  that  the  change  in  the  bottom 
slope  occurs  over  many  solitary  wave  widths;  how¬ 
ever,  the  terms  reflecting  changes  in  4,  fl  and  C  are 
more  important  than  the  next  terms  (higher  order  non¬ 
linearity  and  dispersion)  which  would  appear  in  eq. 
(2.1)  (i.e.  e2  <eo<  e).  Note  that  the  coefficient  A(X) 
of  the  nonlinear  term  changes  sign  where  p2/|  = 
pxl\,  which  when  p2~px  =  0.06pl  occurs  when  lx 
and  V2  are  approximately  equal. 

Using  the  transformation  W(r,  6)  =  A(X)V(X,  6)1 
B(X),  where  r  =  fxB(r)dr  we  obtain 

K  +  WW,  ♦  W9ee  +  (C  +  BJB  -  At/A)W  =  0.  (2.2) 

Once  H2{X)  begins  to  change,  the  terms  A~lAT, 
B~lBT  and  C  are  all  important;  however,  as  the  turn¬ 
ing  point  (r  *  1  la)  is  approached,  the  term  4  ~  *4  T  is 
dominant.  This  allows  us  to  simplify  our  model  further 
by  neglecting  C(r),  changes  in  5(r)  and  writing  A(t)  = 
oK{t  -  1  la),  where 

oK  -  -3Pi/2t(t )/f?(p2  -  P!)0w(T)fl(r), 


analyses  [2,3, 6, 8]  which  discuss  a  perturbation  theory 
for  eq.  (2.4).  However,  it  was  only  recently  [4,5]  that 
the  role  of  the  shelf  in  creating  or  destroying  mass 
was  appreciated.  The  global  structure  of  the  shelf, 
which  is  needed  to  show  that  is  indeed  a 

constant  (in  r)  of  the  motion,  was  first  given  in  ref. 
[7].  Here  we  follow  the  prescription  given  in  refs. 

[6,7]  and  show  how,  by  a  judicious  use  of  the  con¬ 
servation  laws  of  eq.  (2.4),  we  can  obtain  all  the 
leading  order  behavior  for  distances  r  and  retarded 
times  6  of  order  1/cr. 

We  begin  at  the  point  t  =  0  when  the  perturbation 
is  switched  on  with  the  pure  soliton  state, 

<7j(r,  9)  =  2t?2  sech2i?(0  -  9),  dT  =  4t?2,  tj  =  t)0. 

First  we  calculate  the  slow  change  in  the  parameter 
»?(t)  induced  by  the  perturbation.  By  using  the  con¬ 
servation  of  energy 


we  obtain  rj(r)  =  q0/2^(r).  Second,  from  the  conserva¬ 
tion  of  center  of  gravity 

,  -  -  f  - 

0qd0=*3  J  q2  d0+y  f  0qd0, 

—  oo  —  m>  _«• 

we  find  that  to  leading  order,  the  solitary  wave  velocity 
9r  is  4t?2(t)  [the  true  velocity,  in  the  physical  coor¬ 
dinates  x,  r  is 

*ra-V(«x-**) 


*»(gZ)A2)1/2  + 


2(gDh2)ll2B2(X)KD3lHX)N(x.  t) 
A(X)[H2(X)-h2] 


evaluated  at  r  *  l/a.  Setting  u(r,  6)  *  KW(r,  9)/A(t), 
we  obtain  what  we  shall  call  the  TKdV  (transitional 
Korteweg-de  Vries)  equation, 

uT  +/(r)uu9  +  u999  *  0,  (2.3) 

where /(r)  ■  -1  +  or.  We  exploit  the  fact  that/(r) 
changes  slowly  with  r  by  setting  u(r,  9) m  6 q(r,  8)1 
/(r),  whence  eq.  (2.3)  becomes 

?r  +  *  less  *  (/,//)<?•  (24) 

3.  Perturbation  theory.  There  have  been  many 


which  can  be  integrated  to  give  8  as  a  function  of  r: 
0(f)*  I  2t?q  { 1  -  [-/(r)]7/3}/7o. 

Next,  we  calculate  the  shape  of  the  secondary  struc¬ 
ture.  Because  the  solitary  wave  parameter  has  been  al¬ 
ready  modulated  to  satisfy  the  conservation  of  energy 
requirement  (the  only  consistent  choice),  the  local 
mass  conservation  relation  cannot  be  satisfied.  Only 
two-thirds  of  the  extra  mass  created  (depleted)  per 
unit  distance  by  the  perturbation  can  be  absorbed 
(lost)  by  the  solitary  wave.  Therefore  a  shelf  qc(r,  6) 
is  created  between  0  “  0  and  9*6,  the  present  posi- 
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tion  of  the  solitary  wave.  Its  height  upon  creation  can 
be  found  by  balancing  the  expression  for  the  local 
conservation  of  mass. 


Using  Sr  *  4t?2(r)  yields 


\fTIMr)f{r)\\T.., 

which  may  be  written  as  a  function  of  8  using  the 
relation /(r)  ■  of  -  l  *  -(1  -  7o5/_l2rj^)3/7,  the  last 
expression  obtained  by  integrating  dT  -  4rj2.  Since 
the  shelf  amplitude  is  small  and  since  it  varies  slowly 
with  respect  to  6,  its  subsequent  evolution  is  given 
by  balancing  qT  and  f^/f. Thus,  when  the  solitary 
wave  is  at  r,  at  retarded  time  8,  the  height  of  the 
shelf  at  8  is 


qc(8,T)*qc(8,r)f(T)lf(f) 


=  o(or  -  l)/3rj0(l  -  7ad/l2rj§)8/7,  0 <8  <8. 

It  is  important  to  stress  that  while  the  shelf  amplitude 
is  order  o,  its  mass  content  is  order  one.  Therefore  the 
shelf  plays  a  crucial  role  in  the  leading  order  descrip¬ 
tion  of  the  system.  For  example,  from  our  results 
we  note  that  solitary  wave  for  TKdV  is  given  by 

u,{6,  r)»  12t(o  [ — /XT)1  ~ 1/3 


Xsech2{qo[-/(r)]2'3(0-0)}. 

its  mass  content  is  -24tjq(-/)~^3  ;  the  shelf  uc(fl,  r) 
is  2o/r?0(l  -  a0/i2r?o)8*,O<  8  <8,  and  zero  else¬ 
where  and  its  mass  content  is  24j? 0(-f)~^3  -  24rj0. 
Note  the  conservation  of  total  mass  f?mu  d 8  to  lead¬ 
ing  order  depends  crucially  on  the  existence  of  the 
shelf.  We  also  observe  that  while  the  solitary  wave 
decreases  in  amplitude,  its  mass  content  and  conse¬ 
quently  that  of  the  shelf  increases  without  bound  as 
the  turning  point  is  approached.  Indeed,  the  perturba¬ 
tion  theory  breaks  down  at  a  point  where  the  ampli¬ 
tudes  of  the  solitary  wave  and  the  shelf  are  of  the 
same  order,  when  r  =  (l/o)[l  -  0(a^3)l.  Neverthe¬ 
less,  as  we  see  from  the  numerical  results  which 
follow,  the  perturbation  theory  gives  us  qualitatively 
accurate  results  beyond  the  breakdown  point;  the 
solitary  wave  (and  consequently  the  shelf)  continues 
to  gain  negative  (positive)  mass.  We  remark  tha.:  the 
perturbation  procedure  shown  here  can  be  used  quite 


universally  and  results  from  other  important  examples 
are  listed  in  the  appendix. 

4.  Numerical  results.  Here  we  focus  on  fig.  2  which 
gives  the  results  of  a  numerical  integration  of  eq.  (2.3) 
from  r  *  0,  with  o  =  1/20  and  initial  conditions 

us(8, 0)=  —  12t?q  sech2r)o0. 

We  used  a  modification  of  the  Vliegenthart  scheme 
[9]  and  checked  accuracy  by  continuously  monitor¬ 
ing  conservation  of  mass  (Judd  -  — 24-?0)  and  energy 
(/V2 d8  *  192?fj)).  In  fig.  2,  we  drew,  at  each  fixed 
position  r,  the  negative  (and  retarded;  the  phase  de¬ 
pends  on  location)  time  history  9  of  the  pulse.  For 
locations  between  t  =  0  and  IS  (r  =  16  is  the  approx¬ 
imate  breakdown  position),  the  results  of  perturba¬ 
tion  theory  and  numerical  experiment  were  compared 
and  are  in  dose  agreement.  After  the  breakdown  of 
the  perturbation  theory  and  before  the  turning  point 
IS  <  r  <  20,  we  observe  that  the  solitary  wave  con¬ 
tinues  to  gain  (negative)  mass.  However  it  has  also 
noticeably  slowed  down  and,  just  before  r  =>  20,  has 
begun  to  travel  backwards  which,  in  physical  coor¬ 
dinates,  means  that  it  is  now  traveling  with  a  velocity 
less  than  that  of  the  longest  linear  dispersive  wave. 

The  result  of  the  slowing  down  is  that  the  compensat¬ 
ing  gain  of  (positive)  mass  of  the  shelf  takes  place 
over  smaller  intervals  and  a  peak  begins  to  appear  at 
the  front  of  the  shelf.  At  the  turning  point  r  =  20, 
the  peak  is  quite  pronounced.  As  the  turning  point  is 
passed,  the  peak  and  the  remaining  shelf  breaks  up 
into  a  train  of  pulses.  These  pulses,  if  they  are  to  be 
solitary  waves,  must  still  pass  through  the  valley 
created  by  t*  e  remains  of  the  original  solitary  wave. 
The  criterion  (determined  numerically  ;  one  can  also 
make  a  plausible  analytical  argument  using  inverse 
scattering  theory)  that  a  solitary  wave  forms  is  that 
for  some  r,  the  amplitude  of  the  leading  pulse  is  at 
least  twice  that  of  the  valley.  At  r  ■  30,  we  can  see 
that,  in  this  case,  the  leading  pulse  satisfies  this  cri¬ 
terion  and  is  beginning  to  separate  from  the  others 
which  form  part  of  a  dispersive  wave  train.  At  r  =  40, 
at  which  point  we  take/(r)  *  1,  the  new  upward  facing 
solitary  wave  is  about  to  emerge  from  the  effects  of 
the  disintegrating  original  solitary  wave.  We  continued 
the  numerical  calculation  till  r  *  200  in  order  to  de¬ 
termine  that  the  emerging  solitary  wave  has  indeed  the 
character  of  a  Korteweg— de  Vries  soliton,  12k2 
X  sech2k(0  -  80  -  4k* t). 
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Fig.  3  is  a  graph  of  k  versus  r?0  for  various  a.  Note 
that  as  long  as  t?o  is  large  enough,  the  amplitude  of 
the  first  upward  facing  pulse  will  be  sufficient  to 
create  a  solitary  wave.  For  larger  values  of  tjq,  we  note 
the  remarkable  result,  for  which  we  have  no  analytical 
explanation  at  the  present  time,  that  k  •  2tj0/3,  in¬ 
dependent  of  o. 

Appendix.  Perturbation  results  for  various  equations. 
q,  +  6qrqx  +  qxxx  *  F, 

qi  =  a  sech^'nlT  -  Xi, 

a,'  =  (r+lXf  +  2)rj2/3r2. 

_  Example  1  :r-  UF-aq^q^qg  exp(2or/3), 

Xt  <*  4tr  and 

qc  •  a  exp  (at)/ 3q0(  1  +  aXI 3r?jj)3^4 ,  for  0  <  X  <  X. 

Example  2:  r*  l,Fm  OQxX,Tl  *  ^0^  +  l^rjo*7^ 
IS)-1^2,  AT,  *  4r?2  and 

qc  *  (8i70o/ 1 5)exp(-2(jA7 15),  for  0  <  X  <  X 


Example  3:  r  =  2,  F  =  oq\ q  =  rjo  exp(2cr), 3f,  *»  r?2 
and 

qc  =  ira  exp(2af)/r?o(  1  +  4oX/tiq),  forO<X<X. 
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Bifurcation  and  Nonlinear  Focusing 


A.C.  Newell 

Clarkson  College  of  Technology 
Potsdam,  NY  13676,  USA 


Abstract: : 

We  suggest  that  the  phenomenon  of  nonlinear  focusing  can  play  an 
important  role  in  the  tranaition  of  a  system  from  one  wavelike  state  to 
another. 

1.  Introduction 

\ 

Nature  provides  an  abundance  of  physical  situations  which  are  not  simply 
conservative  and,  in  addition  to  the  balance  of  forces  which  give  rise  to  wave 
motions.  Involve  nonconservative  effects  such  as  diffusion  and  external  influences 
which  provide  a  reservoir  of  potential  energy.  Thq  balance  between  the  external 
forces  and  dissipation  or  restoring  forces  Is  usually  characterised  in  the  form 
of  a  parameter  (or  parameters),  such  as  the  Reynolds,  Rayleigh  or  Taylor  numbers 
in  fluid  mechanics,  the  north-south  temperature  gradient  in  meteorology,  the 
loading  parameter  in  elastic  shell  theory,  the  inversion  number  in  lasers,  the 
temperature  in  superconductors,  the  time  step  in  a  finite  difference  algorithm 
used  to  solve  a  partial  differential  equation.  At  certain  critical  values  of 
these  parameters,  a  fundamental  and  nonanalytic  change  in  the  nature  of  the 
solution  occurs  (it  will  be  necessary  to  qualify  this  statement  in  what  follows); 
for  example,  the  change  can  be  from  a  stationary  state  to  a  steady  or  wavelike, 
regular  or  Irregular  motion.  When  the  resulting  motion  is  ordered,  like  in  a 
fluid  heated  from  below  (one-dimensional  convection  cells),  or  in  a  laser 
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(synchronized  lighc  saitalon)  or  a  super conductor  (boson  like  behavior  of  super¬ 
conducting  electrons  -  Che  Cooper  pairs),  then  we  call  ths  new  scats  a 


cooperative  phenoaanon  (1).  On  the  other  hand,  it  is  often  ttw  se  (e.g. 
instability  of  che  Blasiua  flow,  certain  plasma  instabilities)  chat  while  at 
the  onaec  of  instability  the  flow  appears  regular,  1c  quickly  degenerates  and 
exhibits  local  turbulent  bursts.  It  is  the  purpose  of  this  article  to  suggest 
a  possible  explanation  for  the  concentrated  patches  of  irregular  behavior. 

Before  we  do  this,  it  will  be  useful  co  review  sosm  background  aatarlal 
on  transition.  Our  first  goal  will  be  co  identify  those  circuncances  under 
which  a  systen  in  which  nany  nonaai  nodes  are  potentially  present  exhibits  a 
behavior  in  which  one  particular  configuration  or  pattern  donlnates  all  others. 

This  happens  in  open  sysceaa,  far  fron  equilibriuai,  because  one  configuration 
can  draw  on  the  reservoir  of  potential  energy  wore  efficiently  chan  others  and, 
iving  grown  co  a  finite  amplitude  state,  can  then  Inhibit  the  others  fron 
further  growth.  Present  evidence  aeeas  co  indicate  that  systems  with  degeneracy 
(or  syaasstry)  have  trouble  deciding  which  of  the  nany  configurations,  each  of 
wnich  can  draw  on  the  source  of  potential  energy  at  exactly  che  sane  rate, 
ire  dominant .  Therefore,  we  expect  chat  in  situations  such  as  gravitational 
convection  between  two  horizontal  planes  in  which  rolls  of  a  fixed  wavelength 
jut  arbitrary  alignment  can  grow  initially  ac  che  seats  race,  the  dominant 
-onf lguratlon,  if  at  all  realized,  must  arise  because  of  the  effects  of  side¬ 
walls  or  sons  external  forcing  which  gives  preference  co  some  particular  roll 
alignment. 

Conversely,  one  expects  that  in  systems  in  which  one  node  is  slightly 
preferred  over  the  others,  then  this  pattern  will  eventually  dominate  the  flow 
and  an  ordered  state  will  result.  In  nany  cases,  this  is  indeed  what  happens. 
However,  as  we  point  ouc  In  sections  &  and  5,  there  is  another  mechanism  which 
can  work  against  the  realization  of  the  ordered  state.  This  mechanisn  is 
dynazdc  in  character  and  is  a  property  of  the  wavelike  behavior  of  the  excited 
state.  Briefly  stated,  in  certain  circuastances,  nonlinear  dispersive  wave- 
trains  do  not  wish  to  remain  monochroawtlc  with  one  characteristic  wavevector 
k  .  Instead,  they  often  break  up  and  focus  into  pulses.  Sometimes  the 

24S 


process  stops  after  the  pulses  achieve  a  certain  amplitude.  In  ocher  cases,  the 
pulses  continue  to  focus  until  the  local  finite  amplitude  effects  cause  the 
system  to  become  widely  Irregular  In  local  patches. 

2.  Monde generate  Transition 

Consider  a  mechanical  system  in  which  the  so-called  critical  parameter 
(henceforth  called  the  Reynolds  number)  R  Is  near  Its  lowest  critical  value  Rc. 

At  this  value,  linear  stability  analysis  suggests  that  one  of  the  normal  modes 
of  Che  system  Is  sbout  to  ms  Ice  a  transition  from  a  damped  (and  perhaps  oscillatory) 
or  purely  oscillating  state  to  one  which  grows  exponencially.  Provided  chat  the 
system  Is  nondegenerate,  chat  is,  only  one  mode  is  about  to  destabilize,  we  can 
describe  the  behavior  of  the  system  near  R  »  Rc  by  an  equation  for  Che  amplitude 
A  of  che  mode  in  transition, 

«A  -  X  +  xA  +  OA2  -  8A3  -  P(x» A)  .  (2.1) 

In  (2.1)  6  stands  for  d/dt  if  the  transition,  is  from  a  damped  to  excited 

.2 

state,  and  if  the  transition  is  from  a  neutral  (oscillatory)  to  excited 
dc 

state.  The  parameter  x  measures  R-Rc  and  for  our  discussion  we  will  assume 
It  to  be  real;  a' and  8,  both  taken  positive,  measure  the  nonlinear  reaction 
of  the  system.  In  the  context  of  elastic  shells,  the  quadratic  term  results 
from  the  influence  of  a  nonlinear  elastic  foundation;  the  cubic  term  usually 
arises  from  a  self-modal  Interaction.  The  parameter  I  we  call  the  geometric 
Imperfection  after  Kodter  [2],  who  Introduced  che  term  co  account  for  che 
imperfections  which  may  be  present  in  the  shell  before  loading.  As  we  point 
out  later  In  our  narrative,  this  constant  tarm  can  result  from  many  factors. 

It  piers  two  very  Important  roles. 

Consider  Figures  1  and  2.  Figure  1  is  the  curve  F(x»R-Rc,A)  «  0  with 
a  •  0  and  represents  what  is  called  a  supercritical  bifurcation.  If  I  •  0, 
there  la  only  one  root  A  “  0  for  x  "  F~RC  <  0  and  three  A  ■  0 ,  A  «  +  /)(7b 
for  x  >  0.  The  curves  CD  and  CE  represent  stable  solutions  of  (2.1);  CF  is 
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unstable.  The  transition  at  tha  bifurcation  point  ia  non-analytic ;  x  K  0, 

A  “  0 |  X  *  Oi  *  ■  ♦  ^x/S  •  If  I  >  0,  chan  tha  curve  F(x,A)  la  the  dotted 

curve  OGD  (atable)  and  EHF  (EH  stable,  HF  unstable).  Note  that  now  the 

ranaition  la  saooch  and  analytic.  This  la  the  first  laportant  role  of  the' 

geometric  laperfection.  In  [3],  Benjaain  describes  how  Its  presence  (due  to 

the  effect  of  cylinders  of  finite  length)  affects  the  onset  of  Taylor  vortices 

.n  the  supercritical  bifurcation  of  a  flow  between  rotating  cylinders.  The 

Taylor  vortices  can  be  seen  as  ghoscly  apparitions  at  eubcritical  values  of  S, 

the  Taylor  nuaber;  however,  they  are  amplified  rather  rapidly,  albeit 

imoothly,  when  R  la  close  to  R  . 

c 

Figure  2  ahowa  tha  curve  of  a  i  0.  This  kind  of  bifurcation  is  called 
tranacrlclcal.  Again,  if  I  -  0,  the  "parabola"  ECU  in  Figure  1  is  simply 
displaced  so  that  its  vertex  C  le  at  x  "  -a2/4B,  A  -  <j/28.  The  portion  of 
the  curve  R  C  is  unstable;  CD  and  R  E  are  stable;  R  F  is  unstable.  The 

C  C  C 

stability  properties  of  the  various  branches  can  be  slaply  understood.  Let 
A  be  an  equilibrium  solution  of  (2.1).  Then  if  A  ■  A  +  p,  dp/dc  •  OF/ 3a)  p 

O  0  0 

9F  3F  dA  3p 

to  first  order.  But,  ■  0  and  since  •gj  »  A  we  have, 

•  -  A  (4^)  p.  •  Hence,  for  A  >  0  (<  0),  Che  branch  is  unstable  (stable)  if 
dt  o  ox  o  o 

A  decreases  with  x.  stable  (unstable)  If  A  increases  with  x .  In  the  situation 
depicted  in  Figure  2,  one  can  have  a  subcrltical  bifurcation;  that  is,  for 
values  of  x  <  0,  there  is  a  possibility  that  if  perturbations  are  large  enough, 
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the  system  can  transfer  from  the  stable  solution  0Rc  to  the  stable  solution  CD. 
The  phenomenon  hysteresis  la  also  present.  In  the  case  of  transcrltlcal 
bifurcation,  the  geometric  Imperfection  I  plays  a  second  Important  role.  Uhen 
I  >  0,  Che  curve  F(x,A)  •  0  changes  as  shown  by  the  dotted  line  In  Figure  2. 

The  curve  has- two  separate  branches  OGCD  (0G  stable,  GC  unstable,  CD  stable) 
and  EHF  (EH  stable,  HF  unstable).  Moreover,  we  also  note  that  if  I  Is 
sufficiently  large,  the  curve  OGCD  describes  a  single  valued  relation  between 
the  amplitude  A  and  the  Reynolds  number  R.  However,  the  Important  point  Is 
that  the  Imperfection  prcvldes  a  means  for  the  syscem  to  reach  the  neighbor¬ 
hood  of  the  unstable  saddle  points  GC  without  che  benefit  or  large  disturbances. 
If  X  R  Is  Increased  beyond  the  value  corresponding  to  G,  the  system  will 
be  attracted  to  the  only  possible  stable  configuration  on  CD.  It  should  be 
noted,  however,  chat  in  the  shell  buckling  problem  there  is  no  branch  CD  and 
therefore  once  G  Is  reached,  che  shell  begins  a  total  collapse  which  Is  only 
halted  when  che  shell  assumes  a  completely  new  configuration  (large  buckles 
with  sharp  corners  to  absorb  the  energy) .  The  role  of  che  geometric  imperfec¬ 
tion  in  lowering  che  critical  buckling  load  from  Rc  to  G  was  one  of  the  many 
fundamental  contributions  of  Koltsr  [2]  to  our  understanding  of  bifurcation 
phenomena . 

In  this  lecture,  I  will  suggest  another  means  by  which  a  system  can  realize 


locally  the  unstable  branch  GC  without  benefit  of  large  perturbations.  The 
mechanism  Is  dynamic  and  relies  on  the  fact  that  the  transition  Is  almost 


degenerate  In  Che  tense  chac  whereas  one  normal  node  has  che  fastest 
growth,  there  is  a  continuum  of  others  which  destabllze  at  only  slightly 
higher  values  of  . 

3.  Degenerate  Transitions 

Degenerate  transitions  nose  often  occur  in  infinite  dimensional  systems 
with  symecry.  The  problem  of  gravitational  convection  in  a  fluid  contained 
between  cwo  horizontal  planes  in  an  adverse  temperature  gradient  is  a  typical 
example.  In  chis  situation,  a  linear  stability  analysia  of  che  purely  conductive 
solution  fixes  the  wavelength  1  *  2ir/ 1  k  |  but  not  che  direction  c  of  che 

l*cl 

normal  modes  in  which  convective  motion  can  first  cake  place.  For  che  problem 

of  an  axially  loaded  cylindrical  shell,  che  syessecry  allows  any  mode  with  a 

\ 

2  2  ■* 

wavevector  lying  on  che  locus  k  +  k  -  +  k  (k  •  (k  ,k  ) ,  x  is  the  axial, 

xy-x  x  y 

the  circumferential  coordinate)  to  appear.  Moreover,  the  linear  analysis 

pansies  any  linear  combination  of  these  normal  modes  to  occur;  we  call  this 

the  planform.  For  example,  if  the  motion  has  only  one  k  vector,  then  the 

motion  is  a  roll  whose  axis  lies  in  the  direction  perpendicular  to  k.  If 

the  motion  has  three  wavevectors  k. ,  k_,  k,,  each  of  which  satisfies  2n/|k|  -  X 

1  i.  J  c 

and  each  separated  by  120*,  then  che  planform  is  hexagonal.  In  the  buckling  of 

a  cylindrical  shell,  the  planform  k^  •  p  (-1,0),  p  (k^.k  ) ,  -p  (l-k^.-k  )  has 

c  c  ’  c  ” 

a  diamond  shape. 

The  question  naturally  arises:  which  of  che  various  configurations  are 
realized  in  a  real  experiment?  In  the  neighborhood  of  R  •  R£  each  normal  mode, 
if  left  on  its  own,  would  grow  to  a  stage  until  the  finite  solitude  (nonlinear) 
effects  sufficiently  modify  che  excess  adverse  temperature  gradlenc  so  as  che 
motion  settles  down  to  a  steady  (or  in  other  examples  a  limit  cycle)  state. 

This  situation  is  essentially,  described  by  (2.1)  with  I  •  a  >0.  however, 
che  modee,  once  they  have  reached  a  finite  amplitude  state,  do  not  behave 
independently;  rather  they  compete  and  out  of  this  competition,  a  dominant 
planform  any  (or  indeed  may  not)  emerge.  One  way  to  gain  soma  insight  into 
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what  sight  bs  the  preferred  node  is  to  consider  the  stability  of  the  various 
steady  solutions  (each  realized  without  interference  froa  the  others)  when 
perturbed  by  all  other  allowable  configurations.  This  approach  was  pioneerad 
by  Schliiter,  Lortz  and  Buase  [4]  and  extended  by  Bussa  (the  Busae  "balloon"; 
see  [5])  and  such  of  the  work  ia  either  suanarized  or  referenced  in  a  recent 
review  by  Buses  (6).  For  example,  using  this  approach,  one  can  infer  that  if 
the  Oberbeck-Boussinesq  equations  are  nodi  fled  slightly  so  as  to  Include  the 
viscosity  dependence  on  tesperature  or  quadratic  effects  in  the  density 
tesperature  relation,  the  hexagonal  plan form  is  preferred.  The  reason  for 
this  la  worth  elaborating  (which  we  do  below)  because  the  resulting  planfons 
is  due  to  the  presence  of  quadratic  terms  (a  4  0  in  (2.1))  in  the  amplitude 
relations  and  it  la  useful  to  understand  how  such  terms  naturally  arise.  In 
one  sense  they  are  atypical  although  catastrophy  cheory  experts  like  to  state 
that  the  tranecrltical  bifurcation  is  generic  (that  is,  more  typical  than  the 
supercritical  one).  I  will  leave  this  semantic  point  to  the  reader  to  decide. 

Let  us  now  review  the  reasons  for  the  existence  of  various  terms  in  the 
amplitude  equation  (2.1)  and  discuss  in  what  sense  the  quadratic  terms  are 
typical.  (2.1)  la  derived  by  a  perturbation  analysis  of  the  underlying  equa¬ 
tions  written  schematically  as 


In  (3.1),  L  la  a  linear  operator  acting  on  the  scalar  field  u(x^,t)  which 

describes  the  difference  between  the  actual  state  of  the  system  V(x^,t)  and 

some  known  background  state  V  (x  ,t)  whose  stability  is  about  to  be  lost  as 

*  1 

the  Reynolds  number  is  increased.  The  RHS  represents  all  the  nonlinear  terms 
which  become  Important  when  the  solution  u(x^,t)  reaches  finite  amplitude. 

One  begins  the  analysis  by  investigating  the  linear  stability  problem. 
Simply  ignore  the  RHS  of  (3.1)  and  seek  solutions  of 


^  • R)u  ■ 0 
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In  chc  fora 


i(k,-x,-oe) 

u(Xj  ,  t)  “  e  J  J  i>(kj,xp  .  o  -  u  +  iv  .  (3.3) 

In  (3.3)  Xj,  j  «  1....M,  corresponds  to  thosa  apatial  coordinates  whoaa  domain 

la  infinite  (or  at  iaaat  larga  compared  with  X  )  and  which  ara  aaaociated  with 

c 

a  continuoua  spectrum  kj ■  and  x j .  J  *  Mel,...N  corraaponda  to  thoaa 
coordlnataa  which  ara  finite  in  extant  and  laad  to  a  quantized  and  diacreca 
apactrua.  In  the  caae  of  gravitational  convection  in  a  fluid  layer  between 
two  horizontal  plates,  N  »  3,  M  *  2,  x^,  x^  correapond  to  x,  y  the  horizontal 

coordlnataa  <  x,y  <  »  and  z  to  the  vertical  coordinate  0  <  z  <  1. 

Subatitutlon  of  (3.3)  into  (3.23  with  the  appropriate  choice  of  elgenfunccions 
$(kj,xj)  leada  to  the  equation 
% 

L(-iw+v,  lkj ,  R)  -  0  (3.4) 

(recall  aoae  of  the  kj  are  diacrete)  which  ia  going  to  be  central  in  our 

future  dlecuaalon.  In  general,  (3.4)  ia  a  complex  relation  and  allowa  us  to 

aolva  for  the  dispersion  u  and  growth  rate  v  as  functions  of  k,  and  R. 

/  J 

w-u^.R)  ,  (3.5) 

v  -  v(kj.R)  .  (3.6) 

Mow  the  solution  (3.3)  la  linearly  unstable  in  the  region  of  the  (k^.R)  plane 
where  v(kj,R)  >  0  and  stable  when  v(k^,R)  <  0.  This  defines  a  neutral  surface 

v(kj,R)  -  0  (3.7) 

or  solving  for  R  assuming  3v/3R  i  0  , 

R  -  R(kj)  .  (3.8) 

(text,  let  ua  choose  k^  such  that  R  la  minimal.  One  uauslly  can  choose  among 
the  diacrete  modes  to  achieve  this  end  by  inspection.  At  this  point  we  fix 
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eh*  value*  of  kj  corresponding  co  discrete  nodes  at  the  values  which  lead  to 

■iniaua  R  and  call  the  corresponding  lowest  eigenfunction  ♦  .  Henceforth 

o 

we  oalt  the  tilde  on  the  continuous  spectrua.  Froa  (3.7), 


3v_  .  3v  3R_ 
Skj  3R  3kj 


0 


(3.9) 


and  we  choose  k^c  (the  k^) ,  such  that 


3v 

3k 


3 


3R 

3k, 


0  . 


(3.10) 


Aa  we  have  already  pointed  out,  in  those  situations  with  built-in  sytuetries, 
these  equations  nay  lead  to  a  surface 


*(^,...1^)  -  0 


(3.11) 


rather  than  a  unique  wavevector  k,  . 

Jc 

One  now  proceed*  to  look  at  the  nonlinear  problea  in  the  neighborhood 
2  ' 

of  R.,  that  is,  R  ■  Rc (1+t  X) .  by  seeking  a  solution  for  (3.1)  in  the  fora 


where 


u(Xj , t)  »  e(uQ  euj^  +  e  uz  +  ...) 


l(k  -x-ui  t) 

«o  -  I  \(t)«  r  «o(x')  +  (*) 


(3.12) 


(3.13) 


In  (3.13),  the  subscript  r  refers  to  a  particular  wavevector  kr  ■ 

(klr>  kjr,...  k^)  and  not  to  the  conponent.  The  coordinate  x  •  (x^.-.x^), 
x'  *  (x((flf...x1J)i  Each  lies  on  the  surface  (3.11)  and  u>r  *  u>(£r,Rc) 

froa  ( 3 . 5.) .  W*  know  L(-lw(.,lkc>Re)  ■  0.  To  find  u^,  v*  will  solve  a  linear 

2 

lnhoaogeneous  equation;  the  lnhoaogenelty  will  arise  froa  the  terms  Nu  on 

o 

the  RHS  of  (3.1).  Each  of  these  terns  will  have  the  fora 


KW’X  "  *<*l^)*  2 


where  N  is  soae  operator  in  the  x|  (e.g. 


32* 


3* 


). 


(3.14) 
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In  order  for  u^  to  have  a  solution,  certain  solvability  conditions  (the 
Fredhola  alternative  theorem)  must  be  satisfied.  Crudely  speaking.  In  the  case 
of  salf-adjont  operators  L  and  self-adjont  boundary  conditions,  the  term 
(3.14)  is  secular  if  it  is  an  eigenfunction  for  the  operator  u!t  •  dr  >  V 

corresponding  to  the  eigenvalue  Rg.  In  order  for  this  to  happen,  we  must  have 
2 

that  (a)  the  term  N*  ,  when  projected  into  the  basis  of  which  $  is  the  first 
o  o 

member,  must  have  a  non-zero  component  of  ;  (b).  k^  +  k^  must  belong  to  the 

critical  surface  (3.11);  “  u(k^)  +  to ( k.^ )  must  be  the  nacural  frequency 

for  the  wavevector  kj+kj  chac  ia  t  “(kj+Sj) .  Only  when  these  conditions  are 

satisfied  is  there  a  quadratic  tens  in  the  amplitude  equation. 

In  order  to  gain  sosm  feeling  for  when  they  might  be  satisfied,  consider 

the  simplest*- problem  of  convection.  Hera,  the  onset  of  instability  is  steady 

and  w(£)  «  0.  Hence,  (c)  is  automatically  satisfied.  Since  for  this  case  the 

surface  K  is  a  circle  |£|  «  constant,  (b)  is  satisfied  for  three  vectors  k^, 

kj  at  angle  120*.  If  there  is  no  vertical  asynaetry  in  the  problem,  the 

first  eigenfunction  4  will  be  SinTtz  which  is  synmtrlc  about  z  *  1/2  and 

.  1  , 

its  square  will  have  a  zero  projection  into  Itself  (/  Sin  nzSinirz  •  0) . 

o 

However,  any  slight  vertical  asymmetry  will  lead  to  an  eigenfunction  0  which 

o 

is  not  syasatrlc  about  a  -  1/2  and  this  will  result  in  a  term  like  A*A*  in  the 
time  evolution  of  (k^+k^+k^  -  0).  Because  of  phase  differences,  such  terms 

almost  always  (for  a  counterexample,  see  [7])  lead  to  the  possibility  of  the 
onset  of  convection  at  aubcritlcal  values  of  R;  the  relevant  bifurcation  in 
these  cases  is  transcrltlcal. 

The  quadratic  terms  are  also  responsible  for  the  existence  of  a  sub- 
critical  branch  in  the  (A.R.)  curves  (Figure  2)  in  the  case  of  shell 
buckling  (see,  for  example,  [8,9]). 

Whereas  quadratic  terms  can  sometimes  appear  in  (2.1),  cubic  terns  always 
do.  They  will  result  from  terms  on  the  RHS  of  (3.1)  of  the  fora  Nu  u,  which 

O  1 

are  typically  of  the  fora 


t  free  boundaries  at  z  ■  0,1. 
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(3.15) 


+18+16+16 
«  J  *•“»*' 


V  -  V 


over  ell  (£, m) .  But  if  8  *  +■  9.  end  N$J  he*  a  non-zero  projection  into  <p 

^  O  l  o  o 

(c£.  /  sin^irzSinnzdz  d  0),  then  the  term  \  A.AjA*,  which  is  called  * 
o  1. 

modal  interaction,  will  appear  in  the  equation  for  the  growth  of  A^. 

The  equation  for  the  growth  of  the  anplltude  of  a  typical  wavevector  E^ 

can  now  be  written  down: 


C1  dt1  “  <R-Rc)Al  ‘  “123*2*3  '  *1  |  SH*i*t 


(3.16) 


where  C^,  and  6^  are  conatanta.  The  solution  of  (3.16)  and  the 

companion  equations  for  the  other  A^  do  not  have  the  property  that  a  unique 
configuration  emerges  asymptotically  in  time  which  is  Independent  of  the 
initial  conditions.  Thera  is  an  extremum  principle  due  to  Buaae  [10)  but 
the  principle  describes  a  local  property  and  does  not  exclude  the  possibility 
that  both  hexagons  and  rolls  are  stable  solutions.  Indeed,  for  certain  ranges 
of  R-R.,  that  is  the  case. 

It  turns  out,  then,  that  the  final  state  depends  not  only  on  the  relative 
stability  properties  of  the  various  configurations,  but  is  also  sensitive  to 
initial  conditions  and  most  important  to  sidewall  effects.  Indeed,  if  the 
aspect  raclo  is  less  than  30,  sidewall  effects  seem  to  dominate  in  that  they 
help  choose  the  particular  roll  alignments.  For  exaaple,  in  the  experiments 
of  Koscheieder  [11]  done  in  a  cylindrical  dish,  the  rolls  are  circular; 
in  Krlahnanurtl's  [12]  experiments,  the  rolls  align  themselves  with  the  side- 
walls  of  the  rectangular  layer. 

For  large  aspect  ratios,  whst  happens  is  that  the  various  configurations 
form  locally  in  a  fairly  random  fashion,  according  to  whatever  particular  roll 
alignment  was  favored  at  the  time  at  a  particular  location.  Then  configurations 
diffuse  outwards  (and  some  useful  description  of  this  process  may  be  possible 
by  an  equation  [6.3]  derived  below)  until  they  Interact  with  disturbances  for 
ocher  configurations.  Since  there  is  no  real  way  for  the  various  configurations 
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co  decide  which  la  dominant,  ch«  resulting  flow  will  cand  Co  exhlblc  lrragular 
bahavlor.  This  face  la  dramatically  emphasized  Id  cha  experiments  of  Ahlera 
and  Bahrlngar  [13]  who  find  chac  If  cha  aapacc  racio  la  57,  che  fluid  flow  is 
curbulanc  In  cha  Sanaa  chac  lc  haa  a  nonpariodlc  time  dapendence  for  all  R  >  R^. 
Ic  must  ba  enphaslzad  chac  chair  raaulca  ara  noe  a  contradiction  co  the 
experimental  raaulca  of  Buaae  and  Uhicahaad  {  5  ]  nor  co  cha  cheoreclcal  results 
of  Buaae  [14].  Theae  authora  do  noc  allow  sponcaneoua  onaac  of  any  rolls  but 
rachar  by  che  use  of  carefully  controlled  experiments  (cha  concrols  in  their 
experiences  can  ba  modelled  by  a  geometric  imperfection  cam  in  (3.16)),  cause 
cereals  roll  alignments  Co  be  favored  over  ochars.  Then  because  they  are 
locally  arable,  chay  raaain  donlnanc,  ac  lease  uncil  discurbances  from  dlscanc 
boundaries  can  affect  chan. 

To  summarise  Chen:  cha  < xiscence  of  coo  many  allowable  states  causes  che 
ays cam  co  appear  disordered.  There  la  order  In  cha  sansa  chac  the  typical 
wavelength  of  cha  flow  la  approximately  buc  che  roll  orientation  is  distri¬ 
buted  over  many  directions.  Therefore,  one  might  expect  that  If  a  system  is 
co  realize  a  natural  ordered  state ,  ic  muse  ba  almost  one  dimensional  (chat  la, 

dominated  by  a  single  waveveccor  k  ).  However,  as  we  shall  see  In  che 

c 

sections  to  coma,  there  are  ocher  mechanisms  lurking  In  the  wings  which  can 
frustrate  such  a  realization. 

Before  we  discuss  chase,  let  us  emphasize  chat  disorder  or  Curbulence 
can  appear  in  systems  of  small  dimension  (specifically  three)  and  does  not 
require  an  infinity  of  competing  nodes  [15,16,17,18).  For  example,  in  choae 
situations  where  che  first  trsnsltlon  is  to  an  ordered  state  (cf.  in  circular 
Couette  flow),  typically  what  happens  is  as  follows.  As  the  Reynolds  number 
(Taylor  number  in  the  circular  Couatca  flow)  is  raised,  one  sees  another 
bifurcation  to  periodic  (in  time.)  bahavlor  (a  1  torus).  When  Che  Reynolds 
nusAer  is  increasad  further,  a  second  frequency  appears  (flow  on  a  2-corus).  Ac 
a  value  of  the  Reynolds  number  at  which  chase  two  frequencies  fall  into  a 
rational  relationship,  there  is  some  evidence  of  aperiodic  flow,  the  spectrum 
broadens  and  the  flow  appears  chaotic.  Thus,  a  complete  disorder  is  possible 
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•van  though  only  three  modes  of  the  system  are  present.  Hovavar,  all  this 
occurs  at  values  of  the  Reynolds  number  considerably  beyond  the  value  at  vhich 
the  first  bifurcation  takes  place  (in  the  circular  Couette  problem,  the  Taylor 
nusiber  is  approximately  20  times  the  linear  critical  value)  vhich  is  the 
parasMter  range  we  are  investigating  in  this  paper. 


> .  The  Generalized  Newel 1-Whl teheed  Equation  and  Focusing 


tf  the  system  is  truly  one-dimensional  and  nondegenerate  in  the  sense 


that  the  motion  can  be  characterized  by  a  single  wavevector  k_ ,  then  the 


syetem  will  evolve  according  to  an  equation  like  (2.1).  If  in  addition 

2  *-Rc 

a  ■  0,  then  for  supercritical  Reynolds  numbers,  the  system  saturates  (A  •  -g —  ). 
However,  if  the  geometry  admits  a  continuum  of  wavevectors  in  the  neighborhood 


of  k  (such  is  che  case  if  the  aspect  ratio  in  the  convection  problem  is 
c 

infinite  or  if  che  cylinders  in  che  circular  Couette  problem  are  infinitely, 
long),  then  for  a  given  R  >  Rc>  a  finite  bandwidth  of  order  of  wave¬ 

numbers  can  be  excited.  Even  If  the  spectrum  is  discrete  (due  to  the  effects 

* 

of  finite  but  distant  boundaries),  it  is  necessary  to  incorporate  in  the 

1/2 

description  of  the  flow  those  siodes  whose  vavevectors  lie  in  a  0((R-RC)  ) 

neighborhood  of  kc.  One  does  this  by  allowing  the  amplitude  A  to  be  a  slowly 
varying  function  of  both  position  and  time.  The  envelope  equation  we  will 
derive  was  first  developed  by  Newell  and  Whitehead  [19]  and  Segel  [20]  for  che 
case  of  transition  from  a  zero  to  a  steady  state.  If  one  allows  only  dependence 

-a  1/2 

on  the  direction  parallel  to  k^,  the  appropriate  bandwidth  is  (R-Rc)  and 

the  equation  has  Glnzburg-Landau  form.  If  wavevectors  in  the  direction  per- 

«♦  1/4 

pendicular  to  k^  are  included,  the  relevant  bandwidth  is  0(R-Rc)  .  For  more 

details,  see  the  above  references  or  the  book  by  Joseph  [21].  When  the  transi¬ 
tion  la  to  a  state  of  growing  oscillations  (the  "overstable”  case),  then  the 
envelope  equation  includes  the  effects  of  group  velocity  and  dispersion  and  was 
first  given  in  [22], 


I 


We  seek  solutions  at  Chs  fora  (3-12)  to  the  equation  (3.1)  with 


*  h.  ♦  i(k  -x-w(k  ,R  )t) 

uo(x,x',t)  -  A(X,ri,T2,..)e  c  c  c 


*  (*')  +  (*> 
O 


(4.1) 


where  Is  the  moat  critical  wavavector  with  corresponding  frequency 

wc  “  “(k^R^,  x'  are  those  coordinates  of  finite  extent,  X  -  ex,  ■  et, 

2  2 

Tj  ■  s  t  and  R  *  R^l  +  e  x)-  The  effect  of  differentiating  the  product  of 
a  slowly  varying  envelope  A  and  a  fast  varying  exponential  phase  by  the 
independent  variables  can  be  modelled  by  creating  x;  t,  X,  and  as 
Independent  variables  and  making  che  following  t rans format ions : 

l?'le+e3T^+e23l;'3^-'3^+Eax^  -  Vith  thi‘  f0nMl  Strucrure’ 

equation  (3.1)  is  now  written: 


lL(3t  *  ax^  ‘V  +  e(L0  3tl  +  Lj  5  + 


e2(l  _i_  +  i  l  1L 

(Lo  3T2  2  Loo  „2 


+  L 


oj  3Xj  3Tl  +  L.1i  SX^X^  +  VcX)J(«.  +  eui  +  e  “2> 


-  ENu2  +  c2H(uoUl,  u*)  . 


(4.2) 


where  we  have  expanded  L(|^  +  e  +  e2  j|-  ,  -gj-  *t-~  ,  Rc(1+e2x))  in  a 

Taylor  expansion.  In  (4.2),  the  summation  convention  is  Implied.  To  order 
one,  (4.2)  is  exactly  satisfied  by  the  choice  (4.1).  At  order  E,  the  only 


secular  tares  are  (L 


■0  jjj-  +  Lj  »ince  unless  w(2£c)  -  2io(kc) ,  a  very 


unlikely  occurrence,  Nu*  only  contributes  second  harmonic  terms  to  u^ 
Removing  the  secular  terms  and  using  (A. 8)  we  find 


3A_  .  ,3oj  .  3A  , 
3TX  V3k^ 'e  aXj 


(4.3) 


which  shows  that  the  envelope  A (2,  T^,  T^)  depends  on  x  snd  c  through  che 
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combinations  X  *  £(x  -  ?ut)  and  T  *  £  t .  Henceforth,  when  we  write  X,  we  will 

mean  e(x  -  7<vt).  7m  is  the  group  velocity  of  the  most  unstable  wave. 

2 

At  order  £  ,  there  will  be  secular  terms  produced  by  Che  RHS  of'  (4.2) 

in  the  form  of  a  self  nodal  interaction  with  coefficient  -6L  A2  A*,  6*6  +  IS.. 

o  r  1 

2 

All  the  other  secular  terns  cone  from  the  £  terns  In  the  expansion  of  L. 

Using  (4.3)  and  the  relations  (A. 9)  and  (A. 10)  of  Appendix  1,  we  obtain  that 
Che  solvability  condition  for  u^  is  the  envelope  equation 

3A  i  r  32<d  32A  1  Su  r  32R  32A 

3T  '  2  ^  5k^  3Xj3Xl  '  2  3R  ^  Sk^  JX^ 


<S  -  1  -  (Sr  +  i6XA* 


The  tern  -i  &cxA  may  be  removed  by  taking  the  in  (3.1)  to  fee  ujfk^.R) 
rather  chan  uKk^.R^.  All  the  coefficients  in  (4.4)  are  estimated  at  critical. 
Also,  the  second  partial  derivatives  of  u>  keep  R  *  R.  fixed  in  (3.5):  The 
main  differeuce  between  (4.4)  and  (2.1)  with  a  *  1  -  0  is  the  presence  of  the 


dispersion  tern  -  J  l  *nd  diffus: 

J  t  J  2* 

Ths  lsttsr  acts  as  a  diffusion  certs;  the  matrix 


3u  r  32R  32A 

and  diffusion  term  -  W  gyx^ 

32R 

the  nacrlx  vr-  is  positive  definite 


by  definition  of  k  and  helps  the  system  to  approach  an  ordered  state  in  which 
^  «•  -* 

A  is  independent  of  3.  Notice  that  a  sideband  solution  A  *  e  8  (in  which 

case  the  effective  uavevector  k  -  kc  +  eK)  will  grow  at  the  rate 
2 

«  (l  X  •  g-rr-  •  XX.)  which  is  less  than  the  growth  rate  of  k  itself. 
oR  C  j  *•  C 

K  X.  Br  >  0  one  night  expect  that  A  will  tend  asymptotically  in  time  to.  the 
ordered  state 

A(X,T)  -  \^  exp^i^^  ,  %'  *  (4,5) 


whence  u  (x,x',t)  consists  of  a  monochromatic  vevetrain  with  wavenumber  k  and 

O  C 

the  nonllnearly  adjusted  frequency  u  ■  ui(kc,R)  +  However,  there  is 

a  destabilizing  mechanism,  first  discovered  by  Benjamin  and  Fair  (23]  in 


connection  with  water  waves ,  which  involves  only  che  dispersive  terns  of  che 
equation  and  che  imaginary  pare  of  che  coefficient  S.  In  fact,  it  can  readily 
be  shown  chat  che  solution  (4.5)  is  only  stable  when  the  matrix 


M 


<v 


8 


-2 
3  co 


i 


+  6.  Is 


32R 


r  3R 


(4.6) 


ia  positive  definite.  This  criterion  reflects  che  battle  between  the 
"cooperative''  tendency  of  che  system  (namely,  an  Initial  power  spectrum  of 
the  spatial  correlation  funcclon  (u(x)u(x+r),>  -  <u>2  narrows  around 
k  •  k£  and  che  system  develops  an  ordered  structure)  and  che  ''dispersive” 
tendency  in  which  nonlinear  dlapersive  wavetrains  prefer  not  to  remain  mono¬ 
chromatic  but  racher  co  focus  into  pulses . 

If  the  matrix  M  is  not  positive  definite,  then  certain  sidebands  of  k^ 
will  grow  at  ics  expense.  The  resulting  broadening  of  the  power  spectrum 
around  kc  la  associated  with  the  formation  of  pulses  in  X  space. 

In  one  dimension  and  in  the  absence  of  che  real  terms  in  (4.3),  l.e. 

8r  *  -|j  -  0,  (4.4)  la  the  nonlinear  Schrodingar  equation  and  che  pulses  form 
solltr/os.  also  in  one  dimension,  Lange  and  Newell  [24]  investigated  the 
statistical  initial  value  problem  for  (4.3)  and  showed  that  if  R"  >  0, 

the  system  does  indeed  realise  che  ordered  state  in  which 


<A>  -  A  -  jyPT  exp-i(0t/Br)x,T 

and  all  che  higher  cumulants  tend  to  zero.  If  B^u”  +  6f  R"  <  0,  che  higher 
c mutants  diverge  with  clam. 

However,  if  che  dimension  of  the  system  is  greater  than  one,  then  the  work 
of  Zakharov  and  Synakh  [23]  suggescs  that  a  much  more  dramatic  phenomenon  can 
occur.  In  order  to  gain  some  understanding  of  what  can  happen,  we  again  neglect 
the  terms  with  real  coefficients  in  (4.4)  and  obtain  the  highet  dimensional 
nonlinear  Schrodingar  equation  [26]  of  which  the  canonical  form  in  two  dimen¬ 
sions  is  g  -  l(ag _  ♦  bg-  )  -  21cg2g*  «  0.  If  a  •  b  ■  c  •  1,  the  solution 

t  xx  yy 

g(x,y,t)  collapses  in  a  finite  tine  in  a  self-similar  manner  for  a  sufficiently 

"  ,  /j — j 

large  value  of  the  motion  constant  J  rlg^dr,  r  ■  /x +y  .  If  a  •  -b  •  c  •  1, 

o 
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the  cate  of  deep  vaceT  gravity  waves,  then  y  Independent  solutions  are 
unstable  essentially  as  a  result  of  the  weakly  nonlinear  quartet  resonance 

mechanism  of  the  underlying  carrier  wave.  In  fact,  by  setting  x  -  rcosh9, 

2  2 

y  •  rslnhd,  x  >  y  ,  we  see  that  the  solution  will  collapse  onto  the  resonance 
2  2 

curvet  x  «  y  (the  portion  of  the  Phillips  [27]  figure  of  eight  curve  near 
the  vertex).  If  a  •  b  *  -c  ■  1,  then  the  system  disperses  and  the  long  time 
behavior  is  given  by  the  two  dimensional  version  of  the  Benney-Newell  [26] 
similarity  solution  ♦(x,y,t)  “v  ^  B(r/t)exp(ir^/4t  +  2i/t  +...). 

How  are  these  results  likely  to  apply  to  (4.3)7  The  first  point  we  make 
is  that  if  M  is  non-positive,  the  system  will  not  be  cooperative  in  the  usual 
sense.  The  second  and  more  important  point  is  that  if  M  is  negative  definite, 
then  the  solution  begins  to  collapse.  If  3r  >  0  then  the  collapse  is  eventually 
stopped  but  the  system  begins  to  oscillate  and  can  create  local  collapsing 
poincs  elsewhere  and  the  process  is  repeated.  Furthermore,  if  Br  is  very 
small  (as  it  is  in  the  case  of  Blasius  flow),  then  the  large  local  amplitudes 
can  give  rise  to  secondary  (e.g.  inflexional  point)  instabilities.  If  8r  <  0, 
then  even  though  x  <  0,  the  subcritical  case,  tfte  collapse  can  overcome  the 
initial  damping  of  the  system  locally  and  reach  amplitudes  (corresponding  to 
the  branch  GC  in  Fig.  2)  1  at  which  the  nonlinear  instability  occurs.  Focusing 

4 

then  provides  a  mechanism  whereby  the  amplitude  of  linearly  stable  but  non- 
linearly  unstable  waves  can  reach  the  critical  amplitude  without  the  benefit 
of  Imperfections,  end  effects  or  large  initial  perturbations.  One  of  the  key 
factors  in  the  focusing  mechanism  is  the  strong,  nonlinear  interaction  between 
neighboring  wavenumbers. 

It  is,  of  course,  necessary  that  the  sideband  modes  are  not  damped  out 

before  the  strong  focusing  can  take  place.  One  might  conjecture,  then,  that  1 

the  focusing  mechanism  is  a  very  important  feature  in  systems  where  che 

transition  is  from  a  neutral  state  to  an  excited' one  for  then  at  subcritical 

values  of  the  critical  parameter,  all  the  sideband  nodes  compete  on  an  equal 

footing.  We  discuss  the  focusing  phenomenon  in  this  context  in  the  following  I 

* 

section. 

+In  this  case  due  to  cubic  terms. 
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5.  Tr«n»lclon  from  Neutral  States  and  Focusing 

Although  much  of  what  wa  hava  to  say  in  thia  section  carries  over  to  the 
buckling  of  elastic  shells,  the  model  we  choose  is  an  explicit  momentum  con¬ 
serving  finite  difference  algorithm  for  solving  the  modified  Korteweg  de  Vries 
2 

equation,  u^  +  u  +  6u  u^  •  0.  Specifically,  if  m  and  n  are  the  time  and 
apace  steps  respectively,  the  algorithm  is 

u(m+l,n)  -  u(»-l,n)  -  a(u(m,n+2)  -  2u(m,n+l)  +  2u(m,n-l)  —  u(m,n-2)) 

•  y(u^(m,n+l)  -  u^(m,n-l))  ,  (5.1) 


where  a  *  At/(dx)^  and  y  *  -  2it/ ix.  A  linear  stability  analysis  of  the 
u  -  0  solution  of  the  form 

u  «  expdpnh  -  18mk)  ,  u  real  ,  b  *  8r  +  16^  (5.2) 

shows  that  instability  will  set  in  at 


f^A  -  2xA  +  «A2A*  (5.7) 

2 

where  d^A  *  A(«rt-1)  -  2A(m)  +  A(m-l)  and  6  «  -Sysin  p£h  >  0.  Note  that  froa 
(5.7)  we  can  infer  that  finite  amplitude  subcritlcal  Instabilities  are  possible. 
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Manly,  if  x  <  0  the  solution  AA*  ■  -2x/5  is  unstable  for  the  initial  amplitude 
of  A  (not  /2|xl /5,  because  A  is  complex,  but  a  little  below  it)  which  we  call  A. 
If  wa  perturb  che  system  (5.1)  with  a  mode  with  the  critical  structure 
(u(o,n)  “  2BcosUcnh)  then  from  (5.7)  we  would  expect  the  envelope  A  of  (5.7) 
to  oscillate  if  B  <  A  and  grow  rapidly  if  B  >  A. 

When  we  tested  che  results  suggested  by  (5.7)  in  a  numerical  experiment, 
we  found  to  our  surprise  that  che  nonlinear  instability  could  be  triggered  for 
velues  of  B  well  below  the  rrlcical  'threshold .  What  happens  is  that  the  solution 
of  (5.7)  coupled  with  the  underlying  "carrier  wave"  structure  exp(iucnh  -  inrn/2) 
is  unstable  to  perturbationa  with  different  wavenumbers  y.  This  instability 
is  analogous  to  the  Benjamin-Felt  instability  (which  was  the  mechanism  for  the 
onset  of  focusing  in  Che  nonlinear  Schrodlnger  equation  discussed  in  the 
previous  section).  In  fact,  in  order  to  account  for  the  finite  bandwidth, 
one  may  assume  A  -  A(m,n)  is  a  slowly  varying  function  of  time  (m)  and  space 
(n) .  This  adds  the  term  -2dj|A  *  -2(A(m,n+l)  -  2A(m,n)  +  A(m,n-1))  to  the 
left-hand  aide  of  (5.7)  and  one  can  show  that  the  periodic  in  time  solutions 
of  (5.7)  are  unstable  to  X  (or  n)  dependent  disturbances.  The  spread  of 
energy  in  wavenumber  space  is  manifested  as  a  focusing  of  the  envelope  A  in 
X  (or  n)  space.  Thus,  whereas  Che  initial  A  may  be  below  che  critical 
threshold  at  every  point  in  apace,  its  subsequent  evolution  is  such  chat  it 
decreases  in  most  areas  and  focuses  at  a  few  points.  It  can  continue  to  focus 
(if  the  initial  amplitude  is  much  smaller  than  threshold,  this  can  take  a  very 
long  time!  See  [28])  until  locally  the  critical  threshold  for  nonlinear 
destabilization  is  attained.  At  this  point,  the  calculation  explodes  rapidly. 

The  details  of  this  work  are  reported  in  the  literature  in  reference  [28). 

6.  Conclusions 

We  suggest  that  dynamic  focusing  may  be  an  Important  factor  in  bifurcation 
phenomena  when  the  transition  is  from  a  wave-like  (neutral  or  weakly  damped) 
state  to  a  state  of  growing  waves.  In  partlculer,  it  may  cause  local  patches 
of  wildly  irregular  behavior  in  otherwise  regular  patterns.  It  provides  a 
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mechanism  by  which  the  unstable  eubcrlticel  branch  can  be  reached  dynamically 
without  the  aid  of  large  initial  disturbances  or  material  Imperfections.  It 
may  be  extremely  relevant  in  elastic  shall  buckling.  It  may  also  be  responsible 
for  a  phenomenon  familiar  to  some  numerical  analysts,  namely,  the  sudden 
appearance  of  local  breakdown  of  a  partial  difference  equation,  which  initially 
was  well  wlchin  stability  margins,  after  a  very  long  time. 


APPENDIX  I 

The  Dispersion  Relation 


He  begin  with  (3.4) 


LC-lMk^R)  +  vfkj.R).  ik..  R)  -  0 


(A.  1) 


which  holds  for  all  k^  and  R.  Differentiate  with  resnect  to  k^,  the  result 
with  respect  to  k^  and  R  to  obtain: 


(A.  2) 


i  -Jtji! a-  ■—  v +  L  f-i  w_<  +  ^ \ 

V  1  ak^akj  +  ak^akj  ’  *  ool  1  a^  a^  n  1  ak4  *  akj  ’ 


.  ,  ,  am  av  ,  T  ,  a<v  ,  av  .  ,  n 

+  Lo8.(3kj  1  3kj  )  +  +  1  akj  )  '  Lji  ‘  0 


(A.  3) 


+LR’° 


(A. 4) 


where  Lq  Is  the  derivative  of  L  with  respect  to  its  first  argument,  1,^  to* 
its  Jth  (that  is  with  respect  to  3/3x,),  L  with  respect  to  R.  L  ,  L  ,  and 

j  K  OO  OJ 

L  .  are  the  second  partial  derivatives  which  we  assume  continuous  in  che 
3l 

neighborhood  of  k£  and  R^ .  Now,  from  (3.6)  we  have 


3v  3v  3R 
akj  3R  akj 


0 


and  che  critical  wavevector  k  is  chosen  so  that 

c 


(A.  5) 
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.  w.--  . 


(A.6) 


Take  the  derivative  of  (A. 5)  with  respect  to  k.  and  evaluate  at  k  to  obtain 

X  c 


3  2v 


3v  a^R 
3R  Skjdkj 


(A.7) 


From  (A.2),  (A. 4),  we  have  that  at  critical  k 


i  -  L 

LJ  »kj  L°  • 


(A. 8) 


,  ..  3(u  3u  .  , 

LR  (1  3R  '  3R  5  Lo 


(A. 9) 


and 


1. 


2. 


3. 

4. 


5. 


6. 


7. 


8. 


9. 


10. 


11. 


(sumatlon  convention  implied)  from  (A. 3)  and  (A.7) 


3m  3m  .  3oi  .  .  3(ii  .  , 

oo  3k.  3kt  3k  ol  Skj  Loj  "  *‘J£ 


.  a  a2“  +  i!{  .il*  ..  ) 

o'  3^3^  3R  3kj^kt 
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The  motivation  for  this  work  was  to  attempt  to  understand  the  rea¬ 
son  that  certain  classes  of  explicit  numerical  algorithms  for  comput¬ 
ing  solutions  to  partial  differential  equations  develop  intense  local 
patches  of  instability  aftgr  long  times,  even  when  all  the  linear 
stability  criteria  are  satisfied.  Now,  numerical  analysts  are  the 
academic  world's  greatest  plumbers,  and  so  practitioners  of  the  art 
of  numerical  comDutation  have  invented  manv  ingenious  schemes  to  cir¬ 
cumvent  these  problems  (see,  for  example  Cl]).  However,  beyond  de¬ 
claring  that  the  instabilities  are  nonlinear  in  character  and  beyond 
a  few  careful  analyses  of  the  problem  (for  example  [2],  [3]),  the 
numerical  analyst  ha3  not  investigated  in  any  great  detail  the  nature 
of  the  breakdown. 

Our  thesis  is  that  the  phenomenon  has  a  universal  character  and 
has  features  in  common  with  the  instability  of  monochromatic  surface 
gravity  waves  on  the  sea,  the  development  of  Langmuir  turbulence  in 
plasmas  and  the  intense  spots  which  occur  when  a  laser  pulse  passes 
through  a  nonlinear  dielectric  [41.  We  suggest  it  will  occur  in 
those  situations  in  which: 

(i)  The  algorithm  has  a  linear  instability  at  some  value  (At)c  of 
the  time  step  At  which  has  the  character  of  a  transition  from  a  neu¬ 
tral  (not  damped)  state  to  an  exponentially  growing  one. 

(ii)  The  algorithm  has  a  finite  amplitude  subcritical  nonlinear 
instability  threshold  which  may  be  represented  by  a  graph  of  "initial 
amplitude"  A  versus  At  which  begins  at  A»0,  At»(At)c  and  rises  (in  a 
more  or  less  parabolic  fashion)  as  At  decreases.  Here,  A  is  the 
amplitude  of  a  potentially  unstable  mode.  For  values  of  A  and  At  be¬ 
low  the  critical  curve,  the  algorithm  should  be  neutrally  stable. 

Above  the  critical  curve  the  nonlinear  instability  rapidly  (within  10 
time  steps)  sets  in.  The  existence  of  the  threshold  is  due  to  non¬ 
linear  terms  which  represent  either  a  cubic  self-interaction  of  the 
mode  with  itself  or  a  quadratic  term  which  represents  the  interaction 
of  the  mode  with  its  subharmonic. 

Whereas  it  would  appear  that  the  ultimate  reason  for  the  breakdown 
of  the  algorithm  is  that,  the  system  has  reached  (at  least  locally) 
the  critical  threshold,  one  must  explain  how  it  can  do  this  since  the 
major  source  of  perturbations  is  round-off  error  and  these  can  be  ex¬ 
tremely  well  controlled.  Therefore,  large  perturbations  simply  do 
not  occur  spontaneously.  The  answer  to  this  difficulty  and  indeed  the 
answer  to  the  questions  (a)  why  does  it  take  so  long?  (b)  why  is  it 
local?  is  that  the  system  possesses 

(iii)  the  focusing  property. 
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We  will  explain  this  property  with  the  aid  of  a  simple  example. 
Let  us  imagine  that  we  are  attempting  to  use  a  leap-frog  scheme  in 
order  to  compute  the  constant  solution  U  of 

ufc  +  uux  "0,  (1) 

or  the  u  ■  0  solution  for 

ufc  +  (U+u)ux  -  0.  (2) 

Nothing  could  be  simpler!  The  algorithm  is 

u(m+l,n)  -  u(ra-l,n)  +  (u2(m,n+l!  -  u2(m,n-l))  (3) 


+  ( (l-8)YU(m,n)  +  a)(u(m,n+l)  -  u(m,n-l)) 


where  a  »  ,  y  =*  and  8  is  chosen  to  have  the 

order  to  conserve  the  discrete  conservation  property 


and  8  is  chosen  to  have  the  value  2/3  in 


£  u (m,n) u (m+l,n)  is  independent  of  m  , 
n-1 


a  property  necessary  to  suppress  a  fast-acting  instability  [3]. 

A  straightforward  linear  stability  analysis  quickly  reveals  that 
the  mode 

u  (m,n)  -  ae1<n_m)  /2+  (*>, 

» 

(*)  is  complex  conjugate,  is  the  most  unstable  mode.  Indeed  if  we 
set 

u(m,n)  -  a<m)ex(n~m),r/2+  {*)  +  'b(m>el(n_m)  /2  (5) 

in  (3),  we  obtain  exactly 

a(m+l)  -  2a(m)  +■  a(m-l)  »  2(a-l)a(m)  +  2/3ya  (m)b(m),  (6) 

b(m+l)  -  b (m-1)  -  t  |ri(a2(m)  -  a*2(m>).  (7) 

Note  that  the  linear  stability  result  is  contained  in  (6).  For  a<l, 

then//2  mode  is  neutrally  stable;  for  a>l,  it  grows  exponentially. 

The  subcritical  nonlinear  instability  is  due  to  the  excitation  of 
its  second  harmonic  b (m) .  if  b(m)  is  initially  small,  then  for  a<l 
a  (m)  is  sinusoidal,  and  a2-a  2  contains  a  constant  term  in  addition 
to  the  second  harmonic.  Thus  b(m)  initially  grows  linearly  and  if 
the  initial  a(0),  a(l)  are  suf f iciently^large  (as  measured  by  some 
parameter  A),  then  the  nonlinear  term  a  b  in  (6)  overcomes  the  linear 
term. 

Likewise,  we  may  obtain  an  exact  result  if  we  take  three  modes, 
u(m,n)  m  A(m)ex  ^3n  +  B(m)ex  3  n  +  C(m)e^1,n  +  (*),  (8) 

whence  A,B,C  satisfy 
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0, 


(9) 


A (m+1)  -  A(m-l)  +  (2A  B+B  (C+C* )  )  (m)  +  ia/7A(m)  » 

✓7 

B(m+1)  -  B(m-l)  +  (2A2+A*  (C+C* )  )  (m)  +  W7B(m)  -  0,  (10) 

✓7 


C  (m+l)  -  C(m-l)  +  ii^A(m)B(m)  -  0.  (11) 

/7 

Again,  using  (9)- (11),  we  can  obtain  a  critical  stability  curve  A 
(representing  the  initial  conditions  A(0),  All),  B(0),  B(l),  C(0), 

C(l))  vs.  a. 

If  we  take  values  A,  below  the  critical  stability  curve,  the 
solutions  A, B,C  of  (9) , (10) ,  (11)  simply  oscillate.  Since  ( 9 )  —  (11) 
are  exact,  we  should  expect  to  get  the  same  result  if  we  insert  these 
initial  values  into  (H)  to  obtain  u(0,n),  u(l,n)  and  then  integrate 
via  (3) .  The  experiment  which  is  shown  below  in  Figs.  1-5  shows 
what  happened  when  we  took  a  «  .9,  N  *  60,  and  A  *  .06.  The  dashed 
line  in  Figs.  1,3,5  is  the  critical  threshold.  At  m  »  200,  Fig.  1, 
the  solution  still  retains  its  period  6  structure,  its  amplitude  well 
below  critical  everywhere.  Figure  2  shows  the  spectral  revolution. 

The  first  noticeable  changes  occur  at  about  m  «  1600,  Fig.  3,  when 
it  becomes  clear  that  the  .envelope  of  the  solution  is  not  constant 
but  has  begun  to  develop  a  structure  of  its  own.  The  spectral  reso¬ 
lution,  Fig.  4,  shows  that  energy  has  leaked  to  the  sidebands  of  v. 
and  ».  The  envelope  continues  to  focus  and  at  m  =  8004,  Fig.  5, 
one  value  of  u(m,n)  is  about  to  cross  the  critical  threshold.  Very 
soon  thereafter,  the  solution  exhibits  rapid  growth  and  the  spectrum 
becomes  that  of  a  Drac  delta  function.  During  all  this  time,  the 

area  Vu  (m,n)  and  the  functional  (m,n) u (m+1 ,n)  are  conserved 

exactl$.  ® 

So  what  has  happened?  It  would  appear  that  amplitude  alone  is  not 
the  criterion  for  stability.  If  th^  system  jjas  the  property  that  the 
monochromatic  wavetrain  (the  pure  (-y, n )  or  (j,— j,x)  mode  solutions) 

is  unstable  to  sideband  disturbances,  and  if  this  envelope  instability 
continues  to  grow,  then  the  critical  threshold  can  be  reached  local¬ 
ly  without  the  benefit  of  large  initial  perturbations.  In  our  ex¬ 
periment,  the  envelope  instability  was  induced  ourely  by  round-off 
error.  The  initial  conditions  were  the  pure  (^,  j2-,  it)  mode  to  8  deci¬ 
mal  places;  double  precision  simply  delayed  but  did  not  stop  the 
focusing.  In  short,  the  solutions  of  (9)- (11)  are  exact  but  unstable 
solutions  of  the  full  equation  (3). 

In  summary,  then,  we  have  found  that  if  the  numerical  algorithm 
has  the  properties  (i)  its  potentially  unstable  modes  are  neutrally 
stable  according  to  linear  theory  ( ii ) '  a  subci.-'i  tical  nonlinear  stabil¬ 
ity  threshold  and  (iii)  the  focusing  property,  then  the  algorithm  will 
ultimately  exhibit  unstable  behavior  no  matter  what  the  time  step  is. 
Furthermore,  we  conjecture  that  the  time  t  ■  m&t  on  which  the  instabil¬ 
ity  occurs  is  relatively  independent  of  it.  We  do  not  yet  know  what 
constitutes  a  sufficient  condition  that  the  focusing  is  sufficiently 
intense  for  u(m,n)  to  cross  threshold  for  some  m,n  but  we  suspect  it 
is  an  "initial  area"  criterion.  Finally,  we  emphasize  that  this  mech¬ 
anism  has  a  universal  nature  and  appears  to  occur  in  all  the^a  algo¬ 
rithms  which  satisfy  properties  (i) ,  (ii) , (iii) .  Some  of  these  ideas 
were  already  discussed  in  C 5 i  and  their  relevance  to  onset  of  turbu¬ 
lence  in  other  continuum  mechanical  contexts  is  suggested  in  C6]  ... 


i 
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2_  The  spectral  resolution  of  u(200,n) 


,4  The  spectral  resolution  of  u(1600,n) 


r 

Fiq.  S  u(8004,n). 


J.M.  Hyman,  Advances  in  Computer  Methods  for  Partial  Differential 
Equations  III.  IMACS,  313-321  (1979). 

2H.O.  Kri'ss  and  J.  Oliger,  Tellus,  24,  199-215  (1972),  GARP  Publ. 

No.  17,  (1973). 

3B.  Fornberg,  Math,  of  Comp.,  27,  45-57  (1973). 

4Y.S.  Sigov  and  V.E.  Zakharov,  Journal  de  Physique,  40,  C7-63  (1979). 
5A.C.  Newell,  SIAM  J.  Appl .  Math.  A,  33,  133-160  (1977). 


A.C.  Newelli  "Bifurcation  and  Nonlinear  Focusing",  in  Pattern  For¬ 
mation  by  Uynamic  Systems  and  Pattern  Recognition,  ed.  by  H.  Haken, 
Springer  Series  in  Synergetics,  Vol.  5  (Springer  Berlin,  Heidel- 
•berg.  New  York  1979)  pp.  244-265 


273 


FOCUSING  :  A  MECHANISM  FOR  INSTABILITY 
ON  NONLINEAR  FINITE  DIFFERENCE  EQUATIONS. 


William  L.  Briggs+ 
Alan  C.  Newell* 
Talib  Sarie+ 


Department  of  Mathematics  and  Computer  Science 
Clarkson  College  of  Technology 
Potsdam,  New  York  13676 


Department  of  Mathematics 
University  of  Arizona 
Tucson,  Arizona  85721 


/ 


-1- 


I NTROOUCT I ON  AND  GENERAL  DISCUSSION 

The  stability  of  partial  difference  equations  which  arise  in  the  dis¬ 
cretization  of  time  dependent  differential  equations  is  well  understood  for 
linear  problems  with  constant  coefficients.  Progress  has  also  been  made  in 
studying  linear,  variable  coefficient  problems.  However,  once  nonlinear 
terms  are  introduced  into  difference  equations,  there  are  few  general  state¬ 
ments  which  can  be  made  and  global  results  are  available  only  for  isolated 

2  4  9  9 

cases.'  ’  Except  for  the  pioneering  work  of  Phillips  and  Arakawa  and  his 

colleagues1’6,  very  little  work  has  gone  into  analyzing  the  nature  of  instabil¬ 
ities  in  the  way  that  fluid  mechanicists  investigate  instabilities  as  they 

i 

occur  in  the  transition  to  turbulence.  It  is  the  goalof  this  paper  to  make 
such  an  investigation  for  a  class  of  nonlinear  finite  difference  equations 
which  are  typified  by  the  Leapfrog  (second  order)  method  applied  to  the 
quasi-linear  equation 

ut  +  uux  *  0. 

What  we  find  is  a  totally  new  and  very  subtle  mechanism  for  the  triggering  of 
nonlinear  instabilities.  It  is  insidious  and  at  first  very  slow  to  develop. 

But  then  as  a  certain  threshold  is  reached,  sudden  outbursts  of  unbounded 
noise  occur  at  various  local  positions  in  the  spatial  grid.  The  mechanism  is 
dynamic  in  character  and  does  not  necessarily  rely  on  large  initial  perturba¬ 
tions  or  on  a  large  flow  of  energy  into  the  high  wave  numbers.  It  makes  its 
appearance  in  schemes  which  are  energy  conserving  and  neutrally  stable  over 
short  time  scales.  It  Is  a  mechanism  which  Is  universal  In  character  and 
closely  related  to  the  mechanisms  responsible  for  the  breakdown  of  monochromatic 
gravity  waves  on  the  sea  surface,  Langmuir  turbulence  In  plasmas  and  the  Intense 
laser  beams  seen  in  nonlinear  dielectrics10.  Our  goal  is  to  understand  the 
nature  of  this  mechanism  and  to  develop  from  this  understanding  plausible 
criteria  for  the  surgical  application  of  various  remedies  which  are  necessary 


-2- 


to  suppress  instability  and  sustain  computations  over  long  times.  In  particu¬ 
lar,  we  will  discuss,  in  the  context  of  the  example  used  in  this  paper,  ways 
in  which  one  might  judiciously  choose  the  frequency  at  which  one  must  apply 
these  remedies. 

In  order  to  develop  a  feeling  for  how  this  instability  arises,  we  first 
recount  the  ideas  on  which  nonlinear  stability  theory  is  usually  based.  It 
is  natural  to  decompose  the  field  u(m,n)  (where  t  =  mAt  and  x  *  nAx)  into 
components  U(m,n)  and  u'(m,n),  where  U(m,n),  the  approximation  to  the  exact 
solution,  changes  slowly  with  respect  to  the  grid  length  x  and  u'(m,n),  the 
noise,  consists  of  a  small  number  N-j  of  low  period  (high  wavenumber)  modes 
which  are  small  integer  multiples  of  the  grid  length.  “This  sort  of  decomposi¬ 
tion  is  chosen  because  (i)  it  is  known  that  the  potentially  most  unstable 
modes  have  wavelengths  on  the  scale  of  the  grid  (often  linear  stability 
analysis  can  suggest  which  modes  to  include)  and  (ii)  it  is  desirable  to  reduce 
the  dimensionality  of  the  problem  from  N,  the  number  of  grid  points  which  is 
generally  large  to  N1  which  is  much  smaller.  Use  of  this  ansatz  in  the  partial 
difference  equations  leads  to  a  set  of  coupled,  nonlinear,  ordinary  differ¬ 
ence  equations  for  the  amplitudes  of  the  N-j  modes  which  constitute  u'(m,n). 

The  background  field  U(m,n)  appears  as  a  coefficient  which,  because  it  is 
slowly  varying,  can  be  taken  to  be  locally  constant.  Because  the  original  equa 
tion.  is  nonlinear,  these  amplitude  ^equations  do  not  close  automatically, 
but  are  often  derived  through  perturbation  procedures  as  asymptotic  approxima¬ 
tions.  In  the  case  we  shall  examine,  the  amplitude  equations  do,  in  fact, 
close  exactly  because  of  the  aliasing  phenomenon.  The  nonlinear  terms  in  the 
equations  are  quadratic  and  are  due  to  both  direct  Interactions  of  the  form 

exp(i2ir4j+g)exp(12ia2+  -►  exp(  1 2vr(£,1  +  l^) ft) 

U 

where  ij  +  tg  <  J 
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6  9 

and  to  "indirect"  interactions  which  involve  aliasing  error  *  or  (what 
crystal  physicists  would  call)  Umklapp  processes  in  which  a  wavenumber 
£  =  t-j  +  £2  >  ^  is  misrepresented  by  the  wavenumber  £  =  N  -  £-j  -  £2  due  to 
the  inability  of  the  grid  to  resolve  wavelengths  smaller  than  2Ax.  It  is 
evident  that  the  wavenumber  sets  {+  *|  ,  +  and  {+  ^  ,  +  y  ,  +  are  closed 

under  quadratic  interactions  (e.g.  §  +  ?  *  Tf  *  N  -  ^j-  ) . 

One  can  now  solve  the  initial  value  problem  for  the  ordinary  difference 
equations  and  determine  stability  curves  such  as  those  given  in  Figure  la. 
Roughly  speaking,  the  stability  curve  divides  into  two  regions,  the  plane 
coordinatized  by  E,  a  measure  of  the  initial  energy  in  the  noise  and  a,  a 

Hu  * 

non-dimensional  ^stability  parameter  (e.g.  In  one  region,  solutions 

grow  without  bound  {overflowing  in  10-100  time  steps),  whereas  in  the  other 
region,  solutions  simply  oscillate  neutrally. 

This  curve  provides  all  of  the  information  usually  associated  with  non¬ 
linear  stability  theory.  If  the  stability  curve  intersects  the  a  axis  (E  *  0) 
at  a  finite  point,  ac(0),  then  the  scheme  is  unstable  to  infinitesimal  disturb¬ 
ances.  We  note  that  ac(0)  can  be  infinite,  in  which  case,  the  scheme  is 
unconditionally  stable  in  the  linear  sense.  For  a  <  ac(0),  a  finite  E  can 
push  the  computation  into  the  unstable  region.  We  call  this  value  of  E(a) 

the  critical  threshold  at  a.  This  is  the  instability  discovered,  in  the  num¬ 
erical  context,  by  Phillips.  However,  in  a  carefully  designed  numerical  scheme 
which  Inhibits  the  flow  of  energy  from  small  to  large  wavenumbers,  there  is 
neither  the  source  of  large  spontaneous  or  driven  perturbations  nor  a  process 
analogous  to  the  role  that  Imperfections  play  in  destabilizing  elastic  shells, 
through  which  the  critical  threshold  can  be  reached.  The  size  and  growth  rate 
of  roundoff  error  in  numerical  schemes  Is  simply  too  small.  Our  aim  is  to 
show  that  there  is  Indeed  a  mechanism,  dynamic  In  character,  by  which  the 
critical  threshold  can  be  attained  locally  without  the  benefit  of  large  Initial 

— . . . . . . . - — - 
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perturbations. 

This  Instability  mechanism  evolves  as  follows.  The  solutions  of  the 
ordinary  difference  equations  which  correspond  to  values  of  (a,E)  in  the 
neutrally  stable  region  of  Figure  la  and  which  are  exact  solutions  of  the 
original  partial  difference  equations,  are  unstable.  They  are  unstable  to 
inodes  which  are  their  immediate  neighbors  in  wavenumber  space.  The  instability, 
which  results  from  the  nonlinear  interaction  between  the  original  inodes  and 
their  sidebands,  manifests  itself  as  a  distortion  of  the  envelope  of  the 
noise.  The  exact  solution  will  have  a  spatial  period  of  the  order  of  the  grid 
length  (4Ax  -  6Ax  in  our  examples)  depending  on  which  set  of  N-j  modes  is  used. 
The  envelope  of  the  exact  solution  is  constant  in  space  and  oscillates  in 
time.  In  our  experiment,  the  initial  noise  in  the  sideband  modes  triggering 
the  instability  is  due  to  roundoff  error.  In  real  calculations,  there  would 
generally  be  some  energy  already  in  these  modes.  The  instability  mechanism 
itself  is  a  noise  amplifier.  Its  character  (initial  growth  rate  and  wavelength) 
is  independent  of  the  size  of  the  grid  and  the  degree  of  precision  used  in 
the  calculations.  Its  wavelength  is  chosen  dynamically  as  being  the  one  of 
optimal  growth.  We  understand  the  Initial  stages  of  this  process.  For  the 
later  stages,  we  have  developed  an  envelope  equation  which  appears  to  describe 
the  subsequent  growth  reasonably  well.  The  envelope  begins  to  distort  and 
slowly  develops  sharp  peaks  (focuses)  at  isolated  points  along  the  grid.  When 
the  local  amplitude  reaches  the  critical  threshold  given  by  Figure  la,  the 
noise  level  accelerates  drammatlcally  and  becomes  unbounded  within  relatively 
few  time  steps. 

Thus  the  process  by  which  the  partial  difference  equation  destabilizes  is 
a  two-fold  one.  At  first  the  noise  level  in  the  potentially  unstable  modes 
(introduced  in  real  computations  by  nonlinear  cascade)  is  not  large.  The  noise 
begins  to  focus  and,  if  the  spatial  grid  is  large  enough,  can  eventually  reach 
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the  critical  threshold  locally.  Depending  on  the  initial  noise  amplitude, 
this  focusing  process  can  take  a  long  time  (often  on  the  order  of  103-104  time 
steps)  to  develop.  At  this  point,  the  conditions  for  nonlinear  finite  ampli¬ 
tude  instability  are  satisfied  and  the  noise  grows  without  bound.  The  critical 
parameter  in  determining  whether  a  partial  difference  equation  is  unstable 
is  a  combination  of  both  noise  level  and  grid  size.  In  this  sense,  for  large 
enough  grids,  the  Leapfrog  method  is  always  unstable! 

In  summary  then,  we  have  provided  an  explanation  for  spatially  local 
instabilities  in  locally  neutrally  stable  schemes.  To  our  knowledge,  all 
other  theories  of  nonlinear  instability  are  global  in  that  breakdown  occurs 
uniformly  throughout  the  spatial  grid.  One  can,  of  course,  inhibit  the  in¬ 
stability  by  attacking  its  source  of  life,  namely  the  energy  in  the  small 
scales.  Indeed,  such  remedies  as  (1)  filtering  the  high  wavenumbers  (ii)  using 
a  finite  difference  scheme  that  impedes  the  energy  cascade  to  the  point  that 
the  stability  curve  is  almost  vertical  so  that  no  finite  amplitude  instability 
is  present  (iii)  averaging  the  solution  at  successive  time  intervals  (iv)  in¬ 
serting  a  forward  time  step  at  prescribed  Intervals  will  suppress  or  delay  the 
appearance  of  thr  instability.  However  these  remedies  may  also  have  undesirable 
side  effects.  Although  we  have  no  precise  algorithm  we  will  discuss  ways  in 
which  these  techniques  (particularly  (iv))  might  be  applied  in  order  to 
suppress  the  instability  and  at  the  sane  time  minimize  extraneous  side-effects. 

The  contents  of  the  paper  are  as  follows.  In  Section  2,  we  present  the 
stability  diagrams  on  which  the  discussion  of  nonlinear  instability  Is  usually 
based.  Along  the  way,  we  see,  in  the  context  of  our  example,  the  nonlinear 
Instabilities  described  by  Phillips  and  Kreiss  and  Oliger.  In  Section  3,  we 
Illustrate  the  instability  of  the  solutions  used  in  Section  2  and  display 
through  numerical  experiments,  the  focusing  property.  We  include  careful  ex¬ 
periments  showing  that  this  behavior  Is  not  simply  due  to  lack  of  computational 
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precision,  but  rather  is  a  genuine  instability  whose  initial  growth  rate  is 
independent  of  the  precision  and  the  size  of  the  grid.  In  Section  4,  we  intro¬ 
duce  an  envelope  equation  as  an  attempt  to  give  a  universal  equation  which 
would  describe  the  focusing  process  for  a  larger  class  of  schemes.  In  the 
last  section,  we  discuss  some  ideas  about  how  to  apply  various  remedies  to 
inhibit  instability  and  we  advance  some  conjectures  concerning  the  parameters 
on  which  the  focusing  property  might  depend. 


II.  DIFFERENCE  SCHEME  AND  AMPLITUDE  EQUATIONS 

We  will  presently  consider  the  stability  of  a  particular  finite  difference 
scheme  applied  to  the  nonlinear  advection  equation 


ut  +  uux  .  0 

subject  to  periodic  boundary  conditions  u(t,0)  =  u(t,l)  and  initial  conditions 
u(0,x)  *  f(x).  The  stability  of  the  constant  solution  u  *  U  (U >  0)  will  be 
handled  first.  Perturbations,  u',  about  the  constant  solution  satisfy 

u^  +  (u '  +  U)u^  =  0  . 


We  discretize  the  perturbation  equation  over  a  grid  with  time  step  k  and  space 
step  h  *  ^  and  let  u(m,n)  be  the  discrete  approximation  to  the  exact  solution 
u'(mk,nh).  Using  second  order  finite  differences  in  x  and  t  gives  the  set  of 
difference  equations 


u(m+l,n)  -  u(m-l,n)  +  ^  [u2(m,n+l)  -  u2(m,n-l)] 

+  [(l-e)yu(m,n)  +  a]  [u(m,n+l)  -  u(m,n-l)]  -  0 

for  0  <  n  <  N-l 
m  >  1 


(2.1) 


u(m,0)  «  u(m,N). 


-7- 


k  kU 

where  0  e  IR,  y  =  ^  »  a  =  —  . 

The  nonlinear  term  has  been  discretized  in  two  different  ways.  It  is  not 
difficult  to  show  that  with  6  *  2/3  the  scheme  satifies  the  conservation 
properties  that 

N  N 

M  =  E  u(m,n)  and  E  =  E  u(m+l ,n)u(m,n)  are  independent  of  m.  (2.2) 

n=l  n=l 

In  the  calculations  that  follow,  the  choice  6  =  2/3  will  be  used.  In  addition 
we  assume  y  =  l(k=h)  to  eliminate  one  degree  of  freedom  in  parameter  space. 

A  brief  look  at  the  associated  linear  problem  will  be  useful.  The  linear 
difference  equations 

u(m+l,n)  -  u(m-l,n)  +  a[u(m,n+l)  -  u(m,n-l)]  =  0 

0  £  n  £  N-l 

have  normal  mode  solutions  of  the  form 

i n— j?  -  inty. 

Up(m,n)  ^  e  for  0  <  p  <  n-l ,  i  =  1 ,2. 

The  frequencies  <)>1  and  4>2  are  real  and  given  by 


provided  that  a  is  less  than  the  critical  value 


(sin 


The  frequency  $i  is  associated  with  the  physical  mode  and  converges  to  the 
exact  solution,  while  <j>2  belongs  to  a  spurious  or  computational  mode6. 

Note  that  a*  >  1  and  that  if  a  <a*,  then  mode  p  is  neutral.  However,  if 
a  >  a*,  then  mode  p  grows  exponentially  in  m  (or  time).  The  smallest  critical 
value  of  a  occurs  for  p  «  ^  when  a*  *  1.  This  corresponds  to  the  spatial  mode 
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^mJZ  wh^ch  j,as  a  wavelength  of  4h.  This  is  identified  as  the  most  unstable 
mode.  With  p  *  0,  the  corresponding  spatial  mode  elniT  has  wavelength  2h  and 
is  neutrally  stable  for  all  a.  Finally  with  a  s  1,  ^  j  s  ^jp  ,  ir  -  ^jp 
one  choice  of  which  gives  the  dispersion  relation  of  the  continuous  problem. 

We  now  turn  to  the  full  nonlinear  difference  equation  (2.1)  and  look  for 
exact  solutions  consisting  of  a  superposition  of  linear  modes.  These  sets 
of  modes  can  be  chosen  by  noting  that  each  mode  in  the  set  must  include  its 
subharmonic  which  appears  through  the  quadratic,  nonlinear  term.  The  result¬ 
ing  equations  for  the  mode  amplitudes  are  closed  and  therefore  their  solutions 
provide  exact  solutions  of  the  original  partial  difference  equation.  The 
various  sets  of  modes  we  consider  are  as  follows. 


A.  ONE  MODE  SOLUTION 

A  solution  of  the  form 
i2Tr  „ 

u(m,n)  *  A(m)e  +  (complex  conjugate) 


(2.3) 


has  a  wavelength  of  3h  and  an  amplitude  which  depends  only  on  time.  Substitu¬ 
tion  of  this  solution  into  equation  (2.1)  gives  an  ordinary  difference  equation 
for  the  amplitude: 

A(m+1)  -  A(m-l)  +  iav^  A(m)  s  i/T/2  Y(2-3e)A*^(m). 

t  2 

This  equation,  for  a  =  0,  9  t  2/3,  contains  the  result  of  Fornberg  who  noted 

that  in  the  continuous  limit,  iA  behaves  in  time  like  (tQ-t)'\  It  also  includes 

the  observation  of  Kreiss  and  Oliger4  that  a  spatial  pattern  u(m,0)  -  u(m,3)  ■  0 

1 2ir_ 

with  u(m,l),  u(m,2)  of  opposite  sign  (that  is,  an  e' 3  solution)  is  unstable. 

To  see  this  simply  take  A(m)  to  be  pure  imaginary  (A(m)  «  ia(m)).  Then  (2.3) 
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gives  u(m,0)  =  u(m,3)  =  0,  u(m,1)  =  -u(m,2)  =  a(m)  where  a(m+l)  =  a(m-l)  -  a2(m). 
This  pattern  leads  to  unbounded  growth  and  the  choice  e  =  2/3  is  again  advisable 
in  order  to  suppress  this  fast  acting  instability. 

B.  TWO  MODE  SOLUTION 

In  order  to  investigate  the  nonlinear  behavior  of  the  most  unstable  linear 
mode,  we  assume  a  solution  of  the  form 

i  Sn  j_n 

u(m,n)  *  A(m)e  c  +  (*)  +  Bfmje1  n,  B  e  R  (2.4) 

and  obtain  the  exact  amplitude  equations 

A(m+1 )  -  A(m-l)  =  -21oA(m)  -  ^  A*(m)B(m)  '  (2.5a) 

B(m+1 )  -  B(m-l)  =  -  §  iY(A2(m)  -  A*2(m)).  (2.5b) 

In  order  to  recover  the  linear  stability  result,  it  is  useful  to  include 
(thinking  of  a  as  close  to  one)  the  linear  (fast)  time  response  in  the  expon¬ 
ential  by  setting 

A(m)  *  a(m)e  *  ,  B(m)  «  b(m)e"i1Tm 

whence  (2.5)  becomes 

a(m+l)  -  2a(m)  +  a(m-l)  s  2(a-l)a(m)  +  Q  a*(m)b(m),  (2.6a) 

b(m+l)  -  b(m-l)  =  |  iy(a2(m)  -  a*2(m)).  (2.6b) 

Note  that  the  necessary  linear  stability  criterion  a  £  1  for  the  scheme  is 
contained  in  (2.6).  However  when  the  nonlinear  terms  are  included,  liq.  (2.6) 
can  exhibit  unbounded  growth  even  when  a  <  1  provided  the  initial  disturbance 
Is  sufficiently  large. 

The  amplitude  equations  (2.5a,b)  are  very  revealing  and  deserve  careful 
analysis.  First  notice  that  the  A*B  term  which  appears  in  the  -n/2  mode 
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equation  (2.5a)  represents  an  interaction  between  the  it  mode  and  the  tt/2 
mode.  This  is  precisely  the  nonlinear  interaction  due  to  aliasing  error 
identified  by  Phillips  (see  also  the  discussion  in  Mesinger  and  Arakawa6). 

The  result  of  this  interaction  is  the  production  of  a  3V2  mode  which  is 
resolved  by  the  system  as  contributing  to  the  change  in  A*,  the  amplitude 
connected  with  the  -tt/2  mode.  Indeed,  it  is  precisely  because  of  aliasing 
error  that  an  exact  closure  of  the  amplitude  equations  is  achieved.  In 
Phillips'  example,  the  equations  equivalent  to  (2.5)  would  have  a  *  0  in  (2.5a) 
and  no  right  hand  side  in  (2.5b).  In  his  case,  he  would  allow  a  solution  in 

which  B(m)e"17m,  has  the  same  sign  at  successive  time  steps.  This  leads  to 

* 

immediate  exponential  growth.  On  the  other  hand,  if  this  quantity  has  opposite 
signs  at  successive  m,  a  certain  amplitude  threshold  is  required  in  order  to 
initiate  the  instability.  It  is  the  latter  case  which  our  situation  parallels. 

Equations  (2.5a,b)  also  show  clearing  the  role  which  the  computational 
mode  plays  in  the  development  of  finite  amplitude  instability.  Assume  that 
initially  the  amplitudes  A(m)  and  B(m)  are  small,  in  which  case  the  linear 
portions  of  (2.5a,b)  will  determine  their  growth.  We  then  have 


-im4>?  -im$>, 

+  A  e  ^  e  a  e 
c  p 


+  Ac(-l)me  1 


B(m)  =  Bp(-l)m  +  Bc 

/ 

where  4»^  and  $2  *  ir-<)>.|  are  given  by  the  linear  dispersion  relation,  Ap  and  Bp 
are  coefficients  of  the  physical  mode  and  A  and  8  are  coefficients  of  the 
i;omputat1 onal  mode.  The  linear  solution  given  above  will  begin  to  contribute 
to  the  right  hand  side  of  the  B  equation  (2.5b)  in  the  following  way: 


B(m+1)  -  B(m-l)  «  -  §  1y(A2  -  AJ2)e2im*  -  §  1y(A2  -  A*2)e'2im* 


+  §YM)mIm(ApAc). 


The  third  term  of  the  right  hand  side  is  a  homogeneous  solution  and  hence  gives 
rise  to  a  resonant  solution.  We  find  that 

B(m)  =  {homogeneous  solutions}  +  ae2im^  +  be”21’1**1  -  \  yIm(A  A  )(-l)mm 

M  PC 

where  a,  b  are  constant  independent  of  m. 

The  nonlinear  term  of  the  right  hand  side  of  the  A  equation  (2.5a)  will  now 
reflect  this  growth  in  B(m): 

A*(m)B(m)  =  e“inv*,{-  |  Ylm(ApAc)A*m  +  bA*  +  A*Bp  +  A*Bc(-l)m} 

+  eim*{-  |  YIm(ApAc)AJm  +  aA*  +  A*BC+  A*Bp(-l)m> 

+  higher  harmonics. 

We  see  that  A(m)  is  driven  by  terms  which  grow  linearly  in  m  and  which  involve 
the  computational  mode  of  A(m)  itself.  This  interaction  triggers  the  fi-nite 
amplitude  instability.  When  the  A*(m)B(m)  term  overcomes  the  linear  (restoring) 
term,  rapid  growth  of  the  solution  sets  in.  Analogous  arguments  could  also  be 
carried  out  in  the  three  and  four  mode  amplitude  equations  also. 

We  compute  the  nonlinear  stability  threshold  as  follows.  Let 

u(0,n)  «=  u(l,n)  *  o{(l+i)e  ^  +  (*)  +  eiir"}  , 

/ 

and  with  the  initial  conditions  A(0)  *  A(l)  *  o(l+i),  B(0)  *  B(l)  *  o  compute 
solutions  for  (2.5).  Mote  that  the  total  amplitude  Is  given  by 

E  ■  max  |u(m,n)|  ■  3c  . 

0<n<N 

irHD.l 

In  Figure  1,  we  show  the  regions  of  the  (a,E) 
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4 

plane  which  correspond  to  bounded  .(for  2  x  10  time  steps,  the  solution  oscillates) 
and  unbounded  (usually  overflow  occurs  in  less  than  10  time  steps)  solutions. 

The  transition  in  the  (a,E)  plane  from  bounded  to  unbounded  solutions  is  not 
smooth.  Given  recent  experience  with  mappings,  it  is  not  surprising  that  the 
boundary  is  irregular  and  that  the  domains  of  attraction  of  the  bounded  and 
unbounded  solutions  are  interspersed.  We  stress,  however,  that  when  we  examine 
the  stability  of  solutions  in  Section  3,  we  begin  with  initial  conditions  which 
belong  to  the  stable  region  of  the  amplitude  equations. 

In  Figure  la,  we  draw  smooth  curves  to  indicate  roughly  where  the  boundary 
lies.  In  Figure  lb,  we  give  a  more  detailed  picture  of  the  (a,E)  plane  in  the 
case  of  two  modes  (Eqs.  2.5).  The  dots  correspond  to  initial  values  of  a  and 

4 

E  for  which  the  solution  remains  stable  for  2  x  10  time  steps;  the  crosses 

o 

indicate  values  for  which  the  solutions  rapidly  (in  less  than  10  steps)  blow  up. 

Part  of  this  behavior  is  due  to  the  fact  that  initial  phase  (which  we  have 
chosen  to  be  fixed)  is  also  Important  in  determining  the  final  disposition  of 
the  solution.  Our  choice  of  weighting  the  three  modes  e^™^2,  eilrn  equally 
does  not  significantly  affect  the  average  position  of  the  stability  boundary  nor 
the  qualitative  features  of  Figure  lb.  It  does  change  quantitatively  the  compli¬ 
cated  patterns  seen  near  the  boundary  and  it  does  change  the  actual  number  of 
steps  needed  to  reach  instability.  We  confirmed  this  by  choosing  different 
weightings  while  keeping  the  "energy"  . 

N 

Z  u(0,n)u(l ,n)  *  N(A(0)A*(1 )+A*(0)A(l )+B(0)B(l)) 
n»l 

fixed. 

The  curves.  In  Figure  1,  can  be  considered  to  be  representative.  It  is 
interesting  to  note  that  the  stability  boundary  reaches  a  maximum  at  approximately 
a  *  .5  and  then  returns  to  E  ■  0  at  a  »  0.  Recall  that  since  we  keep  y  fixed 


-13- 


( equal  to  one)  in  these  experiments,  a  getting  smaller  means  that  the  size  of 

the  solution  U  about  which  we  perturb  is  getting  smaller.  One  might  argue 

from  (2.6a)  that  the  smaller  a  is,  the  larger  is  the  linear  restoring  force 

which  the  nonlinearity  must  overcome.  However  this  thinking  is  really  only  of 

value  when  a  is  close  to  one  and  we  can  take  the  continuous  time  limit  of  (2.6). 

It  is  better  to  consider  Eqs.  (2.5).  If  we  write  A(m)  *  x  +  iy  ,  B(m)  ■  b  , 

m  m  m 

then  (2.5a)  reads  for  a  *  0,  y  *  1, 

vi  ■  vi  - !  Vi» 

*m+l  *  ym-1  ~  7  ^mxm 

* 

which  if  XQ=yg,  x-|=y-j  allows  the  solution  xm*yra  for  all  m  thus 

bm+l  =  bm-l  +  1  xm 

and  therefore  always  increases.  This  result  is  not  significantly  affected  by  a 
change  of  initial  conditions.  For  example,  if  the  energy  is  redistributed  in 
a  different  manner  among  Xq.x^ ,y0,y^  .bQ,^  the  stability  threshold  at  a  *  0  can 
increase  to  as  much  as  +  .05.  Thus  the  role  of  a,  for  a  small,  is  to  dephase 
xm  and  ym  which  inhibits  the  monotonic  growth  of  bm- 

Similar  comments  apply  to  the  other  stability  curves  of  Figure  1,  which 
are  calculated  by  solving  the  initial  vapue  problem  for  the  ordinary  difference 
equation  (2.7),  (2.9)  describing  three  and  four  mode  behavior  respectively. 

The  reason  that  the  stability  boundary  for  the  three  mode  solution  touches  E  *  0 
at  a  *  1  Is  that,  at  this  value  of  o,  the  solution  A(m)  *  exp(-2Trim)/3, 

B(m)  ■  exp(-irim),  corresponding  to  the  undistorted  travelling  wave,  exactly 
cancels  the  linear  terms  In  the  equation.  Thus  the  nonlinearity  has  no  linear 
restoring  force  to  overcome. 
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C.  THREE  MODE  SOLUTION 

The  ^  (period  3)  mode  can  also  appear  as  a  solution  with  the  ir  (period  2) 
and  y  (period  6)  modes.  A  solution  of  the  form 
i  In  i  Trfi 

u(m,n)  =  A(m)e  +  B(m)e  +  C(m)e^n  +  (*)  (2.7) 

is  an  exact  solution  of  the  full  partial  difference  equations  provided  the 
amplitudes  satisfy 

A(m+1 )  -  A(m-l)  +  ^  (A*B  +  B*(C+C*))  +  ia»ff  A(m)  ■  0 

J5 

B(m+1 )  -  B(m-l)  +  ^  (2A2  +  A*(C+C*))m  +  i art  B (m)_*  0 

& 

C(m+1 )  -  C(m-l)  +  A(m)B(m)  =  0  .  (2.8) 

Once  again  a  stability  curve  relating  a  to  the  critical  value  of  the  initial 

amplitude  has  been  determined  experimentally.  This  curve  is  also  shown  in 

Figure  la,  for  the  case  A(0)  *  A(l)  *  B(0)  ■  B(l)  *  o(l+i),  C( 0)  e  C(l)  *  a. 

Now  E  *  max  |u(m,n)|  *  5a. 

0<n<N 

m»0,l 

D.  FOUR  MODE  SOLUTION 

An  exact  solution  to  the  full  partial  difference  equations  consisting  of 

/ 

four  linear  modes  takes  the  form 

i?n  i5n  iljL, 

u(m,n)  «  A(m)e  +  B(m)e  +  C(m)e  +  D(m)eilTn  +  (*).  (2.9) 

The  amplitudes  must  satisfy  the  ordinary  difference  equations 
A(nH-l)  -  A(m-l)  +  1yCy(2  +  v7)A*B  +  (§  -  *7)B*C  +  ^  C*D]m  +  S*/Z  A(m)  »  0 

B(m+1)  -  B(m-l)  +  1y[J(2  +  ^)A2  +  y  A*C  +  |  B*D  +  J-U-v^C*2^  +  21aB(m)  »  0 
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C(nH-l)  -  C(m-l)  +  iytx  A*D  +  (|  +  /Z)  AB  +  -  2)B*C*]m  +  ia^?C(m)  *  0 

D(nH-l)  -  D(m-l)  +  iy  AC  +  B2)m  *  0.  (2.10) 

The  stability  curve  determined  from  these  amplitude  equations  is  also  shown  in 

Figure  la  for  the  case  A(0)  =  A(l)  =  B(0)  =  B(l)  =  C(0)  =  C(l)  =  o(l+i), 

D(0)  *  D( 1 )  *  a.  Now  E  =  max  |u(m,n)|  =  7c. 

0<n<N 

m*0,l 

III.  FOCUSING  IN  THE  PARTIAL  DIFFERENCE  EQUATIONS 

The  calculations  of  the  previous  section  provide  the  regions  of  stability 
for  exact  solutions  to  the  full  partial  difference  equations.  However,  these 
stability  curves  were  determined  not  from  the  full  partial  difference  equations, 
but  rather  from  a  set  of  ordinary  difference  equations  that  govern  the  amplitudes 
of  various  Fourier  modes.  We  now  return  to  the  partial  difference  equations 
for  a  numerical  experiment  that  can  be  thought  of  as  a  verification  of  the 
stability  results  of  the  previous  section.  In  all  cases  we  will  begin  from 
initial  conditions  which  give  rise  to  stable  solutions  of  the  ordinary  difference 
equations  (2.5)  and  (2.8). 

Consider  the  specific  case  of  the  exact  three  mode  solution 

'  i5n  i^?n 

u(m,n)  *  A(m)e  +  B(m)e  +  C(m)e^n  +  (*). 

According  to  the  stability  curve  of  Figure  1,  a  value  of  a  *  .9  and  an  initial 
amplitude  of  E  *  .1  should  produce  a  stable  solution  of  the  amplitude  equations. 
Yet  when  the  partial  difference  equations  are  solved  with  a  *  .9  and  E  *  .1, 
something  unexpected  happens.  The  results  of  this  calculation  are  shown  in 
Figure  2.  With  N-300  grid  points  on  the  interval  0  <  x  <  1,  the  solution  is 
plotted  at  time  steps  m  ■  400,  1000,  2000,  2200,  2400,  2680.  The  dashed 
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lines  indicate  the  critical  amplitude  at  which  finite  amplitude  instability 
sets  in  according  to  the  stability  curve  of  Figure  1.  (In  this  case  the  criti¬ 
cal  amplitude  is  about  .2).  Clearly,  the  initial  amplitude  in  this  case  is 
subcritical.  At  m  =  400  and  m  *  1000  (Figure  2a, b),  the  solution  still  retains 
the  periodic  structure  of  the  initial  conditions;  its  amplitude  is  well  below 
critical  everywhere.  By  m  =  2000  (Figure  2c),  the  constant  envelope  of  the 
initial  profile  begins  to  vary  slowly  in  x.  The  solution  remains  well-contained 
through  m  *  2400  (Figure  2e)  although  local  amplitudes  have  exceeded  their 
initial  value.  At  m  *  2680  (Figure  2f)  the  solution  exceeds  the  threshold 
value  at  a  single  grid  point.  This  completes  the  first  stage  of  the  develop¬ 
ment  of  the  instability.  It  is  characterized  by  the  slow  gathering  or  focusing 
of  the  solution  locally.  Once  the  solution  reaches  the  critical  threshold  at 
even  a  single  grid  point,  the  second  stage  of  the  development  takes  place 
swiftly.  By  m  *  2700,  finite  amplitude  instability,  as  predicted  by  the  ampli¬ 
tude  equations,  has  taken  over  and  the  solution  grows  without  bound.  During 

the  integration,  the  two  quantities  Z  u(m,n)  and  Z  u(ntfl ,n)u(m,n)  are  conserved 

n  n 

exactly. 

Some  understanding  of  this  process  may  be  gained  by  looking  at  the  Fourier 
spectrum  of  the  solution  at  the  same  time  steps  shown  in  Figure  2.  On  a  grid  of 
N  ■  300  points  there  are  150  distinct  modes  with  mode  j  of  the  form 

e  having  wavelength  of  (^-)h.  After  m  ■  1000  time  steps  (Figure  3a)  the 
energy  is  still  In  the  three  modes  of  the  initial  conditions.  By  m  *  2000  time 
steps  (Figure  3b)  the  energy  has  spread  to  the  sidebands  with  wave  numbers 
y  *  45,55,  y  *  95,105  and  y  *  145  (y  *  50  is  the  period  6  or  j  mode).  This 
corresponds  to  an  envelope  modulation  of  wavelength  *  60  and  the  constant 
envelope  of  the  Initial  profile  begins  to  vary  slovriy  in  x.  In  short,  the 
exact  solutions  of  the  amplitude  equations  are  unstable  solutions  of  the  full 
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partial  difference  equations.  This  is  the  beginning  of  the  focusing  process. 

The  slow  modulation  of  the  envelope  is  triggered  only  by  the  presence  of  errors 
"her  in  the  initial  conditions  or.  in  computation.  Figure  3c  at  m  =  2200  time 
steps  shows  a  further  spreading  of  the  energy  in  wave  number  space  corresponding 
to  a  continued  enhancement  of  the  modulation  in  the  envelope.  During  time  steps 
m  >  2400  (Figure  3d)  the  energy  is  distributed  through  all  wave  numbers  approach¬ 
ing  a  uniform  distribution.  In  physical  space  this  corresponds  to  the  envelope 
of  the  solution  having  focused  into  a  local  peak  with  subcritical  amplitude. 

Once  focusing  elevates  the  maximum  amplitude  above  the  threshold,  finite  ampli¬ 
tude  instability  sets  in,  leading  to  a  rapid  deterioration  of  the  solution. 

We  point  out  again  that  the  initial  conditions  for  this  experiment  corre¬ 
spond  to  an  exact  and  bounded  solution  of  the  full  partial  difference  equations. 
The  focusing  mechanism  feeds  on  errors  in  the  calculations  and  magnifies  them 
at  a  level  which  is  subcritical  even  for  finite  amplitude  (nonlinear)  instability. 
The  effect  of  focusing  can  be  accelerated  by  adding  small  perturbations  to  the 
initial  conditions.  It  can  be  delayed  by  doing  the  calculation  in  higher 

i 

precision. 

Figures 4  show  another  sequence  of  experimental  results.  We  choose  initial 
conditions  consisting  of  the  ir/2  and  it  modes  and  N,  the  number  of 
grid  points.  Is  300.  With  a  »  .9,  the  critical  amplitude  (by  Figure  1)  is 
E£  *  0.36  and  is  marked  by  a  dashed  line  fn  the  figures.  For  these  calculations, 
an  initial  amplitude  of  E  =  .15  was  chosen.  For  early  times  the  envelope 
oscillates  In  a  manner  almost  Independent  of  x  and  in  precise  agreement  with  the 
motion  predicted  by  Eqs.  (2.5a,b).  One  can  think  of  the  system  as  consisting 
of  a  chain  of  coupled  oscillators  in  a  nonlinear  potential.  For  early  times, 
their  orbits  are  almost  synchronized.  However,  a  careful  analysis  of  the 
spectrum  reveals  that  the  envelope  has  begun  to  deform  and  one  can  already  see 
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the  long  wave  modulation  at  times  m  =  100,  400  (Figures  4a, b).  The  spectral 

decompositions  of  u(100,n)  (Figure  5b)  shows  that  the  sidebands  k  =  72,  78 

(k  =  75  is  the  period  4  or  tt/2  mode)  are  excited.  This  corresponds  to  an 

envelope  modulation  of  wavelength  300/3  *  100.  This  wavelength  is  chosen 

dynamically,  is  a  function  of  the  initial  amplitude  but  is  not  a  function  of  N, 

the  number  of  grid  points.  This  fact  was  verified  by  taking  values  of  N 

ranging  from  60  to  600.  .  The  fact  that  there  is  a  most  unstable  sideband  and 

that  the  wavelength  of  the  most  unstable  mode  is  inversely  proportional  to 

the  initial  amplitude  is  consistent  with  parallel  theories  of  modulation  insta- 
8  11 

bilities.  ’  Returning  to  the  experiment  shown  in  Figures  4,  we  note  that  by 

i 

m  =  400,  the  deformation  of  the  envelope  into  a  wave  of  wavelength  100  is 
clear  to  the  eye  although  by  this  step  some  energy  has  also  been  transferred 
to  the  sidebands  k  =»  71  and  79  (Figure  5c).  By  m  =  800  (Figure  4e),  the  envel¬ 
ope  has  deformed  so  that  in  several  locations,  it  is  about  to  exceed  the  critical 
threshold.  Within  fifty  more  time  steps  (Figure  4f),  the  solution  becomes 
rapidly  unbounded.  Note  that  the  maximum  negative  peak  (Figures  4e,  4f)  travels 
with  a  speed  of  almost  one  consistent  with  the  envelope  description  discussed 
in  the  next  section. 

An  important  question  is  whether  the  behavior  observed  in  these  two  experi¬ 
ments  is  inherent  in  the  difference  equations  themselves  or  whether  it  can  be 
attributed  to  finite  precision  arithmetic^  To  address  this  question,  the  growth 
rate  of  the  instability  was  measured  for  various  cases  in  both  single  and  double 
precision.  One  measure  of  growth  rete  was  obtained  by  monitoring  the  quantity 

e,(m)  *  max  ju(m,n)  -  u(m,n)| 
l<n<N 

A 

where  u  is  the  solution  of  the  full  partial  difference  equation  and  u  Is  the 
solution  of  the  partial  difference  equation  as  reconstructed  from  the  solution 
of  the  amplitude  equations.  The  quantity  e^  measures  the  deviation  of  the 
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exact  solution  (u)  from  the  destabilized  solution  (u)  (assuming  the  same  initial 
conditions)  and  thus  gives  an  indication  of  the  rate  at  which  the  instability 
is  developing.  Figures  6a  and  6b  show  plots  of  m  vs.  e^m)  for  a  single  and 
double  precision  calculation  on  a  grid  of  N  =  240  with  two  mode  (|-,tt)  initial 
conditions.  The  average  growth  rates,  as  determined  from  each  curve's  interval 
Of  uniform  growth,  are  essentially  identical.  A  similar  run  with  N  =  300  in 
single  and  double  precision  also  yields  the  same  growth  rate.  A  second  quantity 

e2(m)  =  max  {max  u(m,n)}  -  min{max  u(m,n)} 
n  n 

measures  the  rate  at  which  the  amplitude  of  the  envelope  modulation  grows.  When 
this  quantity  is  monitored,  a  growth  rate  is  obtained  which  not  only  agrees  in 
single  and  double  precision,  but  also  agrees  with  the  growth  rate  obtained  from 
e.|.  It  seems  reasonable  to  conclude  that  the  mechanism  which  is  responsible  for 
focusing  resides  in  the  difference  equations  and  is  not  an  artifact  of  finite 
precision  arithmetic. 

IV.  ENVELOPE  DESCRIPTION 

Since  the  instability  which  leads  to  focusing  involves  wave  numbers  in  the 
immediate  neighborhood  of  the  primary  modes,  it  is  natural  to  seek  an  envelope 
description  of  the  process.  We  carry  out  this  analysis  for  the  situation  in 
which  the  energy  is  Initially  in  the  ir/2^and  ir  modes.  In  (2.6)  let  the  ampli¬ 
tudes  a(m,n),  b(m,n)  be  slowly  varying  functions  of  both  the  time  and  space 
variable.  When  substituted  into  the  full  partial  difference  equations  (2.1)  the 
following  envelope  equations  for  the  amplitudes  are  obtained. 

[a(m+l,n)  -  2a(m,n)  +  a(m-l,n)]  -  [a(m,n+l)  -  2a(m,n)  +  a(m,n-l)] 

■  2(a-l)a(m,n)  +  0?-  a*(m,n)b(m,n)  (4.1a) 

b(m+l,n)  -  b(m-l,n)  +  b(m,n+l)  -  b(m,n-l)  *  +  ^{a^(m,n)  -  a*^(m,n)).  (4.1b) 
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The  approximation  used  in  obtaining  these  equations  are  valid  provided  that 
the  spatial  gradient  a(m,n+l)  -  a(m,n-l)  of  a(m,n)  is  small  with  respect  to 
the  amplitude  a{m,n)  itself.  The  advantage  of  Eqs.  (4.1)  is  that  they  are 
universal  and  will  apply  to  a  broad  class  of  partial  difference  equations.  In  addition 
the  envelope  Eqs.  (4.1)  are  a  better  representation  of  the  full  partial  diff¬ 
erence  Eqs.  (2.1)  than  the  amplitude  Eqs.  (2.6).  Certainly  they  contain  the 
amplitude  equations.  Also  they  are  a  valid  approximation  to  the  full  partial 
difference  equations  at  least  for  early  times  as,  in  the  initial  steps  of 
growth  of  the  envelope  instability,  the  criterion  that  a(m,n+l)  -  a(m,n-l)  is 
small  with  respect  to  a(m,n)  is  well  satisfied. 

In  Figure  7,  we  show  the  result  of  comparing  u(m,n)  as  calculated  from 
(2.1)  and  as  constructed  from  a  solution  of  the  envelope  Eqs.  (4.1).  The 
initial  conditions  consist  of  the  tt/2  and  ir  modes  only  with  an  amplitude  E  e  .15 
modulated  by  a  long  wave  perturbation  with  an  amplitude  of  .05E.  The  parameter 
values  a  *  .9  and  N  =  60  grid  points  were  used.  For  m  <  200  (Figures  7a, b)  the 
two  computations  produce  identical  results.  When  m  >  300  (Figure  7c)  the  approx¬ 
imations  used  to  derive  the  envelope  equations  cease  to  be  valid.  For  example, 
a  universal  term,  such  as  2a*(m,n)b(m,n) ,  no  longer  represents 
a*(m,n+l)b(m,n+l)  +  a*(m,n-’)b(m,n-l),  a  term  which  is  peculiar  to  the  particular 
partial  difference  equation  under  study.  Nevertheless  the  envelope  equations 
do  exhibit  the  focusing  property  and  display  qualitatively  similar  behavior  to 
the  full  difference  equations  even  though,  in  this  computation,  the  critical 
threshold  Is  reached  much  sooner  (at  m  ■  650)  by  the  envelope  equations.  The 
full  difference  equations  exhibit  focusing  behavior  which  reaches  the  critical 
threshold  at  about  m  ■  1800  time  steps. 
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V.  CONCLUSIONS  AND  CONJECTURES 

The  results  of  the  previous  sections  were  obtained  in  a  purely  experimental 
way.  These  experiments  provide  evidence  for  the  presence  of  a  universal  mechanism 
for  instability  in  certain  nonlinear  difference  schemes.  We  have  considered 
the  Leapfrog  scheme  which  has 

(i)  potentially  unstable  modes  which  are  neutral  by  linear  stability 
analysis, 

(ii)  a  subcritical  amplitude  threshold  governing  the  onset  of  finite 
amplitude  instability,  and 

(iii)  the  focusing  property. 

i 

We  believe  that  any  difference  scheme  possessing  these  properties  will  be  sus¬ 
ceptible  to  instability  through  this  mechanism.  Of  these  three  properties,  the 
focusing  mechanism  is  the  most  difficult  to  predict.  One  necessary  criterion 
for  focusing  is  that  the  envelope  equations  (4.1)  possess  n-independent  solutions 
which  are  always  unstable.  Although  certainly  accessible,  an  analytic  result 
to  this  effect  has  not  been  proved,  but,  to  date,  experimental  evidence  strongly 
suggests  that  this  instability  is  always  present.  A  second,  more  difficult, 
question  is  whether  the  focusing  envelope  always  attains  the  critical  threshold. 

In  order  to  gain  some  insight  into  this  question,  we  plot,  in  Figures  8  and  9, 
the  number  of  time  steps  needed  for  the  critical  threshold  to  be  reached  (M)  as 
a  function  of  the  number  of  spatial  grid  points  (N).  The  different  curves  are 
parameterized  by  E,  the  amplitude  of  the  solution  from  which  the  envelope  starts 
to  deform.  Figure  8  refers  to  the  case  of  two  mode  (ir/2 ,tt)  Initial  conditions 
In  which,  with  a  *  .9,  the  critical  amplitude  Is  E  *  .36.  Figure  9  refers  to 
the  case  of  three  mode  (tt/3,  2w/3,  it)  Initial  conditions  In  which,  with  o.»  .9, 
the  critical  amplitude  Is  Ec  »  .15.  These  results  also  exhibit  some  interesting 
features . 
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(i)  The  closer  E  is  to  its  critical  value  E  ,  the  larger  is  the  range 

v 

for  which  M  is  independent  on  N.  The  fact  that  these  curves  asymptote  at  non¬ 
zero  values  of  M  reflects  the  fact  that  the  time  for  the  perturbation  to  reach 
an  amplitude  of  Ec  -  E  depends  on  the  size  of  the  initial  fluctuations  and 
the  growth  rate  of  the  envelope  instability. 

(ii)  The  smaller  E  is,  the  larger  N  must  be  in  order  for  the  envelope  to 
attain  the  critical  threshold.  From  the  data  on  Figure  9,  we  plot  in  Figure  10, 
in E  vs.  Jln(tnN)  for  fixed  M,  the  number  of  time  steps  needed  for  the  envelope 

to  attain  the  critical  threshold.  The  straight  lines  indicate  that  E£nN  is 
constant  for  fixed  M  and  furthermore  we  note  that  even  then  E£nN  is  only  weakly 
dependent  on  M.  Thus  it  is  not  simply  the  amplitude  which  determines  the 
ultimate  fate  of  the  solution.  Rather,  the  critical  parameter  appears  to  be  a 
global  quantity  which  measures  a  weighted  average  of  the  original  perturbations. 
It  should  be  pointed  out  once  again  that  these  results  are  sensitive  to  the 
choice  of  initial  conditions.  Figures  8-10  show  the  situation  in  which  all 
components  of  all  inodes  are  given  equal  weight  in  the  initial  conditions.  It  is 
expected  that  a  different  weighting  would  give  qualitatively  similar,  but  quanti¬ 
tatively  different  pictures.  Since  in  a  typical  calculation  initial  errors  are 
distributed  fairly  randomly,  it  would  be  difficult  to  use  the  curves  of  Figures 
8-10  to  predict  the  number  of  steps  needed  to  reach  the  threshold. 

This  raises  the  question  of  how  instability  due  to  focusing  can  be  avoided. 
In  Section  2  an  argument  was  given  to  show  the  role  of  the  computational  mode'  in 
the  onset  of  finite  amplitude  instability.  It  appears  that  the  presence  of 
spurious,  neutral  modes  also  contributes  to  the  focusing  mechanism.  A  number  of 
strategies  have  been  developed  to  eliminate  the  computational  mode  from  calcula¬ 
tions  that  use  non-dissipative  schemes.  Among  these  strategies  we  tested  the 
following  and  reached  some  conclusions. 

(1)  Averagi ng  the  solution  on  two  consecutive  time  levels  at  regular 
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intervals  effectively  eliminates  the  development  of  envelope  insta¬ 
bility  and  keeps  the  solution  intact  for  any  number  of  time  steps. 
However,  averaging  amounts  to  a  non-physical  "time’1  step  and,  not 
surprisingly,  the  conservation  of  quantities  such  as  M  and  E  is  badly 
violated. 

(ii)  Periodic  restarts  or  insertion  of  a  step  with  a  two  level  scheme 

also  appears  to  suppress  the  focusing  mechanism,  but  has  a  negligible 
effect  on  the  conserved  quantities.  To  show  the  effectiveness  of 
this  strategy  the  case  of  Figure  4  was  run  again,  this  time  with 
a  two-level  Matsuno  step  inserted  every  200  time  steps.  After  420 
time  steps,  when  the  original  (non-restarted)  solution  was  showing 
noticeable  modulation  of  the  envelope,  the  restarted  solution  still 
shows  a  uniform  envelope  over  a  perfectly  periodic  wave.  After  880 
time  steps  after  the  original  solution  has  become  unbounded,  the 
restarted  solution  still  has  a  uniform  envelope. 

In  this  case  with  a  forward  time  step  taken  every  200  time  steps,  any 
growth  that  has  begun  in  the  envelope  is  small  enough  that  it  can  be 
eliminated  by  the  damping  in  one  Matsuno  step.  On  the  other  hand, 
if  a  forward  step  is  taken  less  frequently,  then  the  buckling  and 

growth  of  the  envelope  has  enough  time  to  develop  and  one  Matsuno 

/ 

step  will  not  restore  the  uniform  envelope.  This  latter  situation 
is  illustrated  in  Figures  11.  The  first  figure  shows  a  wel 1 -devel oped 
envelope  wave  over  a  grid  of  N  ■  300  after  m  ■  853  time  steps. 

Figure  lib  shows  the  solution  one  step  after  a  Matsuno  step.  The 
effect  of  the  forward  step  is  to  reduce  the  anplitude  of  the  solution 
uniformly  over  the  grid.  One  local  peak  which  has  reached  the 
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critical  threshold  has  been  reduced  to  about  75%  of  its  value. 

It  is  difficult  to  determine  how  much  of  that  reduction  is  due 
to  the  damping  of  the  Matsuno  step.  Some  portion  of  it  is  due  to 
the  inherent  oscillation  of  the  envelope.  A  careful  look  at  the 
spectrum  shows  that  the  energy  has  been  reduced  fairly  uniformly 
across  all  the  modes  in  contrast  to  the  linear  case  in  which  the 
damping  is  strongest  for  the  high  wavenumbers.  This  particular 
integration  which  would  have  terminated  a  few  steps  after  m  =  855 
without  the  forward  step  continues  for  several  hundred  additional 
steps . 

It  would  be  useful  to  derive  a  rough  prescription  for  the  frequency 
with  which  forward  steps  should  be  inserted.  There  are  some  assump¬ 
tions  in  such  a  calculation  which  may  mitigate  its  usefulness  as  a 
general  result,  but  it  does  show  that  damping  and  envelope  growth 
can  be  made  to  compensate  each  other  in  an  effective  way.  The  growth 
rate  of  the  focusing  instability  can  be  estimated  either  from  Figures 
6  or  from  the  flat  portions  (N  >  200)  of  the  curves  in  Figure  8.  At 
the  same  time  a  linear  analysis  gives  the  amount  of  damping  associated 
with  one  Matsuno  step.  For  example,  the  most  highly  damped  mode 

(ir/2  mode)  is  damped  by  a  factor  of  .92  when  a  *  .9.  Assuming  a  con- 

/ 

stant  exponential  growth  of  the  envelope,  it  Is  possible  to  determine 
how  often  a  forward  step  should  be  inserted  to  exactly  cancel  the 
growth  of  the  envelope.  With  N  ■  300,  such  a  calculation  yields  a 
frequency  of  400  time  steps  which  agrees  well  with  empirically  deter¬ 
mined  strategies.  This  calculation  Is  certainly  oversimplified.  The 
growth  rate  Is  not  uniform  and  Is  somewhat  amplitude  dependent.  Further¬ 
more,  the  linear  estimate  of  the  damping  factor  Is  not  exactly  correct, 
especially  in  the  later  stages  of  the  computation.  Nevertheless,  the 
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the  argument  does  explain  qualitatively  the  success  of  a  forward 
step  in  inhibiting  the  instability. 

(iii)  For  smooth  solutions,  periodic  filtering  on  high  wave  numbers  has 
been  used  successfully  to  suppress  instability.  This  has  not  been 
tried  in  the  present  one-dimensional  runs  (in  which  the  solutions 
are  far  from  smooth).  We  would  expect  filtering  to  be  effective 
in  supressing  focusing  which  feeds  preferentially  on  the  high  wave 
numbers.  At  the  same  time  filtering  could  have  an  undesirable 
effect  on  the  budget  of  conserved  quantities. 

The  qualitative  similarity  between  all  of  the  features  reported  above  and  the 

properties  of  focusing  envelopes  of  partial  differential  equations  leads  us  to 

» 

conjecture  that  the  strength  of  the  focusing  mechanism “increases  with  the 
dimension  of  the  problem.  Indeed,  preliminary  calculations  with  analogous  two- 
dimensional  equations  have  borne  out  this  conclusion.  We  expect  that  this  two 
step  instability  process  will  be  potentially  present  in  all  large  scale  computa¬ 
tions,  Our  goal,  in  this  and  future  work,  is  to  understand  the  nature  of  the 
breakdown  of  numerical  algorithms  to  the  point  that  we  can  (a)  appreciate  why 
certain  ad  hoc  instability  inhibitors  (such  as  filtering  and  the  introduction  of 
artificial  viscosity)  work  and  (b)  to  devise  new  and  more  enlightened  ways  to 
control  instabilities  without  sacrificing  accuracy. 
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FIGURE  CAPTIONS 

la.  Stability  curves  in  (a,E)  plane  as  determined  from  amplitude  equations: 

2.  Two  mode  solution  (tt/2,  it).  3.  Three  mode  solution  (tt/3,  2it/3,  it). 

4.  Four  mode  solution  (ir/4,  tt/2 ,  3tt/4,  tt). 

lb.  Enlargement  of  (a,E)  parameter  plane  for  two  mode  solution. 

4 

•  •  Stable  solution  to  2  x  10  time  steps.  X  Unstable  solution. 

2a-f.  Solution  to  the  partial  difference  equations:  3  modes,  N*300,  a*. 9,  E*.l, 
m=400,  1000,  2000,  2200,  2400,  2680. 

3a-d.  Spectral  resolution  of  u(1000,n),  u(2000,n),  u(2200,n),  u(2400,n),  of 
Figure  2. 

4a-f.  Solution  to  partial  difference  equations:  2  modes,  N=300,  ex*. 9,  E* .15, 
m=100,  m=400,  m*450,  m*500,  m*800,  m*850. 

5a-f.  Spectral  resolution  of  solutions  of  Figure  4  at  m«0,  100,  400,  450,  500,  550. 
6a, b.  u.'owth  rate  curves.  Single  and  double  precision,  N«240. 

7a-c.  Solution  of  partial  difference  equations  (•)  and  envelope  equations  (*). 

2  modes,  N*60,  a=.9,  E* .15,  m=100,  200,  300. 

8.  Number  of  grid  points  (N)  vs.  number  of  time  steps  to  critical  threshold  (M): 

2  modes :  a».9,  various  E«{1).3,  (2). 27,  (3). 21,  (4). 18,  (5). 15. 

9.  Number  of  grid  points  (N)  vs.  number  of  time  steps  to  critical  threshold  (M): 

3  modes,  a*. 9,  various  E«(l ) .14,  (2). 12,  (3) .1 ,  (4). 09,  (5). 106,  (6). 05. 

10.  tn(lnN)  vs.  in(E),  a*. 9,  3  modes  4or  M  *  2000,  3000,  6000. 

11 a, b.  The  effect  of  one  Matsuno  step.  N*300,  a*. 9,  m«853,  855. 
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Figure  lb.  Enlargement  of  (a,  E)  parameter  plane  for  two  mode  solution. 

•  Stable  solution  to  2  x  10**  time  steps.  X  Unstable  solution. 


Figure  2.  Solution  to  partial  difference  equati 
3  Modes,  N*300,  a-. 9*  E».l  . 

(a)  m*400  (b)  m»1000  (c)  m»2000 
(d)  m«2200  .  (e)  m«2400  (f)  m«2680. 


Figure  3.  Spectral  resolution  of  solution  of  Figure  2. 
(a)  m-'lOOO  (b)  m-2000  (c)  m*2200  (d)  m*2400 


Figure  5.  Spectral  resolution  of  solution  of  Figure  4. 

(a)  m«0  (b)  ffl-100  (c)  m»400  (d)  m-450  (e)  m-500  (f)  m»550 


Figure  7.  Solution  of  partial  difference  equations  (•)  and 

envelope  equations  (*).  2  Modes,  N  *  60,  a*. 9,  E».15 
(a)  m«100  (b)  m«200  (c)  m»300. 


Figure  10.  An(£nN)  vs.  AnE  for  3  Modes,  a«.9  with 


M  •=  2000,  3000,  6000. 
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Some  numerical  studies  are  repotted  of  solutions  of  the  sino-Gordon  equation  with  damping  and  a  mixture  of  two  types 
of  driving  force:  a  constant  (dc)  force  and  a  spatially  inhomogeneous  force  varying  harmonically  (ac)  in  time.  For  tome 
ranges  of  parameters  the  excitation  of  kink-antikink  pairs  is  chaotic. 


Recently  there  has  been  a  considerable  interest  in 
the  occurrence  of  chaotic  states  in  deterministic  sys¬ 
tems  (ci.  ref.  [1] ).  In  particular,  the  appearance  of  un¬ 
usually  high  noise-temperatures  in  Josephson  param¬ 
etric  amplifiers  has  been  ascribed  to  transitions  from 
coherent  to  chaotic  states  of  the  undertying  dynami¬ 
cal  system 

♦'  +  a*'  +  sin  vK  cos  («„./).  (1)- 

This  is  also  the  equation  of  motion  for  a  damped  pen¬ 
dulum  with  an  applied  torque  varying  harmonically  in 
time.  Analog  computer  simulations  by  Huberman  et 
al.  [2] ,  and  digital  computer  calculations  and  electronic 
experiments  by  Pedersen  and  Davidson  [3],  have  shown 
that  eq.  (1)  exhibits  chaotic  behaviour  for  certain 
ranges  of  parameter  values. 

In  this  letter  we  report  a  preliminary  investigation 
of  the  effect  of  adding  a  spatial  dependence  of  to 
eq.  (1),  i.e.  instead  of  a  Josephson  point-diode  or  a 
single  pendulum,  we  consider  a  long  Josephson  junc¬ 
tion  or  an  array  of  coupled  pendulums.  The  equation 
of  motion  in  suitably  normalized  units  is 

+  «df +  *ind-F(x,fX  (2) 


where  F(pc,  t )  represents  a  general  driving  term. 

Without  damping  (a  *  0)  and  driving  terms,  eq.  (2) 
is  the  well  known  sine-Gordon  (SG)  equation  (c.f.  ref. 
[4] ).  The  fundamental  nonlinear  normal  modes  of  the 
SG  equation  are  the  kink/antildnk  (4>t)  and  breather 
or  bion  solutions 

*  4  tan~l  {exp[±7(x  -x0  (3) 

and  . 

^■Atan-^O/wJ-l)1/2  sinfljsechdR],  (4) 

where  0,  -  yu*  [t  -  u  (x  -  x0)] ,  8 »  -  y(l  -  o*)1/2 
X  (x -Xq  -  ut),  and  y  *  (1  -  m2)~i/2 , u  being  the 
velocity.  The  parameter  U),  determines  the  internal 
oscillation  frequency  of  the  breather.  The  energy  car¬ 
ried  by  the  kink/antikink  and  the  breather  are 

Et-87,  £-b-2£±(l-wg)V2,  (5) 

respectively.  These  solutions  contrast  with  the  small- 
amplitude  harmonic  (linear-phonon  or  plasmon)  solu¬ 
tions  $(x,  r)«  Re  [ exp[  i(kx  -  /)]}  with  the  dis¬ 

persion  relation  ■  1  +  k1 .  It  is  well  known  that  the 
breather  can  be  considered  as  a  bound  state  kink-anti¬ 
kink  pair,  where  the  energy  goes  to  zero  as  -*•  1  and 
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approaches  2 Et  as  <jj,  •*  0.  For  wj,  ■*  1  (small  ampli¬ 
tude)  the  breather  can  be  viewed  as  a  coherent  spatial¬ 
ly  confined  excitation  of  linear  plasmons.  Although 
there  is  no  clear  distinction  between  a  linear  localized 
plasmon  and  a  nonlinear  breather,  we  shall  below  use 
the  term  plasmon  in  a  loose  sense  to  mean  a  low  ener¬ 
gy  breather. 

It  is  important  to  note  that  there  is  no  threshold 
energy  required  for  breather  creation,  in  contrast  to 
the  creation  of  a  kink  or  antikink.  This  suggests  that  a 
relatively  small  spatially  inhomogeneous  driving  force 
tuned  to  unit  frequency  will  be  successful  in  exciting 
a  low  energy  breather  mode.  An  obvious  conjecture  is 
that  such  a  driving  force  will  continue  to  feed  energy 
into  the  breather  until  it  eventually  breaks  up  into  a 
kink-antikink  pair.  Numerical  experiments  support 
this  hypothesis,  and  also  suggest  that  the  time  evolu¬ 
tion  of  this  scenario  is  chaotic  in  nature. 

We  used  the  finite  difference  scheme  of  Abiowitz 
et  aL  [5]  to  integrate  eq.  (2),  with  step  size  Ax  ■  A7 
■  0.0S.  As  initial  conditions  we  took  $<x,  0)  *  0  and 
$r(x,0)*0  throughout.  At  x  *  0, 40  we  used  linear 
outflow  boundary  conditions,  $,  ±  $,  »■  0.  In  order  to 


investigate  the  chaotic  nature  (or  otherwise)  of  the  re¬ 
sults,  we  calculated  a  power  spectrum  obtained  as  the 
autocorrelation  function  of  $,(20,  r)  computed  by  the 
fast  fourier  transform  using  2 14  values  of  $,(20,  r). 

The  time  series  $,  (20,  r)  was  shaped  with  a  cosine  bell 
window  in  order  to  reduce  frequency  components  in¬ 
troduced  by  truncation. 

Initially  we  used  the  following  driving  force 

F{x,  t)  * 0,  0  <x  <15, 

* r)tc  cos  r,  15  <x  < 25,  (6) 

*0,  25  <x<40. 

In  fig.  1  we  show  $(x,  t)  for  the  case  tj1c  =  0.5,  and 
a  *  0.01  for  0  <  r  <  130.  Initially  plasmons  are  creat¬ 
ed,  but  at  r  w  100  a  breather  is  formed  which  eventual¬ 
ly  aquires  enough  energy  to  break  up  into  a  kink- 
antikink  pair.  Further  calculations,  not  shown  in  the 
diagram,  reveal  that  this  process  continues  in  an  aperi¬ 
odic  manner.  In  fig.  2  we  show  the  power  spectrum 
S(ui)  obtained  for  the  time  interval  50  <  r  <  5000.  A 
broad  band  noise  level  is  seen,  characterizing  the  cha- 
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Fig.  2.  Power  spectrum  5  (u),  for  the  cue  ri^  »  0 S,  a  »  0.01, 
showing  die  1956  lowest  frequencies. 

otic  nature  of  the  process.  For  comparison,  the  power 
spectrum  of  a  nonchaotic  case  obtained  for  =  0.0  i , 
and  a  *  0.01  is  shown  in  fig.  3.  We  find  no  creation  of 
high  energy  breathers  in  this  case,  and  only  a  slight 
broadening  (60  dB  below)  around  the  driving  frequen¬ 
cy  is  observed.  For  t?k  0.1  the  background  noise  be¬ 
gins  to  rise. 

A  constant  (in  space  and  time)  applied  torque  on 


Fig.  4.  Numerical  solution  of  eq.  (2)  sad  eq.  (7)  with  «  0.3, 
running  upwards 
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Fig.  3.  Power  spectrum  S(u),  for  the  case  nK  *  0.01,  a  ■  0.01, 
showing  the  1956  lowest  frequencies. 

the  pendulum  chain  will  force  a  breather  to  break  up 
into  a  kink— antikink  pair.  The  final  velocity  of  the 
kink  and  antikink  is  determined  as  a  balance  between 
the  loss  and  the  driving  force.  Thus  we  expect  the  addi¬ 
tion  of  a  constant  force  in  eq.  (6)  to  enhance  the  break¬ 
up  of  breathers  and  to  accelerate  the  movement  of  the 
kink— antikink  pairs  from  the  central  driven  region. 

We  carried  out  calculations  with  the  following  form 
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of  F(x,t) 

f(x,t)an4c  o  <x  <  is, 

15<at<25,  (7) 

•VdB’  25<x<40. 

The  result  for  Vde  3 °-3.  % c  3  O-5* and  «  a  0.01  is 
shown  in  fig.  4  for  0  <  t  <  130.  As  before,  we  find 
plasmons  being  created,  but  now  three  breather  and 
kink-antikink  pairs  are  found,  supporting  the  enhance¬ 
ment  conjecture  above.  The  power  spectrum  is  qualita¬ 
tively  similar  to  that  of  fig.  2.  In  fig.  5  we  show  0,(20,  t ) 
versus  0(20,  r)  for  0  <  t  <  310.  The  chaotic  nature  of 
the  process  is  clearly  seen  -  the  creation  of  plasmons 
is  accompanied  by  successive  2ir  jumps  in  a  random 
way. 

In  conclusion,  we  have  shown  that  kink-antikink 
pairs  of  the  damped  SG  equation  are  created  in  a  cha¬ 
otic  way  by  the  introduction  of  a  spatially  inhomoge¬ 
neous  time-harmonic  driving  term.  Including  further  a 
constant  driving  term  tends  to  accelerate  the  process. 
Because  the  excitation  energy  of  breathers  is  near  zero, 
we  find  the  uansition  to  chaos  for  a  lower  magnitude 
of  driving  force  th»n  in  the  case  of  a  spatially  indepen¬ 
dent  model  such  as  eq.  (1).  However  we  have  not  yet 
attempted  a  detailed  study  of  the  parameter  space 
such  as  that  carried  out  in  [4,5] . 


This  work  was  started  at  the  Schloss  Elmau  meeting 
in  198 1 ,  and  two  of  us  (JCE  and  ACN)  are  grateful  to 
Professor  Dr.  H.  Haken  for  his  hospitality,  and  to 
Professor  BA.  Huberman  for  interesting  discussions. 
Further  work  was  done  while  PSL  was  at  Heriot-Watt 
University  during  a  visit  supported  by  the  Danish  Coun¬ 
cil  for  Scientific  and  Technical  Research.  One  of  us 
(JCE)  is  grateful  for  computational  support  from  the 
SRC  Interactive  Computing  Facility,  and  another 
(ACN)  was  supported  by  US  Army  Contract  DAAG29- 
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NSF  Grant  MCS75-07548  A01 . 
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